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Preface 


Nonlinear functional analysis is a new area that was born and has matured from abun- 
dant research developed in studying nonlinear problems. In the past 30 years, nonlinear 
analysis has undergone rapid growth; it has become part of the mainstream research 
fields in contemporary mathematical analysis. It is now an important field of study in 
both pure and applied mathematics. Many nonlinear analysis problems have their roots 
in geometry, astronomy, fluid and elastic mechanics, physics, chemistry, biology, con- 
trol theory, image processing, optimization, game theory, and economics. Their develop- 
ment provided nonlinear functional analysis with new concepts, tools, and theories that 
enriched the subject considerably. Nowadays nonlinear functional analysis is a well- 
established mathematical discipline, which is characterized by a remarkable mixture 
of analysis, topology, and applications. It is exactly the fact that the subject combines in 
a beautiful way these items that makes it attractive to mathematicians. The notions and 
techniques of nonlinear functional analysis provide appropriate tools to develop more 
realistic and accurate models describing various phenomena. Today the more theoreti- 
cally inclined nonmathematicians (engineers, economists, biologists, or chemists) need 
a working knowledge of at least a part of nonlinear analysis in order to be able to con- 
duct a complete qualitative analysis of their models. Of course, the subject is actually 
vast and it is not possible to include in a book all its theoretical and applied parts. Thus, 
in this manuscript, we have selected some techniques and applications where we have 
been working recently. We have focused essentially on two topics which are pertinent to 
evolution equations and boundary value problems: accretive operators and fixed point 
theory. 

The theory of generation of semigroups of linear contractions, which is the basis 
of the theory of evolution equations governed by linear operators, was developed by 
E. Hille and K. Yosida in 1948, and by W. Feller, I. Miyadera, and R. S. Phillips for the gen- 
eral case. Theorems of generation of semigroups of Hille-Yosida and Lumer-Phillips 
and the Hille-Yosida exponential formula are presented. The theory of evolution equa- 
tions governed by accretive operators started in the late 1960s by the works of Y. Ko- 
mura who established a generation theorem of nonlinear semigroups in a Hilbert space 
in 1967. Afterwards, in 1971, the theory was extended to general Banach spaces with the 
seminal work by M.G. Crandall and T. Liggett. We present an account of various aspects 
of the (m-)accretive operator theory (old and recent results). The exponential formula 
of M.G. Crandall and T. Liggett and the generation theorem for accretive operators in 
Banach spaces are established. The case of quasiaccretive operators is also considered. 
Crandall—Liggett’s generation result is applied to discuss the well-posedness of Cauchy 
problems (existence and uniqueness of solutions, and their continuous dependence of 
the initial data) governed by accretive operators. The concepts of mild, weak, and strong 
solutions are discussed. These results are applied to concrete evolution problems arising 
in population dynamics and neutron transport theory. 
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For stationary problems, the fixed point theory plays a crucial role because, in gen- 
eral, the solutions of such problems can be expressed as fixed points of operators derived 
from these problems. We present the remarkable Banach’s fixed point theorem known 
as the Banach contraction principle. It is fundamental in fixed point theory and it is a 
simple tool in establishing existence and uniqueness results for functional and operator 
equations. In the literature there are numerous generalizations of Banach’s fixed point 
theorem for various kind of contractive mappings (we refer, for example, to the works 
by E. Rakotch, V. M. Sehgal, D. W. Boyd, and J.S. W. Wong, M. Edelstein, L. Janos, A. Meir, 
and E. Keeler, R. Kannan, S. Reich, D. Wardowski, S. P. Singh, L. B. Ciric, Y. Liu, and Z. Li, 
T. Suziki, etc.). We discuss the fixed point property for nonexpansive mappings in some 
classes of Banach spaces such as Hilbert spaces, reflexive Banach spaces with the Opial 
property, uniformly convex Banach spaces, reflexive Banach spaces with normal struc- 
ture. A detailed discussion of fixed points for @-expansive mappings and the zeros of 
m-accretive mappings is presented. 

A detailed exposition of topological fixed point theory for the strong, as well as the 
weak, topology is given. For the strong topology, the classical results such as Brouwer’s 
fixed point theorem, Schauder’s fixed point theorem, Darbo’s fixed point theorem, and 
Sadovskii’s fixed point theorem for set contractive mappings (with respect to a mea- 
sure of noncompactness) are presented. Afterwards, some recents results of Dardo- 
Sadovskii’s type are discussed. For the weak topology, we start with the Tychonoff fixed 
point theorem in a Hausdorff locally convex topological vector space and its formula- 
tion in Banach spaces equipped with the weak topology, together with its extension for 
weakly sequentially mappings in metrizable locally convex topological vector spaces. 
We introduce the classes of ws-compact and ww-compact operators and derive some 
results related to them. Various fixed point theorems of Dardo—Sadovskii’s type for set 
contractive mappings (with respect to a measure of weak noncompactness) are shown. 
Afterwards, we present fixed point theorems of Schaefer’s and Leray—Schauder’s type. 
Next, fixed points results for sums of mappings in bounded sets, unbounded sets, and 
in Banach algebras are discussed. These results are applied to concrete boundary value 
problems arising in neutron transport theory. 

The book consists of eight chapters. Chapter 1 collects preliminary ideas and gath- 
ers most of definitions and concepts which will be needed throughout the book, i.e., 
elements of topological linear vector spaces, linear operators theory, weak topology, 
geometry of Banach spaces, Bochner integral, duality mapping, etc. In order to avoid 
countless referrals to other works, we give definitions and precise statements of many 
results of functional analysis. 

In Chapter 2 we expose an introduction to the theory of Cy-semigroups for linear 
operators. We introduce the concepts, such as the infinitesimal generator, semigroup of 
contractions, Yosida approximation, exponential formula, required in Chapters 3 and 4. 
Theorems of generation (Hille—-Yosida’s theorem and Lumer-—Phillips’ theorem) are es- 
tablished. 
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Chapter 3 deals with the concept of accretive operators in Banach spaces. We give 
the main properties of accretive operators and m-accretive operators. We present a 
proof of Crandall—Liggett’s exponential formula. We close this chapter by introducing 
the class of quasiaccretive operators. 

In Chapter 4, we deal with abstract Cauchy problems governed by accretive opera- 
tors. We discuss existence and uniqueness of (strong, integral, weak, mild) solutions to 
both homogeneous and inhomogeneous Cauchy problems, as well as the relationship 
between them. We end this chapter by discussing abstract Cauchy problems governed 
by quasiaccretive and m-quasiaccretive operators and derive some of their elementary 
properties. 

In Chapter 5, we present several applications of general theory to nonlinear Cauchy 
problems governed by m-accretive or m-quasiaccretive operators, illustrating the ideas 
and general existence theory developed in the previous chapter. 

Chapter 6 is dedicated to the metric fixed point theory. The first part is concerned 
with the Banach contraction principle and some of its generalizations. In Section 6.5 
we have gathered some results about the fixed point property for nonexpansive map- 
pings in some classes of Banach spaces. Section 6.6 is devoted to fixed point proper- 
ties of @-expansive mappings while Sections 6.7 and 6.8 treat zeros of m-accretive and 
@-expansive operators. The results of the last three sections of this chapter are recent. 

In Chapter 7, we consider the topological fixed point theory in normed spaces. Sec- 
tion 7.2 is concerned with the Brouwer and Schauder fixed point theorems while Sec- 
tion 7.3 is dedicated to the study of set contractive mappings with respect to a measure 
of noncompactness. In addition to the classical Darbo’s and Sadovskii’s theorems, we 
present some recent results of Darbo’s and Sadovskii’s type. In Section 7.4 we give two re- 
cent results concerning the existence of an approximate fixed point sequence for a map- 
ping f such that I — f is ¢-expansive. In Section 7.5, we present Thychonoff’s fixed point 
theorem and its formulation for weakly sequential maps. We introduce in Section 7.6 the 
classes of ws-compact and ww-compact mappings. In Sections 7.7, 7.8, and 7.10 the con- 
cept of a measure of weak noncompactness is considered, and we give some fixed point 
results for set contractive mappings with respect to a measure of weak noncompactness. 
In Section 7.11, our goal is to present some fixed point theorems of Leray-Schauder’s 
type for the weak topology while Section 7.12 deals with fixed point theorems for sums 
of mappings involving the weak topology in bounded, as well as unbounded, sets. The 
results presented in Sections 7.11 and 7.12 are recent. 

In Chapter 8, we present some examples of nonlinear boundary value problems to 
illustrate the field of applications of the results presented in Chapters 6 and 7. 


Valencia, January 2023 Jesus Garcia-Falset 
Clermont-Ferrand, January 2023 Khalid Latrach 
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— XV 


1 Fundamentals of functional analysis 


1.1 Topological spaces 


1.1.1 Topology and base for a topology 


Definition 1.1.1. We call a couple (X, ©), where X is a set and @ is a collection of subsets 

of X, a topological space if: 

(01) For any subcollection (Oq)qcj of 8, the union Ug. Og € 9. 

(02) For any finite subcollection {0,,0,,...,0,} of ©, the intersection 0; N 0. ---/N 
O, € 9. 

(03) @ and X arein 0. 


We call a member of @ an open set in X. We say that F is closed set in X if F° = X\F is 
open, that is, X\F € 0. 


We often write (X, ©) for a topological space X with topology ©; sometimes, if the 
topology is obvious or irrelevant, we also may simply write X. A set may be both open 
and closed, or it may be neither. In particular, 0 and X are both open and closed. 

Note that a nontrivial set X can have many different topologies. The family of all 
topologies on X is partially ordered by the set inclusion. If @’ ¢ 6, that is, if every @’- 
open set is also @-open, then we say that @’ is weaker or coarser than @, and that 0 is 
stronger or finer than 0’. 

It is easy to see that the intersection of a family of topologies on a set is again a 
topology. If2/ is an arbitrary nonempty family of subsets of a set X, then there exists the 
smallest (with respect to set inclusion) topology that includes Z/. It is the intersection of 
all topologies that include 2/. (Note that the discrete topology always includes 2/.) This 
topology is called the topology generated by 2/ and consists precisely of 0 and X, and all 
sets of the form |), Ug where each U, is a finite intersection of sets from U. 

If Y is a subset of a topological space (X, ©), then the collection Oy of subsets of Y, 
defined by 


Oy, ={VNY:Ve 9}, 


is a topology on Y. This topology is called the relative topology or the topology induced 
by @ on Y. When ¥Y c X is equipped with its relative topology, we call Y a (topological) 
subspace of X. A set in Oy is called (relatively) open in Y. For example, since X ¢ © and 
Y 1X = Y, the set Y is relatively open in itself. Note that the relatively closed subsets of 
Y are of the form 


Y\(YAV)=Y\V=Yn(X\V), 


where V ¢< O. 
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Definition 1.1.2. Let (X, ©) bea topological space. A base for the topology © is a subfam- 
ily B of © such that each U € O is a union of members of B. Equivalently, B is a base 
for © if for every x € X and every open set U containing x, there is an open set V « B 
satisfying x e V CU. 


Let (X, ©) be a topological space and B c ©. The following two assertions are equiv- 
alent: 
(a) Family Gis a base for the topology 0 of X. 
(b) For all U « @ andx « U, there exists B « Bsuch that x « Bc U. 


Obviously, a topological space can have many bases. Any base B has the following prop- 

erties: 

(a) For every U,,U, ¢ 6 and every point x € U, n Uy, there exists a U € B such that 
xeUcU,nUy. 

(b) For every x € X, there exists a U € B such that x € U. 


Indeed, the first property follows from the fact that U,V, is an open set, and the second 
follows from the fact that X is open. 
With the notion of openness, we can define neighborhoods in topological spaces. 


Definition 1.1.3. Let (X, 7) be a topological space, and let x € X. 

(a) Asubset N of X is called a neighborhood of x if there is an open subset O of X with 
xEeOcN. 

(b) The collection of all neighborhoods of x, denoted by .V,, is called the neighborhood 
system of x. 


In the following proposition, we recall the properties of neighborhoods. 


Proposition 1.1.1. Let (X,@) be a topological space and x «€ X. 

(a) A subset O c X is aneighborhood of all of its points if and only if O is open. 
(b) For U ¢ N, andU c U', we have U' € Ny. 

(c) For U;,...,U, € Ny, we have U,N U,0---N Uy € Ny. 

(d) For U € N,, there exists V € N, such that V c U. 


Let (X,@) be a topological space and A c X. A point x is an interior point of A (or 
interior to A), if A is a neighborhood of x. The set of all interior points of A is called the 
interior of A and is denoted by int(A). The interior of A is the largest open set contained 
inside A. Every point in the interior of A has a neighborhood contained inside A. An 
exterior point of A is an interior point to A = X\A. The set of all points exterior to A 
is called the exterior of A and is denoted Ext(A). It is the largest open set inside X \ A. 
A point x is called a point of closure of (or adherent to) A if every neighborhood of x 
contains at least one element of A. The set of all adherent points to A is called the closure 
(or adherence) of A and is denoted by A. A point x is called a limit point (or accumulation 
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point, or cluster point) of A if every neighborhood of x intersects A in at least one point 
other than x. Define the frontier (or boundary) of A to be the set A \ int(A). It is denoted 
by OA. A subset A of X is said to be dense (in X) if the intersection of every nonempty 
open set with A is nonempty. Equivalently, A is dense in X if and only if the only closed 
subset of X containing A is X itself. 

This can also be expressed by saying that the closure of A is X, or the interior of 
the complement of A is empty. It is clear that if (X, ©) is a topological space, then X is 
dense in X. The space X is called separable if it contains a countable, dense subset; that 
is, there exists a sequence (X;,)nen Of elements of the space such that every nonempty 
open subset of the space contains at least one element of the sequence; X is connected 
if X is not the union of two disjoint nonempty open subsets (otherwise, X is discon- 
nected). 


1.1.2 Continuity of mappings 


One of the most important duties of topologies is to define the class of continuous map- 
pings. 

Let (X, ®) and (Y, ®’) be topological spaces and let f : X — Y be a mapping. Then f 
is continuous at x € X if for each neighborhood V of y = f(x), f-1(V) is a neighborhood 
of x; f is continuous on X into Y (briefly, continuous) if f is continuous at each x € X 
(equivalently, if f-1(G) is open in X for each open G c Y). If Z is also a topological space 
andf :X — Yandg: Y — Zarecontinuous, then gf : X — Zis acontinuous function. 
Iff : X — Y is a continuous map and A a subset of X, then the restriction of f to A, fig, 
is also a continuous map with respect to the relative topology on A. Let A c X be closed, 
and f : A — Y acontinuous function. A continuous function F : X — Y such that Fi, = f 
is called an extension of f. 


Theorem 1.1.1. Let X and Y be topological spaces and f : X — Y a function. Then the 

following statements are equivalent: 

(a) f is continuous. 

(b) The inverse image of each closed set is closed. 

(c) For each x € X, the inverse image of every neighborhood of f (x) is a neighborhood 
of x. 

(d) For each Ac X, f(A) < f(A). 

(e) For eachB c Y, f-(B) c f *@). 


A homeomorphism is a continuous one-to-one map from a topological space X onto 
a topological space Y such that f‘ is continuous; X and Y are homeomorphic if there 
exists a homeomorphism of X onto Y. A homeomorphism defines a one-to-one corre- 
spondence between the points of the spaces and the open sets of the two spaces. From 
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the topological point of view, two homeomorphic spaces are identical, only the names of 
the points have been changed. Any topological property possessed by one space is also 
possessed by the other. 

A topological space is said to be a Hausdorff space if given any points x,y « X with 
x # y, there exist disjoint open sets U, V such that x « U andy ¢€ V. We note that if X is 
Hausdorff, then each point, considered as a set, is closed. 


Definition 1.1.4. A topological space X is said to be normal if it is a Hausdorff space and 
if given any two closed subsets A, B c X such that An B = Q, there exist open subsets U, 
V of X such thatA c UandBc V,andUnV =9. 


Theorem 1.1.2 (Urysohn’s lemma). Let X be a normal topological space, and let A and B 
be closed disjoint subsets of X. Then there exists a continuous function f : X — [0,1] such 
that 


Acf'({0}), Bcf *({}). 


1.1.3 Compact spaces 


The concept of compactness was introduced in topology with the intention of generaliz- 
ing the properties of closed and bounded subsets of IR”. 

Let X be a Hausdorff topological space. A subset K of X is called compact if every 
open cover of K has a finite subcover in X, that is, K has the finite open cover property: 
(FOC) Whenever {Dj};<7 is a collection of open sets such that K c (j<; Dj, there exists a 

finite subcollection D;,,...,D;, such that K c D;, U---UD;. 


We say that a topological space (X, 0) is compact if X itself is a compact set. Let K be 
a subset of X equipped with the induced topology ©,,. Then it is straightforward from 
the previous definition that K is compact as a subset in (X, ®) if and only if (K, 0x) isa 
compact topological space. It is not difficult check that any finite union of compact sets 
is compact. A Hausdorff topological space is called locally compact if each of its points 
possesses a compact neighborhood. 


Proposition 1.1.2. Let (X, ©) and (Y, S) be topological spaces andf : X — Y acontinuous 
map. If K is a compact subset of X, then f(K) is a compact subset of Y. 


The following result is a consequence of Proposition 1.1.2. 


Corollary 1.1.1. Let (X, ©) and (Y,S) be topological spaces such that X is compact and Y 
is Hausdorff, and let f : X — Y bea bijective and continuous map. Then f is a homeomor- 
phism, that is, f -1.y — X is continuous. 
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1.2 Metric spaces 


1.2.1 Generalities 


A metric space is a nonempty set X together with a map d : X x X — R that has the 
following properties: 

(a) d(x,y) = 0 for all x,y ¢ X and d(x,y) = 0 if and only if x = y, 

(b) d(x,y) = d(y,x) for all x,y € X, 

(c) d(x,z) < d(x,y) + d(y,z) for all x,y,z €X. 


The function dis said to be a metric on X. The property (a) is known as nonnegativity and 
(b) is called symmetry. The final property (c) is called the triangle inequality. A metric is 
a measure of distance on the set X. For x, y € X, the number d(x, y) is called the distance 
between x and y. We often denote a metric space X with a metric d by (X, d); sometimes, 
if the metric is obvious or irrelevant, we may also simply write X. 

Given a metric space (X,d) and an arbitrary real number r > 0, the open ball of 
radius r and center x is the set defined by 


B(x, r) = fy eX: d(x,y) <r}. 


We say that a subset U of X is open if, given any point x € U, there exist r > 0 and 
an open ball B(x, r) such that B(x, r) c U. It is clear from the definition of open sets that 
any open ball is an open set. The collection O of all open sets of X satisfies the properties 
(01), (02), and (03) of Definition 1.111, that is, it is stable with respect to taking arbitrary 
unions, finite intersections, and contains X and 9. This particular topology defined from 
open balls is called the topology generated by the metric d. A metric space endowed with 
this topology is a topological space. The topology generated by a metric is a Hausdorff 
topology. If U is an open subset of a metric space X, then U‘ = X \ U is closed. In other 
words, a set is closed if and only if its complement is open. The closed ball of radius r 
centered at x is the set 


B(x) = fy eX: d(x,y) <r}. 


In a metric space, closed balls are closed sets. Let x € X, balls centered at x form a base 
of neighborhoods of x. We can also take balls with center x and radius the inverse of 
an integer, which shows that in a metric space each point has a countable neighborhood 
base. By definition, B(x, r) is the smallest closed set (in the sense of inclusion) containing 
B(x,r). Since the closed ball By (x, r) contains B(x,r), we have B(x,r) ¢ Br (x, r). This 
inclusion may be strict. 


Notations 
We shall adopt the following notations: 


B, := B,(0, r) and B,(x) := B(x, r). 
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For a nonempty subset A ofa metric space X, the distance map d(., A) on. X is defined 
by 


X 3x» d(x,A) := inf{d(x,y) : y € A}. 
The diameter of A is defined by 
diam(A) := sup{d(x, y) : x,y € A}. 


It is clear that diam(A) ¢ IR* U {+oo}. We say that A is bounded if diam(A) < +oo. 


1.2.2 Completeness 


We recall that a sequence (X;,) ncn in a topological space (X, 7) converges to a point! € X 
if, for each neighborhood V of I, there exists an integer ny € N such that, for alln > no, 
X, € V.IfX is a metric space, then a sequence (X;,)nen converges to a limit 1 « X if and 
only if the sequence of real numbers (d(x, 1)) ney converges to 0, or equivalently, 


(Ve>0) (AN(e)e IN) (Vne€N) (n=N(e) = d(x,,1) <8). 


Since metric spaces are Hausdorff spaces, if a sequence has a limit, it is unique. A subse- 
quence (or extracted sequence) of a sequence (X,,) ncn Of a metric space. X is any sequence 
(Xoin) nen Where g isa strictly increasing mapping from N into N. We say that lis a limit 
point of (X,)nen if there exists a subsequence (X,, )cen Such that limy_,,.5 Xn, = 


A Cauchy sequence in a metric space (X, d) is a sequence (Xy) nen Such that 
(Ve>0) (AN(e)EN) (Vm,neN) (mn>N(e) = d(X%p>Xp) < €). 


Ametric space X is complete if every Cauchy sequence of points of X converges in X. 
In acomplete metric space, each closed subset is complete, any intersection of complete 
subspaces is complete, and all finite unions of complete metric subspaces are complete. 


Theorem 1.2.1 (Cantor). Let (X,d) be a complete metric space, and let (Fy)nen be a se- 
quence of nonempty closed subsets of X such that F, > F, > Fz; > --- and 
lim diam(F,,) = 0. Then the intersection (7°) F, contains exactly one point. 


N—+00 


1.2.3 Compactness and completeness 


Let (X,d) be a metric space and A a subset of X. Then A is said to be totally bounded if, 
for each € > 0, there exists a finite set of points {x,,...,xX,} ¢ A such that A c Ui, Be(4); 
A is called sequentially compact if every sequence of points of A has a convergent sub- 
sequence. 
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Ifa set is totally bounded, then so are its closure and all of its subsets. Every compact 
metric space is obviously totally bounded and sequentially compact. It is easy to see 
that totally bounded metric spaces are separable which implies that compact metric 
spaces are separable. The following result relates compactness, total boundedness, and 
sequential compactness. 


Theorem 1.2.2. Let (X,d) be a metric space. The following assertions are equivalent: 
(a) X is compact. 

(b) X is complete and totally bounded. 

(c) X is sequentially compact. 


By Theorem 1.2.2, it is obvious that a metric space is totally bounded if and only if 
its completion is compact. 


Corollary 1.2.1 (Heine). Every continuous function from a compact metric space into a 
metric space is uniformly continuous. 


Let (X,d) and (Y,6) be two metric spaces and denote by C(X, Y) the space of all 
continuous functions from X into Y endowed with the uniform convergence topology. 
A subset F of C(X, Y) is said to be equicontinuous if 


Vx eX,Ve>0, An>O,VPeF,vyeX (d(x,y) <n = d(f(X),f()) < ). 


We have the following properties: 

— Every subset of an equicontinuous set is equicontinuous. 

- A finite union of equicontinuous subsets is equicontinuous. 

— Every sequence of functions of C(X, Y) which is uniformly convergent is equicon- 
tinuous. 


Theorem 1.2.3 (Arzela-Ascoli). Let (X,d) be a compact metric space, (Y,5) a complete 
metric space, and C(X, Y) the space of continuous functions from X into Y endowed with 
the uniform topology. A subset F of C(X, Y) is relatively compact if and only if the follow- 
ing conditions are satisfied: 

(a) F is equicontinuous, 

(b) For all x ¢ X, F(x) := {f(x) : f € F} is a relatively compact subset of Y. 


In a Hausdorff topological vector space, relatively compact subsets are bounded, but 
bounded subsets are not necessarily relatively compact. However, we know from Riesz’s 
theorem (cf. Theorem 1.4.2) that, in a finite-dimensional vector space, compact subsets 
are exactly those which are closed and bounded, hence, if Y is a finite-dimensional topo- 
logical vector space, then we can replace condition (b) by the following: for all x € X, 
F(x) := {f() : f € F} is bounded in Y. 
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1.2.4 Baire theorem 


This famous theorem has important applications in analysis and elsewhere. We remind 
the reader that a Gs-set is a countable intersection of open sets. It is obvious that all open 
sets are Gs-sets, but not all Gs-sets are open. Correspondingly, an F,-set is a countable 
union of closed sets. Naturally, all closed sets are F,-sets, but not all F,-sets are closed. 


Theorem 1.2.4 (Baire). Suppose (X, d) is a complete metric space. If (O,)n>1 is a Sequence 
of dense open subsets of X, then (|, On is dense in X. 


Proof. Let (X, d) be a complete metric space and suppose (O,,),,1 is a sequence of dense 
open subsets of X. Our goal is to show that (),,, O, is also dense in X. 

For any z € X, and € > 0, let B,(z) = {x € X : d(x,z) < €} be the open ball about z 
of radius ¢. Let U be a nonempty open set in X. We will show that (),,, O, and U have 
nonempty intersection. Pick any x) € U and €y € (0,1) such that B,, (x9) subset U. By 
assumption, the set O, is dense in X, and so Be (Xp) N O, # O. Thus, there exist a point 


X, € O, andan& < 2 such that B, (x4) ¢ Ba (X%) NO, c UN O,. By assumption, 
2 
as before, the set O, is dense in X, and so Ba (x,) N O, # @. Arguing as before, there 
2 
exist a point x, € O, and an é, < 2 such that B,, (x2) ¢ Ba (%) nO, c UNO, 0». 
Continuing inductively, we construct sequences (X,)n>1 and (€,)n>1 Such that €, < oe 
and x, € UN (0,N 0,N---N O,), with the further property that 


B, (Xn) C Bena (Xp_1) On C UN(O,N0,N---N On), 
. 2 


for alln € IN. Observe that e, < z for alln € N. Suppose m > n. By the triangle 
inequality, d(X%j_3Xy) < AXGysXm_1) + +++ + UXny Xp). The sequence (X,),>, was chosen 
such that d(x,,1, Xn) < . Consequently, 

Em-1 En 1 1 1 1 1 


A(Xm>Xn) < 5 TRS < om t°°°+ Sad = on am < pn” 


It follows that (x,,),;; is a Cauchy sequence. Hence, by completeness, there exists a point 
x € X such that x = lim, .,.9Xp. Ifm > n, then Xm € Be (Xp), by construction. We 
conclude that d(Xj, Xn) < €, for allm > n, and hence d(x, x,,) < €, for alln ¢ IN. Thus 


xe Be (Xn) © Be ,%n) c Be, X%n-1) 


and so x € UN (0,0 0,N---NO,_,) for all n € N. It follows that x « UN (ps4 On). 
We have shown that the intersection of ((),,,;0,) with any open set U in X is 
nonempty. Therefore the set ((),,., O,) is dense in X. 


Remark 1.2.1. The Baire theorem is often used in the following form. Let X be a 
nonempty complete metric space. Let (Fp)ncn be a sequence of closed subsets such 
that 
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LJ Fn =X. 


n>1 
Then there exists some ny such that int(F,,) # 9. 
As a consequence of Theorem 1.2.4, we have 
Corollary 1.2.2. If (G,)n>1 is a sequence of dense Gs-sets, then (|,1 G, is also a Gs-set. 


Proof. By assumption, for each n € N, the set G,, can be written as an intersection of 
countably many open sets, say Gy = ( \n>1 Omn- Since G, is assumed to be dense, it must 
be the case that O,,,, is dense for each m and n in N. By Theorem 1.2.4, the set (},,51 Gn = 
N)ne1 Oms1 Omn is a dense set. Since the sequence of open sets (Omn)mn>1 is countable, 
the set (),1 Gy is a Gs-set. 


Let X be a topological space. A set E c X is said to be nowhere dense if the closure 
of E in X has empty interior; that is to say, if ee 0. Aset G c X is called a first category 
set (also known as meager) if there exists a sequence (E,,),;1 of nowhere dense sets such 
that G c Uns En. A Set is called a second category set if it is not a first category set. 
A second category set is also known as nonmeager. The complement of a meager set is 
called a residual set. 


Proposition 1.2.1. A countable union of first category sets is a first category set. 


Proof. A countable union of countably many sets is a countable union of sets. 


1.3 Topological vector spaces 


1.3.1 Vector spaces 


Let K denote the scalar field (in practice K is R or C). 


Definition 1.3.1. Let X be a vector space over K. A subset V of X is called a vector sub- 
space of X if V is also a vector space with the same operations as those of X. If V # X, 
we say that V is a proper subspace of X. 


A useful characterization of vector subspaces of a vector space X is as follows: Let 
V bea subset of a vector space X, V is a vector subspace of X if 
YxyeV, WAmelKk, Ax+pyeV. 
It is easy to check that the intersection of any family of vector subspaces of a vector 
space X is a vector subspace of X. 


Definition 1.3.2. Let X be a vector space and let V be a subset of X. The linear span of V, 
denoted by span(V), is the set of all finite linear combinations of vectors in V. 
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We note that span(V) is a vector subspace of X and V ¢ span(V). It is obvious that 
any subspace of X that contains V must contain span(V). 


1.3.2 Topology on a vector space 


Let X bea vector space endowed with a topology ®. The pair (X, ©) is a topological vector 
space if the topology © in X is compatible with the linear structure of X, that is, the 
operations 


XxX—>X (xy) >x+y and KxX—-X (ay)7~axx 


are continuous. 
To each a € X, we associate the translation operator, T, : X — X, defined by 


T,(xX) =X+4, 


and, to each 0 # a € K, we associate the multiplication operator, M, : X — X, defined 
by 


M,(X) = ax. 


Proposition 1.3.1. Both T, and M, are homeomorphisms of X onto X. 


Thus the whole topological structure of X is determined by a base of neighborhoods 
of the origin. We therefore work mainly with neighborhoods of the origin, and we call 
them simply neighborhoods. If U is a neighborhood (of the origin), U + a is the corre- 
sponding neighborhood of a, and x ¢ U + aifand only ifx-aeU. 

In topological vector spaces, the term local base will always mean a local base at 0. 
A local base of a topological vector space X is a collection 6 of neighborhoods of 0 such 
that every neighborhood of 0 contains a member of B. 


Definition 1.3.3. Let X be a topological vector space and let A be a subset of X. 

- Ais said to be bounded if (VV € No) (As € R) (Vte R)(t>s = ActYV). 

— Ais said to be balanced if, for all a € K with |a| < 1, we have aA c A. 

- Ais said to be symmetric if x € A implies (—x) € A, or equivalently, (—A) = A. 

- Ais said to be convex if tA +(1-t)A c A(0 < t < 1). In other words, it is required 
that A contains x + (1- t)yifx ¢€ A,y € A, and t € [0,1]. 


It is obvious that the topological notion of boundedness may not coincide with the 
metric notion of boundedness. The notion of being balanced is purely algebraic. When 
we talk about balanced neighborhoods, we connect the algebraic concept to the topolog- 
ical concept. Note that in C the only balanced sets are discs and the whole C. Symmetry 
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is also an algebraic concept. Every balanced set is symmetric and the opposite is not 
true. 


Definition 1.3.4. Let (X, ©) be a topological vector space. 

(a) X is locally convex if there exists a local base at 0 whose members are convex. 
(b) X is locally bounded if 0 has a bounded neighborhood. 

(c) X is locally compact if 0 has a neighborhood whose closure is compact. 


Local convexity is important because it amounts to the topology being generated 
by a family of seminorms. Local convexity is also the minimum requirement for the 
validity of geometric Hahn—Banach properties. Weak topologies, which we will see later, 
are always locally convex. 


Definition 1.3.5. Let C be any subset ofa vector space X. The convex hull of C, denoted by 
co(C), is the intersection of all convex subsets of X containing C, i.e., the smallest convex 
subset of X containing C. The closed convex hull of C is the smallest closed convex subset 
of X containing C. It is denoted by co(C). 


Proposition 1.3.2. Let A, B be arbitrary subsets of a topological vector space X. The fol- 
lowing hold: 

(a) co(A) is convex andA < co(A) ¢ COo(A). 

(b) A is convex if.and only if A = co(A). 

(c) IfA c B, then co(A) c co(B). 


1.3.3 Separation properties 


Proposition 1.3.3. Suppose K and C are subsets of a topological vector space X, K is com- 
pact, C is closed, and K nC = 9. Then 0 has a neighborhood V such that 


(K+V)n(C+V)=9. 


Note that K + V is a union of translates x + V of V (x € K). Hence K + V is an open 
set that contains K. The proposition thus implies the existence of disjoint open sets that 
contain K and C, respectively. Since K + V is open, it is even true that the closure of K+ V 
does not intersect C + V and, in particular, the closure of K + V does not intersect C. 

In the following proposition, we gather relations between sets, their closures, and 
their interiors. 


Proposition 1.3.4. Let X be a topological vector space. 

(a) IfA cX, thenA=(ly. N,(A + V) where V runs through all neighborhoods of 0. 
(b) IfC is a convex subset of X, then so are C and int(C). 

(c) If Bis balanced subset of X, then so is B. 

(d) If Bis balanced and 0 € int(B), then int(B) is balanced. 
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Proposition 1.3.5. In a topological vector space X, every neighborhood of 0 contains a 
balanced neighborhood of 0, and every convex neighborhood of 0 contains a balanced 
convex neighborhood of 0. 


Proposition 1.3.5 can be restated in terms of local bases. Let us say that a local base 
Bis balanced if its members are balanced sets, and let us call B convex if all its members 
are convex sets. 


Corollary 1.3.1. Every topological vector space has a balanced local base and every lo- 
cally convex topological vector space has a balanced convex local base. 


Lemma 1.3.1. Let B be a base of neighborhoods (of the origin) of a topological vector 
space. Then, for each U ¢ B, there exists V € Bsuch thatV + Vc U. 


Proof. If f(x,y) = x +y, then f is continuous at x = 0, y = 0 and so there are neighbor- 
hoods V, and V, with x+y ¢ Uforx € V, andy ¢€ V,. There exists V « Bwith V c V;nV,, 
andthenV+VcU. 


Proposition 1.3.6. If B is a base of neighborhoods in a topological vector space X, then X 
is separated if and only if 


() U = {0}. 


UeB 


Proof: If X is separated and x # 0, then there is some U € B with x ¢ U, and so 


() U = {0}. 


UeB 


Conversely, if the latter condition holds and x + y, then there is some U with x — y ¢ U. 
By Lemma 1.3.1, there is a balanced neighborhood V with V + V c U. Then x + V and 
y+ V are disjoint neighborhoods of x and _y, for ifz € (x + V) nN (y+ V) then 


X-y=(Z-y)-(2-x)e€V-V=V+VCU. 


Therefore X is separated. 


1.3.4 Metrizable topological vector spaces 


A topological vector space (X, Q) is said to be metrizable if there is a metric d on X which 
is compatible with 0, i.e., the topology defined by d coincides with ©. In that case, the 
balls with radius 1/n centered at x form a local base at x. This gives anecessary condition 
for metrizability which, for topological vector spaces, turns out to be also sufficient. 


Theorem 1.3.1. If X is a topological vector space with a countable local base, then there 
is a metric d on X such that 
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(a) dis compatible with the topology of X. 

(b) The open balls centered at 0 are balanced. 

(c) dis invariant, that is, d(x + z,y + Z) = d(x, y) for x,y,z € X. 

(d) Iffurther X is locally convex, then d can be chosen so as to satisfy (a), (b), (c); and also 
all open balls are convex. 


Obviously, a sequence (X;)nen in a metrizable topological vector space X is a 
d-Cauchy sequence if and only if it is a @-Cauchy sequence. 


1.3.5 Seminorms and local convexity 


Definition 1.3.6. A seminorm on a vector space X is a function p : X — R such that for 
allx and yin X and all scalars a, we have 
(a) p(x +y) < p(x) + pO), 

(b) p(ax) = lalp(x). 


It follows from (a) and (b) that p(x) = 0. Moreover, if p(x) > 0 for all x € X \ {0}, then 
pisanorm. 

Let P = {p;;i € I} be a family of seminorms on a vector space X. Consider, for every 
x € X, the family of subsets of X defined by 


N(X) = WinioipeCO kK EN ipi,.. he Le>Of, xeXx, 


fre 


where 


Vi 


iti 


vipeO) = [MEX : Di (u-x) <& Vj = 1,2,..., kh. 


We can easily see that {V(x) : x € X} is a base of neighborhoods for a locally convex 
topology Tp on X. The topological properties for Tp can be characterized analytically 
by means of seminorms of P. 


Theorem 1.3.2. The locally convex topology Tp is the coarsest linear topology on X for 
which all seminorms of the family P are continuous. 


A particular class of topological vector spaces with richer properties is the class of 
locally convex spaces; these are topological vector spaces with the property that, for 
every element, there exists a base of neighborhoods consisting of convex sets. It is well 
known that any locally convex topology on a vector space may be generated by a family 
of seminorms. 

The locally convex topology Tp is separated if and only if the family of seminorms 
P possesses the following property: 


for each x € X \ {0} there is p € P such that p(x) # 0. 


14 — = 1 Fundamentals of functional analysis 


A family P of seminorms on X satisfying the previous property is said to be sepa- 
rating. 


1.4 Normed vector spaces 


1.4.1 Generalities 


Let X be a vector space over the scalar field K. A norm on X is a real-valued function 
|| - | on X such that the following conditions are satisfied by all vectors x, y anda € K: 
(a) ||x|| = 0 and |x| = 0 if and only ifx = 0, 

(b) |lax|| = lalixl, 

(c) Ix +yll < xl + I. 


The ordered pair (X, || - ||) is called a normed vector space, or simply a normed space. In 
particular, we can obtain the topology of a linear normed space if we take P = {|| - ||}. 
Anorm on X defines a metric d on X given by 


d(x,y) = |x-yll Vx,y €X. (1.1) 


It is called the metric induced by the norm. The norm topology of X is the topology ob- 
tained from this metric, it is compatible with the vector space structure. In this way, for 
linear normed spaces, the metric properties interweave with the topological properties 
of a locally convex space. In fact, the topology generated by the seminorm P is locally 
convex and metrizable. The interest in the metrizability of this topology lies in the fact 
that all topological properties can be characterized by sequences. 

Let X be a normed space. The set B, = {x : x € X, ||x|| < 1} denotes the closed unit 
ball of X, and S, = 0B, = {x : x € X, ||x|| = 1} is the unit sphere of X. The open unit ball of 
X is the set B, = {x : x € X, ||x|] < 1}. Ingeneral, we denote by B,(x) = {y € X : ly—xll <r} 
the closed ball with center x and radius r and by S,(x) = 0B,(x) = {x : x € X, |x|] = r} 
the sphere with center x and radius r. The open ball with center x and radius r, {y € 
X : [ly — x\| < r}, is B,(r) \ 0B,(r) and can denoted by int(B,.(x)). In a normed space, the 
closure of the open ball centered at x with radius r is precisely the closed ball of center 
X and radius r, that is, for all x «¢ X andr > 0, we have B(x) = B,(x). It follows from the 
definition of the metric of X that 


B,(X) = xX + B,(0) = x + rB,. 
Definition 1.4.1. A subset A of anormed space (X, || - ||) is called bounded if there exists 


r > 0 such that A c rBy,. Equivalently, A is bounded if there is some real M such that 
x|| < M for all x € A. 
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We note that all topological notions in a normed vector space are related to the 
canonical metric (1.1). 


Definition 1.4.2. A complete normed space with respect to the canonical metric defined 
by (1.1) is called a Banach space. 


Let Y be a subspace of a normed space (X, || - ||). We denote by (Y, || - ||) the subspace 
Y endowed with the norm || - || (the restriction of the norm to Y). 


Proposition 1.4.1. Let Y be a subspace of a Banach space X. Then Y is a Banach space if 
and only if Y is closed in X. 


Let X) be an element of a normed space X and let a be a nonzero scalar. Then the 
maps X + X +X, and x + ax are homeomorphisms from X onto itself. Consequently, if 
Ais a subset of X which is open, closed, or compact, then x, + A and aA also have that 
property. If A and U are subsets of X and U is open, then A + U is open. 

If X is anormed space, the following facts hold true: 

—  IfC isa convex subset of X, then both C and int(C) are convex. 

— IfAisa subset of X, then co(A) = co(A). 

— Every ball centered at the origin, whether open or closed, is convex, balanced, and 
absorbing. 

— Every closed, convex, absorbing subset of a Banach space includes a neighborhood 
of the origin. 


If X is a vector space over K and ||- ||; and ||- ||, are two norms on X, we say they 
are equivalent norms if they define the same convergent sequences in X, that is, 
IX, — Xl, — 0 if and only if ||x, - xl, — 0. The fact that convergent sequences are 
the same for the two norms means that the two metrics induced on X by these norms 
define the same collection of open sets. Hence, a set is open relative to the first norm if 
and only if it is open relative to the second norm. The equivalence of two norms is char- 
acterized by the following: Two norms ||- ||; and || - |, on a vector space are equivalent if 
and only if there are constants C, and C, such that 


CyIIXlly < [Xe < Collxll, for all x €X. 


We conclude this subsection by the following result due to S. Mazur. 


Theorem 1.4.1 (Mazur). Let X be a Banach space X and let A c X. If A is compact, then 
co(A) is compact. 
1.4.2 Finite-dimensional normed spaces 


A vector space X has dimension n (dim X = n) if X has a basis {x,, X>,...,X,}, this means 
that every x € X has a unique representation of the form 
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X= A4Xy_ + AQXy +++ + AyXy, My, Qy,..., Ay € K. 


A vector space X is said to have finite dimension if dim X = n for somen € N. 
If Xis a topological vector space over C, and dim X = n, then every basis of X induces 
an isomorphism of X onto C”. 


Proposition 1.4.2. On a finite-dimensional space, any two norms are equivalent. 
Corollary 1.4.1. A finite-dimensional subspace of any normed space is closed. 
We conclude this subsection by recalling the Riesz theorem. 


Theorem 1.4.2 (Riesz). A normed space X is finite dimensional if and only if its closed unit 
ball B, is compact. 


In fact, Theorem 1.4.2 says that a Banach space is finite dimensional if and only if it 
is locally compact. 


1.5 Linear operators 


1.5.1 Generalities 


Let X and Y be vector spaces (both real or complex). Let T be a map with domain D(T) ¢ 
X and range R(T) = T(D(T)) ¢ Y. We say that T is a linear map, or a linear operator if, 
whenever x, y,z € X and a € K, we have 


T(x +y) =T(xX)+T(y), T(az) = aT(z). 


The kernel (or null space) of a linear operator T : D(T) — Y is a subset of D(T) 
defined by 


ker(T) := {x € D(T) such that T(x) = 0}. 


It is readily verified that ker(T) and the domain of T, D(T), are vector subspaces of X. 
Likewise, range of T, 


R(T) := {ye Y:y = Tx,x € D(T)}, 


is a vector subspace of Y. 

We note that a linear operator T is one-to-one if and only if ker(T) = {0}. IfSisa 
linear operator from X into Y and T is a linear operator from Y into a vector space Z, 
then the product (or composite) TS of S and T is the linear operator from X into Z formed 
by letting TS(x) = T(S(x)) for each x in X. 

If D(T) is dense in X, we say that T is densely defined. If D(T) = X, T is said to be 
defined on X. If X = Y, we say that T is an operator on X. 
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Ifa linear operator is a one-to-one map on D(T) onto R(T), then the inverse map T! 
is a linear operator from R(T) onto D(T) and 


T'Tx=x forxeD(T) and IT 'y =y forye R(T). 


The operator 7‘ is the inverse of T. 
Let X and Y be linear spaces over the same field K, the product X x Y is a linear 
space with respect to the operations 


(4,Y1) + (XQ Yo) = 4 + XY +Y2), AQGY) = (Ax, Ay). 


Further, if X and Y are normed spaces, then X x Y is also a normed space by the norm 
ly) |] = [xl] + llyll or any equivalent norm. 

Let T be a linear operator with domain D(T) ¢ X and range R(T) ¢ Y. The subset 
G(T) = {(x, T(X)) : x € D(T)} of X x Y is called the graph of T. 


Definition 1.5.1. Let X and Y be normed spaces and let T be a linear operator with do- 
main D(T) ¢ X andrange R(T) ¢ Y. Then T is said to be closed whenever G(T) is a closed 
subspace of X x Y. 


Equivalently, T is closed if and only if the following condition is satisfied: if (X,)nen 
is a sequence in D(T) such that lim X, = X and lim Tx, = y then x € D(T) and 
Tx =y. 

We denote by C(X, Y), the class of all closed, densely defined linear operators from 
X into Y. Let T € C(X, Y); for x € D(T), we define the graph norm of x by 


nN—+00 nN—+00 


IXllp = [cl] + Ext. 


It follows from the closedness of T that D(T) endowed with the norm || - ||; is a Banach 
space. In this new space, denoted by X7, the operator T satisfies ||Tx|| < ||x||; and, conse- 
quently, is a bounded operator (acting from X; into Y). 


1.5.2 Continuity of linear operators 


Let X and Y be normed spaces. A linear operator T : D(T) c X — Y is continuous at 
Xo € D(T) if |X,—Xoll — 0, x, € D(T) implies ||Tx,,-Tx 9] — 0. Since T(x,)-T (Xp) = T(Xn- 
Xq), it follows that T is continuous everywhere on D(T) if and only if it is continuous at 
Xj = 0. 

A nonzero linear operator T : D(T) c X — Y cannot map D(T) into a bounded 
subset of Y simply because ||T(ax)||y and |a| can be arbitrarily large. However, we can 
consider boundedness, in another sense, by examining the relationship between the size 
of ||x||y and ||T(x)|ly. Hence, if T is continuous (that is, continuous everywhere on D(T)), 
then there exists 7 > 0 such that ||x|| < 7 implies ||Tx|| < 1. By homogeneity, we have 


18 — = 1 Fundamentals of functional analysis 


|Tx|| < M\||x|| for every x € D(T), (1.2) 


where M = 1/n. 

A linear operator with property (1.2) is said to be bounded. The smallest number M 
with this property is called the bound of T and is denoted by ||T||. However, the termi- 
nology bounded linear operator will be reserved to operators where their domain is the 
whole space, that is, D(T) = X, and they satisfy (1.2). 

The following obvious result makes clear the reason for introducing boundedness 
into this discussion. 


Proposition 1.5.1. Let X and Y be normed spaces and let T : X — Y bea linear operator. 
The following assertions are equivalent: 

(a) T is continuous at the origin. 

(b) T is continuous. 

(c) There exists M > 0 such that, for each x € X, ||Tx|| < M||x\. 


A linear mapping T : X — Y between two normed spaces X and Y is called bounded 
if T(B,) is bounded in Y. The collection of all bounded linear operators between X and Y 
is denoted by £(X, Y). IfX = Y, we shortly denote £(X) = L(X, X). It is clear that £(X, Y) 
is a vector space and the map 


I Icay) : £(X%Y) > R*, TT [IT ecyy) = sup{|TO| : x € By} (1.3) 


isa norm on L(X, Y). We recall the following classical result. 


Proposition 1.5.2. Let X and Y be normed spaces. If Y is a Banach space, then L(X, Y) is 
also a Banach space. 


1.5.3 Uniform boundedness principle 


In this subsection, we will investigate some implications of category in Banach spaces. 
In particular, we will introduce and prove the Uniform Boundedness Principle which is 
one of the pillars of functional analysis. 


Definition 1.5.2. LetX, Y benormed spaces and A c L(X, Y). We say that A is pointwise 
bounded if sup{||TOO|ly : T € A} < +oo for all x € X. 


If A is bounded in L(x, Y) equipped with the operator norm, that is, there is C > 0 
such that ||T|| < C, then A is pointwise bounded. Indeed, for x < X, we have ||T(x)|ly < 
ITU Xlly < Clxllxy, so sup{lTO)|ly : T ¢ A} < Cllxl_y. The opposite direction is often called 
the Banach-Steinhaus Uniform Boundedness Principle. 


Theorem 1.5.1 (Uniform Boundedness Principle). Let X, Y be Banach spaces and A c 
L(X,Y). If A c L(X, Y) is pointwise bounded, then A is bounded in L(X, Y). 
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Proof. Forn € N, set V, = {x €X: suprey IIT) |ly < nh. 

We claim that V,, is closed, convex, and balanced in X. The balancedness of V,, is 
obvious. To check closedness, let x, € V, and x, — x.Given T € A, we have ||T(x;)|| <n, 
so ||T(x)|ly < n by continuity. To see that V,, is convex, let x,y € V, andt ¢€ [0,1]. Then 
for every T <€ A, we have 


IT(tx + (1-Oy)lly < t|TOO|y +-O|TO)]y < r+ (-On=n. 


Since for every x ¢ X we have supr<y ||T(x)|ly < oo, there is some n ¢€ IN greater than the 
supremum, hence x € V,.S0 Uns9 V, = X. By the Baire category theorem (Theorem 1.2.4, 
in fact here we use the formulation introduced in Remark 1.2.1), there is an ny such that 
the set V,, contains an interior point Xp. Thus there is 6 > 0 such that xy + éBt c V,,- Be- 
cause of the symmetry of V,,, we have —Xp + dBt c V,,- Hence oBt c V,,- Consequently, 
given T ¢€ .A, for every x € Bt we have ||T(6x)|ly < no, that is, ||T|| < 2. This means that 
supe 4 IIT < . This ends the proof. 


The following theorem is a consequence of the Uniform Boundedness Principle. 


Theorem 1.5.2 (Banach-Steinhaus theorem). Let X and Y be Banach spaces. Suppose 
(Tn)ner is a sequence of bounded linear operators from X to Y. If limy_,4.4 Tn (x) exists 
for each x € X, then 

(a) SUPyen IITyll < +00, and 

(b) if Tx = limy_.465 Tn(X) for all x € X, then T is a bounded linear operator, and 


T'| < liminf |7,|| < +00. 
n—-+00 


Proof. (a) If (T,)nep converges, then sup, ¢q I[T,(X)|| < +oo and therefore, the Uniform 
Boundedness Principle implies that sup, cy IIT; |] < +00. 
(b) The linearity of T is easy: 


Text) = ln ya +3) = ln (TC) + Ty) = nn, Ta) + i, Ty) 


= T(x) +T(y). 
To show that T is bounded, observe that 


| 7c] < sup] 7,00] < (sup Tall). 
neN neN 


Taking the supremum over x € BY provides the desired result. Next, if we pose C := 
lim inf, 4.69 |T,||, then 


70] = lim 7,00) || = lim inf|7,,00)]| < lim inf(|I7, II). 


n—+00 n-+00 


This proves that ||T(x)|| < C\|x||, that is, T is bounded and ||T|| < C. 
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1.5.4 The open mapping theorem 


Before starting we recall the definition of open maps. Let X and Y be topological spaces. 
Amap T : X — Y is called open (or an open map) if T(U) is open in Y whenever U is 
open in X. 


Proposition 1.5.3. Let X and Y be Banach spaces and suppose T : X — Y is a bounded 
linear operator. The map T is open map if and only if there exists a 6 > 0 


6B] ¢ T(Bt). (1.4) 


Proof. Assume T is an open map. The set int(Bt ) is open in X, and so T(int(Bt )) is open 
in Y. By the linearity of T, we have 0 € T(int(BY )). It follows that int(Bt ) contains a basic 
neighborhood of 0. Therefore, there exists a 6 > 0 such that oBy c T(int(Bt xe T(Bt ). 

Conversely, assume there exists a 6 > 0 such that 5B, C T(Bt ). We wish to show 
that T(U) is open in Y whenever U is an open set in X. To that end, let U be open in X 
and let y « T(U). There exists some x € U such that Tx = y. Since x € U, and U is open 
in X, there is some 7 > 0 such that x + nBy c U. It follows that y + nT (Bt) c T(U). By 
our assumption, this implies that y + noBi c T(U). Consequently, y € int(T(U)), and so 
the set T(U) is open in Y. Therefore, T is an open map, as required. 


Corollary 1.5.1. Let X and Y be Banach spaces and suppose T : X — Y is a bounded 
linear operator. If T is open, then T maps X onto Y. Moreover, if T is one-to-one, then T is 
invertible and T™ is continuous. 


Proof. Suppose T is an open map. By Proposition 1.5.3, there exists a 6 > 0 such that 
6By ¢ T(By).Lety € Y. It obvious that y € |ly||IBj, and so y ¢ bt spy C bl rcpt), This 
yields that y = T(x) for some x € B*, and so T is onto. 

Assume further that T is one-to-one. Since it is open, it follows from the first asser- 
tion that T in onto, so the inverse operator 7‘ is well defined. To show that T1: Y > X 
is continuous, let U be an open set in X. Since (T~!)-1(U) = T(U) is open in Y (because T 
is an open map), we see that the preimage of an open set is open which proves that T* 
is continuous. 


Let X and Y be Banach spaces and suppose T : X — Y is a bounded linear operator. 
The map T is said to be almost open if there exists a 6 > 0 such that 6By c T (Bx ). 
We give the following result without proof. 


Proposition 1.5.4. Let X and Y be Banach spaces and suppose T : X — Y is a bounded 
linear operator. If T is almost open, then T is open. 


Theorem 1.5.3 (Open mapping theorem). Suppose X and Y are Banach spaces. IfT : X > 
Y is a bounded linear surjective operator, then T is an open map. 
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Proof. Note that Y = T(X) = Uns, nT (Bx). Hence, by Remark 1.2.1, the set T(IB*) has 
nonempty interior. So, there exists an element y « Y and anumber 6 > 0 such that 


y+6By ¢ T(B¥). 


A simple calculation reveals that —y + 6Br C T(Bx ) as well, and so it must be the case 
that oBy CT (BE ). Therefore, T is almost open. So, by Proposition 1.5.4, it follows that T 
is an open map. 


Corollary 1.5.2 (Inverse mapping theorem). IfX and Y are Banach spaces andT : X > Y 
is a continuous linear bijection, then T!:Y — X is continuous. 


Proof. By assumption, the map T is a continuous bijection. Since T is surjective, by The- 
orem 1.5.3, it is open. Because T is an injective map, it follows from Corollary 1.5.1 that 
T~' is bounded which is required. 


1.5.5 The closed graph theorem 


Let X and Y be two vector spaces. The algebraic direct sum X  Y is the vector space of 
all ordered pairs (x, y),x € X, y € Y with the vector operations defined coordinatewise. 
The spaces X and Y are algebraically isomorphic to the subspaces {(x,0) : x €« X} and 
{(0,y) : y € Y} of X @ Y, respectively. 


Definition 1.5.3. Let (X, || - ly) and (Y, ||- ly) be two normed spaces. The algebraic direct 
sum X ® Y of X and Y becomes a normed space, called the topological direct sum of X 
and Y and still denoted X @ Y, when it is endowed with the norm ||(x, y)|| = |Ixllx + [lylly- 


We note that X and Y are isometric to the subspaces {(x, 0) : x « X} and {(0,y): Y € 
Y} of X @ Y, respectively. If X and Y are Banach spaces, then so is X @Y. 


Theorem 1.5.4 (Closed graph theorem). Let X, Y be Banach spaces and let T be an opera- 
tor from X into Y. Then T is a bounded operator if and only ifits graph G := {(x, Tx): x € 
X}is closed in X @ Y. 


Recall that a sequence ((X,;Yn))nen Of points of X @ Y converges to (x,y) if and only 
ifx, — x andy, — y. We also notice that the graph G of T is a subspace of X @Y. 


Proof. If T is continuous and (x, TX,) — (Xq,Yo), then yo = TXo. Indeed, we have x, — 
Xq and Tx, — Yo, while the continuity of T implies that Tx, — Tx . This means that 
(Xp,Yo) is in the graph of T, showing that G is closed. 

If G is closed in X @ Y, then G is a Banach space in the norm induced from X @ Y. 
Consider the mapping p(x, Tx) = x. By the definition of the norm of the space X @ Y, we 
see that p is continuous, maps G onto X, and is one-to-one. By Corollary 1.5.2, p' : x > 
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(x, Tx) is a continuous mapping from X onto G. Since the mapq: X®Y — Y, q(x, y) :=y, 
is continuous and T = qe p"', T must be continuous. 


1.5.6 Linear functionals 


Let X be a vector space over K. A hyperplane in X is a linear subspace M of X such that 
dim(X/M) = 1. If f : X — Kisa linear functional and f # 0, then kerf is a hyperplane 
of X. In fact, f induces an isomorphism between X/ kerf and K. Conversely, if M is a 
hyperplane in X, then there is an isomorphism p : X/M — K so that f(x) = p(x + M) 
defines a linear functional with kerf = M. 

Suppose now that f and g are linear functionals on X such that kerf = kerg. Let 
Xq € X be such that f(x,) = 1, so g(Xp) # 0. Ifx € X anda = f(x), then x — ax € kerf = 
ker g. So 0 = g(x) — ag(Xo), or g(x) = (8(Xq) )a = (g(X))f (x). Thus g = Bf for a scalar B. 
This is summarized as follows. 


Proposition 1.5.5. A linear manifold in a vector space X is a hyperplane if and only if it 
is the kernel of a nonzero linear functional. Two linear functionals have the same kernel 
if and only if one is a nonzero multiple of the other. 


Hyperplanes in a normed space fall into one of the two following categories. 


Proposition 1.5.6. Let X be a normed space. A hyperplane in X is either closed or it is 
dense. If f is a linear functional on X, then f is bounded if and only ifker f is closed. 


Note that iff is a linear functional, then it is a linear operator and so Proposition 1.5.1 
applies. Continuous linear functionals are also called bounded linear functionals and 


fll = sup{|f0o| : [xl < 4}. (1.5) 


Let X* be the collection of all bounded linear functionals on X. It is clear that if 
f.g ¢«X* anda € K, then (af + g)(x) = af(x) + g(x) € X*, hence X* is a vector space. 
The space X* equipped with the norm (1.5) is a normed space, called the dual space of X. 
Note that X* is nothing else but £(X, K). 


Proposition 1.5.7. If X is normed space, then X* is a Banach space. 


Proof: In practice, the scalar field K is R or C. Since R and C are complete, the result 
follows from Proposition 1.5.2. 


Notation 
Let X be a normed space. Given f € X* and x € X, we shall often write (f, x) or (f,X)x+xx 
instead of f(x). 
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1.5.7 The adjoint of a linear operator 


In this subsection we are concerned with the adjoint of bounded linear operators. For 
unbounded linear operators, we refer, for example, to [46] or [138]. 


Definition 1.5.4. Let X and Y be normed spaces and let T : X — Y be a bounded linear 
operator. The map T* : Y* — X* defined by 


(T*y*)\(x) =(y" oT), xe Xy" €¥", 


is called the adjoint of T. 


Proposition 1.5.8. Let X and Y be two normed spaces. If T : X — Y is a bounded linear 
operator, then the adjoint T* is a bounded linear operator and ||T* || = |\T |). 


Proof. It is not hard to show T* is linear. To show T* is bounded, let y* € Y*. Then 


[T"y"lx- = sup |(T"y")0o| = sup|y" (Tx). 
Ixil<1 |x\l<1 


Therefore, 


ye Txily = ITI" 


es sup ly" fa 
x(l<1 
Hence, T is bounded and ||T* || < ||T|. 
To prove the reverse inequality, we begin by letting ¢ > 0. There exists x € X such 
that ||xlly < 1 and ||Txlly > ||T|| - ¢. By Corollary 1.6.2, there exists y* € Y* such that 
ly" lly» =1 and _y* (Tx) = ||Tx|ly. Hence 


Txlly = (T*y")) < |T*y* 


xe Illy < ||T"y* ly. < 7": 


Consequently, ||T|| < ||T*|| + €. Due to the arbitrary choice of ¢, we conclude that ||T|| < 
|T* |. 


Corollary 1.5.3. Let X and Y be normed spaces. The map taking T to T* is a linear isom- 
etry from L(X, Y) to L(Y*,X*). 


Proof. This follows from Proposition 1.5.8. 


Proposition 1.5.9. Let X, Y, and Z be normed spaces, and suppose both S : X — Y and 
T : Y > Zare bounded linear operators. If TS = T oS : X — Z, then the adjoint map 
(TS)* :Z* — X* is given by (TS)* = S*T*. 


Proof. Ifx ¢ X andz* € Z*, then 


(x, (TS)*(z*)) = (TSx,z") = (Sx,T*z") = (x, S*T*z*), 


from which it follows that (TS)* = S*T*. 
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1.6 Hahn-Banach theorem 


1.6.1 The analytic form of Hahn-Banach theorem 


Definition 1.6.1. Suppose X is a vector space. A map p : X — Ris called a sublinear 
functional if 

(a) p(ax) = ap(x) for alla > Oandx eX, 
(b) p(x + y) < p(x) + p(y) for allx,y € X. 


Note that condition (a) implies that p(0) = 0. Condition (b) is called the triangle 
inequality. It is clear that any real linear functional is a sublinear functional. If X is a 
normed space, then the norm function defined by p(x) = ||x|| for x € X is a sublinear 
functional. 


Theorem 1.6.1 (Hahn-Banach, analytic form). Let X be areal vector space and p a sublin- 
ear functional on X. Let f be a linear functional which is defined on a subspace Y of X and 
satisfies 


f™&) <p forallx ey. (1.6) 
Then f has a linear extension f from Y to X satisfying 
fF) < pd) forallx €X, (1.7) 


that is, f is a linear functional on X satisfying (1.7) on X and f (x) = f(x) for every x € Y. 


Theorem 1.6.2 (Hahn-Banach theorem for normed spaces). Let X be a real normed vec- 
tor space and let Y be a linear subspace of X. If f « Y*, then there exists a bounded linear 
extension functional f on X such that 


Ifllx = Illy. 


Proof. Define p(x) = |/f|llx|| for x ¢ X. Then p is a continuous seminorm defined on 
X such that |f(x)| < p(x) for all x € Y. Therefore, by Theorem 1.6.1, there is a linear 
extension f of f defined on the whole space X such that |f(x)| < p(x). This yields [||| < 
SUP} xy<1 P(X) = |If||. On the other hand, since f is an extension of f, we must have ||| = 
\/f | and so we obtain |//'|| = IIf |. 


Corollary 1.6.1. Let X be anormed space. For every Xo € X, there exists fy ¢ X* such that 


Ifoll = IXoll and (fy, Xo) = IIxoll”. 


Proof. Use Theorem 1.6.2 with Y = Rx, and f(txo) = t[|xp||7 so that [If lly = [xXoll?. 
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Remark 1.6.1. The element fj given by Corollary 1.6.1 is in general not unique. However, 
if X is strictly convex (for example, if X is a Hilbert space or X = L?(Q) with 1 < p < +00), 
then fp is unique. 


Corollary 1.6.2. Let X be a normed space. For every x € X, we have 
xl] = sup{|(f.x)| sf ¢ X* with |If|] < 1} = max{|(f,x)| :f ¢ X* with [fll < 1}. 


Proof. We may always assume that x # 0. It is clear that suppex: yey<1 I(fX)| < [Xl]. BY 
Corollary 1.6.1, there exists fy € X* such that ||fp|| = |x| and (f/9,x) = IIx|I?. Set f, = fo/IIx|L 
so that ||f|| = 1 and (f,, x) = IIxll. 


1.6.2 Geometric forms of Hahn-Banach theorem 


Definition 1.6.2. Let A and B be two subsets of a real vector space X and fa real linear 
functional on X. We say that a hyperplane H = {x € X : f(x) = a} separates A and B if 


ff <a WxeA and f(x)za VxeB. 


We say that H strictly separates A and B if there exists some € > 0 such that 


ff <sa-e VxeA and f(x)zate VxeB. 


Geometrically, separation means that A lies in one of the half-spaces determined 
by H, and B lies in the other. 

To prove separation theorems of convex sets, the following two lemmas are re- 
quired. 


Lemma 1.6.1. Let X be anormed space and let C be a convex neighborhood of 0. For every 
x € X, define 


L-(x) = inf{a > 0: x € aC}. (1.8) 


Then Uc(-) is a finite nonnegative positively homogeneous subadditive continuous func- 
tional. Moreover, {x : Uc(X) < 1} = int(C) ¢ Cc C = {x: U(x) < I. 


The map ,(-) is called the Minkowski functional. 


Proof. Let x € X. Note first that, since the map A + Ax, R — X, is continuous at A = 0, 
there is some 6 > 0 such that Ax € C whenever |A| < 6. This shows that x € nC whenever 
In| < 6-1. Thus p(x) is well defined; 0 < u(x) < oo. Moreover, since 0 € C, the point 0 is 
in AC for every A > 0 and thus (0) = 0. 

Now let x,y € X, and set r = u(x), as well as s = Uc(y). Then for each € > 0, there 
exist a and B such that 0 <a <r+e/2,0< B<s+e/2,x € aC, andy € BC. Then, using 
the fact that C is convex, we get 
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= a B 
x+yeaC+BpC= (@a+p( Sc an 
Thus uc(x + y) < a+ B < r+s+e. Since this holds for all € > 0, we get u(x + y) < 
Uc(X) + Uc(y). For each A > 0, we have Ax € aAC if and only if x € aC, and so it follows 
that uc(Ax) = Auc(Xx) (© 0). This shows that ; is a sublinear functional on X. 


Let Bs c C for some 6 > 0. Given x € X \ {0}, we get doy € Bs cC,soxe Lc. Thus 


c) c(a+B)C. 


0<uc(xX) < vt < 00. 
This estimate shows that uc is continuous at 0. Moreover, since {ic is subadditive, for 
x,y € X, we have —Uc(y—X) < Uc(X) + Uc(y) < U(x —y). This yields that ue is continuous 
if (and only if) it is continuous at 0. Hence ic is continuous on X because it is continuous 
at 0. 

By the continuity of Uc, the set {x € X : Uc(x) < 1} is open. Using the convexity of C 
and the fact that 0 € C, it is not difficult to see that if, for some x € X, Uc (x) < A, then 
x € AC. So, by this observation we conclude that {x € X : Uc(x) < 1} isa subset of C, 
hence a subset of int(C). It follows that if u-(x) = 1and0 <s<1<tthensx ¢€ int(C) and 
tx # C. Therefore, if u-(x) = 1then x «€ OC, and if u-(x) > 1 then, again by the continuity 


of Uc, X € Ext(C). 


Lemma 1.6.2. Let X be a real normed space and let C be an open convex subset of X. If 
Xo ¢ C, then there is anf € X* such that f(x) < f (Xo) Vx € C. In particular, the hyperplane 
Uf =f (X9)] separates {x} and C. 


Proof. We may assume without loss of generality that 0 € C, otherwise consider (C — x) 
and xX, — x for some x ¢€ C. Hence, C is open, convex, and contains 0. Let Uc be the 
Minkowski functional of C. Since C is open and xX ¢ C, we have ic(Xq) = 1. Define a linear 
functional on span{x)} by f(Ax9) = Auc(Xp). Then on span{xy} we have f(Axg) < Uc(AXo). 
For A = 0, it is clear from the definition of f that, for A < 0, we have f(Ax) = Auc(Xp) < 0 
while Uc(Ayo) = 0. By Lemma 1.6.1, uc is continuous, hence, by construction, f is also 
continuous. Extend f onto X by Theorem 1.6.2 and denote this extension by f again. 
Then f(x) < Uc(x) for every x € X. Since f(X9) = Uc(Xp) > 1as Xp ¢ C and f(Xq) = Uc (0), 
we get f(X9) > Land so f (x9) > sup{f(x) : x € C}, and the statement follows. 


Theorem 1.6.3. Let A,B c X be two nonempty convex subsets such that ANB = @. Assume 
that A is open. Then there exists a closed hyperplane that separates A and B. 


Proof. Set C = A-B, so that C is convex, open (since C = Uye p(A-y)), and 0 ¢ C (because 
AnB = 0). Applying Lemma 1.6.2 to the open convex set C and to X, := 0, we obtain f 
such that f(x) < f(0) = 0 for x ¢ A-B. Thus f(a) < f(b) Va € A, b ¢€ B. It follows that 
f(@ < inf{f(b) : b € B} for a ¢ A. Ifa € Ais such that f(a) = inf{f(b) : b € B}, then from 
the openness of A we get f(a + h) > inf{f(b) : b ¢ B} for some a+h € A, a contradiction. 
Therefore, f(a) < inf{f(b) : b € B} for alla ec A. 
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We also have the following separation theorem which was obtained independently 
by J. W. Tukey (1942) and V. L. Klee (1951). 


Theorem 1.6.4. Let A,B c X be two nonempty convex subsets such that AN B = @. As- 
sume that A is closed and B is compact. Then there exists a closed hyperplane that strictly 
separates A and B. 


Proof. Set C = A - B. It is clear that C is convex, closed, and 0 ¢ C. So, there exists some 
r > Osuch that B,C = 9. Applying Theorem 1.6.3, we infer that there exists a closed 
hyperplane that separates B, and C. Hence, there is some f ¢ X*, f # 0 such that 


f(x-y) <f(rz) Vx €A, Vy eB, Vz € By. 
It follows that f(x — y) < -r|lf|| Vx ¢ A, Vy € B. Letting e = rif > 0, we obtain 
fwr+esfO)-e VWxeA, VyeEB. 
Choosing a such that 


supf(x)+e<a<inff(y)-e«, 
xeA yeB 


we see that the hyperplane [f = a] strictly separates A and B. 


1.7 Weak topology 


Let (X, || - ||) be anormed space. We recall that X* denotes the vector space of all contin- 
uous linear functionals on X, endowed with the dual norm (1.5). We know from Propo- 
sition 1.5.7 that the dual space X* is always complete, even if X is not. Since the norm on 
the scalar field K is simply the absolute value, the operator norm of a linear functional 
f can be written in this notation as ||f|| = supy,y-1 (fx). 

Note that, according to Hahn—Banach theorem (Theorem 1.6.2), the dual space X* 
does not reduce to {0} if X is different from {0}. If dim(X) = n for some n ¢€ N, then 
dim(X*) = n, and if X is infinite-dimensional, so is X*. 

Let X be a Banach space and let f ¢ X”. We denote by 7, : X — K the linear 
functional defined by 7;(x) = (f,x). Asf runs through X*, we obtaina collection (7/) rex: 
of maps from X into K. We now ignore the usual topology on X (associated to || - ||) and 
define a new topology on X as follows. 


Definition 1.7.1. The weak topology o(X, X*) on X is the coarsest topology for which all 
functionals (7)r<x- are continuous. 


The weak topology of a normed space is the smallest topology for the space such 
that every member of the dual space is continuous with respect to that topology. Note 
that, since every map 7 is continuous for the usual topology, the weak topology is 
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weaker than the usual topology. More precisely, open (resp. closed) sets in the weak 
topology o(X, X*) are always open (resp. closed) in the strong topology. In any infinite- 
dimensional space, the weak topology is strictly coarser than the strong topology, i.e., 
there exist open (resp. closed) sets in the strong topology that are not open (resp. closed) 
in the weak topology. 


Lemma 1.7.1. Let Y be a topological space and let g be amap from Y to X (X is equipped 
with the weak topology). Then 9 is continuous if and only if 9 » m; is continuous from Y 
into K for each f € X*. 


Proof. If wis continuous, then f ° y is also continuous for each f ¢ X*. Conversely, let U 
be an open subset of X, we have to prove that y ‘(U) is open in Y. But we know that U 
has the form 


U= |) {(\f "with 6, being an open subset of K. 


abitrary finite 


Therefore 


r'ioO= U vr@e)= U feew@. 


arbitrary finite arbitrary finite 


which is open in Y since every map f o y) is continuous. 


Proposition 1.7.1. The weak topology o(X,X*) is a Hausdorff topology. 


Proof. Let x and y be two elements of X with x # y. We have to find two open sets U and 
V for the weak topology o(X, X*) such that x « U,y « Vand UNV = @. By Theorem 1.6.4, 
there exists a closed hyperplane strictly separating {x} and {y}. Hence there exist some 
linear functional f ¢ X* and some @ € R such that (f,x) < ¢ < (f, y). Set 


U={zeX: (f,2z) < Ch = 1;'((-00,¢)); 
V={zeX: (ff,z) > Gf = 1 '((,+00)). 


Itis clear that U and V are open in the topology o(X, X*) and satisfy the properties listed 
above. 


We recall that, for x) ¢ X, € > 0, anda finite set {f,,f5,...,f,} inX*, we can define 
V =V(fsfo--ofyie) = {x EX : |\(f.xX — X)| < e for alli = 1,2,...,n}. 


Then V is a neighborhood of x, for the topology o(X, X*). Moreover, we obtain a basis 
of neighborhoods of Xp for o(X, X*) by varying ¢, n, and the functionals f’s in X*. 


1.7 Weak topology —— 29 


Notations 

Let (Xp)new De a sequence of X, x « X, and A a subset of X. 

- With the symbol x, — x we denote the convergence of (X,) nen to x for the topology 
o(X,X"). 

— We denote by A’ the closure of A in the weak topology o(X,X"*). 


Evidently in the case where (X,)nen Converges to x in the norm topology, we say that 
(Xn)nen Converges strongly to x and we use the notation x, — x. 


Remark 1.7.1. 

(a) Let X be a normed space. We note that the norm topology and the weak topology 
o(X,X*) of X are the same if and only if the space is finite-dimensional. Hence the 
weak topology of an infinite-dimensional normed space is not induced by the norm 
of the space. Moreover, o(X, X*) is, in general, not metrizable. It is metrizable only 
if the space is finite-dimensional. 

(b) Completeness is yet another property that the weak topology cannot have unless the 
normed space is finite-dimensional. Hence, the weak topology of a normed space is 
complete if and only if the space is finite-dimensional. 


Let X be a normed space and let A be a subset of X. According to Definition 1.3.3(a), 
A is weakly bounded if, for each weak neighborhood U of 0 in X, there is ty > 0 such 
that A c tU whenever t > Ty. 


Proposition 1.7.2. A subset of a normed space is bounded if and only if it is weakly 
bounded. 


We have also the following useful corollaries. 


Corollary 1.7.1. A subset A of anormed space X is bounded if and only if, for each f in X", 
f (A) is a bounded set of scalars. 


Corollary 1.7.2. In a normed space, weakly compact subsets, weakly Cauchy sequences, 
and weakly convergent sequences are bounded. 


Definition 1.7.2. Let X be normed space. A mapping f : X — X is said to be weakly 
continuous if it is continuous for the weak topology o(X, X*) of X. 


It is clear that weakly continuous maps are not necessarily continuous. However, 
for linear operators, we have the following result. 


Theorem 1.7.1. Let X and Y be two normed spaces and let T be a linear operator from X 
into Y. Then T is norm-to-norm continuous if and only if it is weak-to-weak continuous. 


Proof. In view of Lemma 1.7.1, it suffices to check that for every f ¢ Y* the map x + 
(f, Tx) is continuous from (X, a(X, X*)) into K. But the map x + (f, Tx) is a continuous 
linear functional on X. Therefore, it is also continuous in the weak topology a(X, X"*). 
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Conversely, suppose that T is continuous from X weak into Y weak. Then G(T) is 
closed in X x Y with the product topology o(X,X*) x o(Y, Y*), which is the same as 
o(X xY, (XxY)*). It follows that G(T) is strongly closed (any weakly closed set is strongly 
closed). Next, using the closed graph theorem (Theorem 1.5.4), we conclude that T is 
continuous from X strong into Y strong. 


Note that, in contrast to linear operators, nonlinear maps that are continuous from 
(X, || - |]) into (Y, || - ||) are not necessarily continuous from (X, o(X,X*)) into (Y, o(Y, Y*)). 
This produces many difficulties in nonlinear problems. 

It is not difficult to see that, when X is an infinite-dimensional normed space, open 
subsets for the weak topology are unbounded. In fact, all weakly open subsets contain 
linear vector subspaces of X and so they are not bounded. In particular, bounded balls 
in X cannot be weakly open since they are bounded. Because of this, one asks whether 
closed convex subsets of an arbitrary normed space are weakly closed or not. However, 
a theorem of S. Mazur (1933) ensures that this must be the case. 


Theorem 1.7.2 (Mazur). Let X be anormed space and let C be a convex subset of X. ThenC 
is closed for the strong topology if and only if it is closed for the weakly topology a(X, X"). 


Proof. Assume that C is closed in the strong topology and let us prove that C is closed 
in the weak topology. We shall check that the complement C° = X \ C of C is open in the 
weak topology. To this end, let x) ¢ C. By Theorem 1.6.4, there exists a closed hyperplane 
strictly separating {xo} and C. So, there exist some linear functional f ¢ X* and some 
¢ € Rsuch that (f,x) < ¢ < (f, y) forally € C. Set 


U={zeX: fz) < Gf 


so that xy € U, UNC =9, that is, U c C° and U is open in the weak topology of X. 


Proposition 1.7.3. Let X be normed space and let (Xy)nen be a sequence in X. Then 

(a) Xp, — X (Xp) nen converges weakly to x)ifand only if, (f,X,) > (f,x) for everyf € xX”. 
(b) Ifx, > x, thenx, — x. 

(c) IfxX, = x, then (\lXpl)new is bounded and |x|| < lim inf,_,..5 [Xnll- 

(d) Ifx, ~ xandf, > f inX*, then (f,,X,) — (f,X). 


Definition 1.7.3. Let X be normed space. A mapping f : X — X is said to be weakly 
sequentially continuous at a point xq € X if, for each sequence (X;,) nen Which converges 
weakly to X9, the sequence (f(X,))nen converges weakly to f(x,), that is, x, — X9 implies 
fp) — f Xo). lff is weakly sequentially continuous at each point of X, then we say that 
f is weakly sequentially continuous on X. 


We end this section by recalling some results related to the weak compactness re- 
quired in the sequel. Their proofs require heavy preparations so they are dropped. 
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Theorem 1.7.3 (Eberlein-Smulian). Let A be a subset of a Banach space X. Then the fol- 

lowing statements are equivalent: 

(a) Ais weakly sequentially compact, that is, any sequence in A has a subsequence which 
converges weakly to an element of X; 

(b) the closure of A in the topology o(X,X*), A is compact. 


For a proof of this result we refer, for example, to [89, 92, 173] or [243]. 

Let us notice that an immediate consequence of Theorem 1.7.3 is that if K isa weakly 
compact subset of a Banach space, then any weakly sequentially continuous map f : 
K — X is weakly continuous (cf. [21, p. 274]). 

As an application of the Eberlein—Smulian theorem (Theorem 1.7.3), we have 


Theorem 1.7.4 (Krein-Smulian). Let X be a Banach space and let K be a subset of X. If K 
is weakly compact, then Co(K) is weakly compact. 


For a proof of this result we refer, for example, to [89, p. 434]. 

Let 2 be a nonempty open subset of R”, not necessarily bounded, and (Q, 5, ) a mea- 
sure space where pis a positive measure on ¥. Let L'(Q, du) be the space of integrable 
functions from Q into R. 


Theorem 1.7.5. A subset M of L'(Q, du) is weakly compact if and only if M is bounded and, 
for any decreasing sequence of measurable subsets (My)new Of & such that (\ys9 Mn = % 
we have 


jim | feo du(x) = 0, uniformly inf ¢ M. 
M, 


For a proof see, for example, [89, Theorem 9, p. 292]. 
The following result is owing to J. Dieudonné [80, Theorem 4, p. 93]. It provides a 
characterization of weakly compact subsets in L!-spaces. 


Theorem 1.7.6. Let 2 be a nonempty measurable subset of IR" (not necessary bounded). 

A bounded subset M of L'(Q; du) is relatively weakly compact in L'(Q; du) if and only if 

(a) for any € > 0, there exists 5 > 0 such that u(A) < 6 implies | fl du < & forallf <M, 

(b) for any € > 0, there exists a compact subset C c Q such that fx clfldu < & for all 
feM. 


1.8 Weak” topology 


Let X be a Banach space. It is obvious from the preceding section, that we have two 
topologies on X*: the usual (strong) topology associated to the norm of X* and the weak 
topology o(X*,X**) obtained by using on X* the construction of Section 1.7. 
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For every x € X, define the functional 9, :X* > Kbyf + 9,(f) = (f,X). It is clear 
that when varying x through X we obtain a collection (@,),<x of maps from X* to K. 
Using the family of functions (9,),<x, we are going to define a third topology on X™. 


Definition 1.8.1. The weak” topology a(X*, X) on X* is the coarsest topology for which 
all functionals (@,),<x are continuous. 


Since X can be embedded in X*", it is obvious that the topology a(X*, X) is coarser 
than the topology o(X*,X**). 


Proposition 1.8.1. The weak” topology is Hausdorff. 


Proof. Given f,, f, with f, # fo, there exists some x € X such that (ff, x) # (x, f,). Assume, 
for example, that (f,,x) < (f;,x) and choose a such that (f,,x) < a < (x, fo). Set 


U, = {ff €X*: fx) < a} = 9," ((-c0,@)) 
and 


U, = {f €X* : f,x) > a} = @;'((a, +00)). 


Then U, and U, are open sets in o(X*, X) such that f, € U,, f. € U, and U, NU, = @. 


For fo ¢ X*,€ > Oand a finite set {x,,..., x,} in. X, we can define 
V=V(Xp.... Xe) = ff EX": |F -f.x)| <e VWi=1,2,...,n}. 
Then V is a neighborhood of fy for the topology a(X*, X). Moreover, we obtain a basis of 
neighborhoods of fy for o(X*, X) by varying ¢, n, and the x;’s in X. 


Remark 1.8.1. In the case where X is a finite-dimensional normed space, the three 
topologies, strong, weak, and weak", coincide on X”*. 


While the unit ball in a Banach space can be compact in the norm topology only ifthe 
space is finite-dimensional, the unit ball in the weak* topology will always be compact. 
We recall this result known as Banach—Alaoglu theorem. 


Theorem 1.8.1 (Banach-Alaoglu). If X is a Banach space, then BY is compact in the 
weak" topology on X”. 


The next result due to Helly is required. 


Lemma 1.8.1 (Helly). Let.X be a Banach space. Let f;,...,f;, be giveninX* andlet (,...,, 
be given in R. The following properties are equivalent: 
(a) Ve > 0 Ax, € X such that ||x,|| < 1 and 


KfieXe) -Gl<e Wi=1,2,...,k, 
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) | Yk Bil < WDE Bill VBp Bo --->Be €R 


Proof: (a) = (b) Fix B,, By,..., 6; in R and let S = se |B;|. It follows from (a) that 


k k 
Y Biff ne) - >. BiSi| < eS 
i=t i=1 
and therefore 
k k k 
Y Bisil < | > BifillllXell + €S < IY Bifill + eS. 
i=1 i=t i=l 


Since this holds for every € > 0, we obtain (b). 
(b) => (a) Set ¢ = (¢,,...,0,) € RX and let y : X — R* be the map defined by 


POO) = (Fr X)s-++ eo?) 


Property (a) says precisely that ¢ € w(B,). Suppose, by contradiction, that (a) fails, so 
that ¢ ¢ W(B,). Hence {¢} and W(B,) are separated strictly by some hyperplane. This 
means that there exists some B = (f;, By,..., Bx) € in and some a € R such that 


B-WiXx)<a<B-¢ VxeB,. 


It follows that 
k k 
(Yass) <a< Y Bisi Vx € By, 
i=1 i=1 
and then 
k k 
> Bifi <a< Y Bigs 
i=1 i=1 


which contradicts (b). 


Given a normed space (X, || - ||), let X* be its dual space endowed with dual norm. 
By X** = (X*)* we denote the second dual of X; it is equipped with the norm dual of X* 
which is defined, for each [ € X**, by 


Ill = Wllx-+ = sup{|(of)| sf <x” IIfll <p. 


Let i, : X — X** be the canonical embedding of X into X** defined in the following 
way. Let x be a fixed point in X, the mapf +> (f,x) from X* into Risa linear continuous 
functional on X“, that is, it is an element of X** denoted by i.x. Then we have 
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(Xf) xe xs = Fi X)xex WX EX, Vi eX", 
It is clear that i, is linear. Further, it follows from Corollary 1.6.2 that 


Ji 


ye = sup|(f,x)| = sup|(f,x)| = bx, 
fils Wfllsa 


which proves that i, is an isometry. 

Using this natural identification, for x « X we often write x « X** instead ofi,(x) € 
X**, and we identify X with i,(X) c X**. Hence X can be thought of as a subspace of its 
bidual X**. 


Remark 1.8.2. The space X** is the dual space for X*, and as such can be given a weak* 
topology. The weak” topology on X** is the weakest topology under which elements 
of X* define continuous functions on X**. If we restrict to the subspace X, then the 
weakest topology under which elements of X* are continuous is the weak topology on X. 
Therefore 


(X™*,0(X™",X")) iy = (X,0(X,X")). 
In other words, the restriction of the weak” topology on X** to X is the weak topology 
on x. 
We are now ready to state and prove Goldstine’s theorem. 


Theorem 1.8.2 (Goldstine). If X is a Banach space, then i,(B,) is dense in BY" with re- 
spect to the topology o(X**,X*), and consequently i.(X) is dense in X** in the topology 
o(x**,X*). 


Proof. Let Tt € Ee and let V be a neighborhood of 7 for the topology o(X**, X*). We 
must prove that V Ni,(B,) # 0. We may assume that V is of the form 


V={neX™* :|\(n-af|<e Wi=1,2,...,k} 


for some given elements f;, fo,...,f,, in X* and some € > 0. We have to find some x € B, 
such that i.(x) ¢€ V, that is, 


fix) —(tf)|<e Wi=12,...,k. 


Set ¢; = (t,f;). According to Lemma 1.8.1, it suffices to check that 


k 


Y Big 


i=1 


< 


> 


k 
nl 
1 


i= 


which is clear since Y*, B,f; = (ct, YX, Byf;) and ||| < 1. 
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1.9 Some classes of Banach spaces 


1.9.1 Reflexive spaces 
We know from the previous section that, if X is a normed space, we can identify X with 
i.(X), which is a subspace of X** 


Definition 1.9.1. We say that a Banach space X is reflexive if the canonical embedding 
i, is surjective, that is, i.(X) = 


The following result provides a characterization of reflexive Banach spaces. 


Theorem 1.9.1 (Kakutani). A Banach space X is reflexive if and only if the closed unit ball 
B, of X is weakly compact. 


Proof: Assume first that X is reflexive. Then B, = By ae By Banach—Alaoglu theorem 
(Theorem 1.8.1), the set By ” is compact in the weak” topology on X**. Since X is re- 
flexive, according to Remark 1.8.2, the weak” topology on X** coincides with the weak 
topology on X. Therefore, B, is compact in the weak topology on X. 

Conversely, assume that B, is compact in the weak topology on X. By Remark 1.8.2, 
the weak topology on X is the restriction of the weak” topology on X**, and so B, is 
compact in the (and hence closed) in the weak" topology on X**. By Goldstine’ s theo- 
rem (Theorem 1.8.2), we conclude that B, = BY since B, is closed and dense in BY” ; 
Therefore, X is reflexive. O 


1.9.2 Uniformly convex Banach spaces 


Definition 1.9.2. A normed space X is called uniformly convex if, for all ¢ € (0, 2], there 
exists 5(€) > 0 such that 


(vx,y € X such that ||x|| = 1, ly =1, and |Ix-yll >) => (ee 


<1- s(e)). 


Thus, a normed space is uniformly convex if for any two distinct points x and y on 
the unit sphere centered at the origin the midpoint of the line segment joining x and y 
is never on the sphere but is close to the sphere only if x and y are sufficiently close to 
each other. 

This allows us to introduce the following definition. 


Definition 1.9.3. The modulus of uniform convexity of a Banach space X is the function 
dy : (0,2] — [0,1] defined by 


2 x 
dx(e) = ing{1-|*=2]- wet <1, yl <,bx—yh > ef 
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Obviously, a space X is uniformly convex if and only if its modulus of convexity 
satisfies Sy(€) > 0 for each € € (0, 2]. Moreover, if X is a uniformly convex Banach space, 
then the function d,y(-) is continuous on [0, 2]. 


Theorem 1.9.2. L?-spaces, 1 < p < +00, are uniformly convex. 


For the proof of this result we refer, for example, to [46, p. 60]. 
An interesting result about the uniform convexity is Milman-Pettis theorem. The 
proof of this result is due to J. Ringrose. Here we follow the exposition of J. Diestel [78]. 


Theorem 1.9.3 (Milman-Pettis). IfX is a uniformly convex Banach space, then X is reflex- 
ive. 


Uniform convexity is a geometric property of the norm, that is, this property is not 
preserved by equivalent renormings. On the other hand, reflexivity is a topological prop- 
erty: a reflexive space remains reflexive for any equivalent norm. Theorem 1.9.3 is re- 
markable because it expresses the fact that a geometric property implies a topological 
one. However, there are some reflexive spaces that admit no uniformly convex equiva- 
lent norm. 


Proof. Suppose that X is anonreflexive, uniformly convex Banach space. Then, for some 
€ > 0, there exists x** in X** with ||x** || = 1 and such that the distance between x** and 
B,, the closed unit ball of X, is 2¢. Let &6 be chosen such that if x and y are in X with 
Ix < 4, lly < 1, and 2-6 < |x +yl| then |x — y|| < ¢. Take x* in X“*, with ||x*|| = 1 such 
that (x**,x*) =1. 

Let V be the weak” neighborhood of x** given by 


V= fu eX** :|(x",u"*) -1 < at 


If x and y are in the closed unit ball of X belonging to V (under identification by the 
canonical injection), then |(x*,x + y)| > 2-6,s02-6 < |x + y|]. Hence |x — yl < «. 
Fixing x, we conclude that Vn B, c x + €B;* (IB; * denotes the closed unit ball of X**). 
By Goldstine’s theorem (Theorem 1.8.2), we know that Vn B, is weak” dense in Vn B;* 
which, since x + €B;* is weak” closed, yields that x** belongs to x + eB; *. But this means 
that the distance between x** and B, is less than or equal to ¢, contradicting our choice 
of x** 


We now give the following useful property of uniformly convex spaces. 


Proposition 1.9.1. Let X be a uniformly convex Banach space. If (Xn)nen iS a Sequence in 
X such that x, — x, and ||x,|| — |x|, then x, — x strongly. 


Definition 1.9.4. A Banach space X is said to have Kadec—Klee property if, for every 
sequence (X;,)nen in X such that x, — x and ||x,|| > [|x|], we have x, — x. 
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Remark 1.9.1. By Proposition 1.9.1, every uniformly convex Banach space has Kadec-— 
Klee property, but there are Banach spaces, for instance, (IR”, || - ||,,), which possess 
Kadec-Klee property without being uniformly convex. This property is studied, for ex- 
ample, in [78]. 


We recall that the dual space of a uniformly convex Banach space is called a uni- 
formly smooth Banach space and it can be characterized as follows: a Banach space X is 
uniformly smooth if and only if, for every € > 0, there exists 6 > 0 such that if x,y € X, 
with ||x|| = 1 and |[y|| < 6, then 


Ix + yll + Ix —yll s 2+ ell. 


The modulus of smoothness of a normed space X is the function p,(-) defined, for every 
t > 0, by the formula 


px(t) = sup| Peet IN 4 px = 1, tyl = th. 


The normed space X is uniformly smooth if and only if oxi) > O0ast—0. 


1.9.3 Strictly convex Banach spaces 


Definition 1.9.5. A Banach space X is said to be strictly convex if for all x,y € OB,, we 
have 


Ax + (1-A)y|| <1 for alld € (0,1). 


We note that every uniformly convex space is strictly convex. This gives a large 
class of strictly convex spaces. However, some well-known Banach spaces are not strictly 
convex. 

The space @, is not strictly convex. Indeed, take ¢ = 1 and consider x = (1,0,0,...) 
and y = (0,-1,0,0,...). It is clear that x,y € @,, IXlle, = lle, = 1, Ik - ye, = 2 > € 
However, || 3(x +y)lle, = 1, showing that @, is not strictly convex. 

The space @,,, is not strictly convex. Indeed, take ¢ = 1 and consider x = (1,1,0,...) 
and y = (-1,1,0,0,...). Clearly, x,y € €., IXlle = lle, = 1, Ix —Yylle., = 2 > €. However, 
| 3(x +y)lle, = 1, which shows that é,, is not strictly convex. 

Consider C[a, b], the space of real-valued continuous functions on the compact in- 
terval [a, b], with the “sup norm.” Then C[a, b] is not strictly convex. To see this, choose 
two functions f, g defined as follows: 


> 


-t 


f@®=1 forallte[ab], go= for all t € [a,b]. 


> 


Q 
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1 1 
Take € = 5. Clearly, f,g € C[a,b], IIfll = llgll = 1, and lf - gl =1> ¢. Also |l;(f+g)ll =1 
and so C[a, b] is not strictly convex. 

We also notice that the spaces L', L®, and cy are not strictly convex. 


1.9.4 Smooth Banach spaces 


Definition 1.9.6. A Banach space X is said to be smooth if for every x € X with ||x|| = 1, 
there exists a unique x* € X* such that ||x*|| = x*(x) =1. 


It is not difficult to prove that a Banach space X is smooth if and only if, for every 
x,y € X with x # 0, the following limit exists: 


_ |x + tyll - Ix 
tim HOU = WM _ y Gy, ss 
t0 t 
This limit defines a functional py, ¢ X* which is called the Gateaux derivative of the 
norm at x. 


Definition 1.9.7. A Banach space X is called uniformly smooth if the limit (1.9) exists 
uniformly in the set {(x, y) : |x|] = llyl] = 1}; thus X is uniformly smooth if, for each ¢ > 0, 
there exists 6 > 0 such that, for |t| < 6 and all x, y € X with ||x|| = |ly|| = 1, we have 


[IIx + tyll — [xl -YO)] < eldl. 


If the limit (1.9) exists uniformly for |ly|| = 1 when x is fixed, then the norm of X is 
said to be Fréchet differentiable. 


1.9.5 Banach spaces with Dunford-Pettis property 


Definition 1.9.8. Let X and Y be Banach spaces. A bounded linear operator T : X — Y is 
completely continuous or a Dunford—Pettis operator if whenever W is a weakly compact 
subset of X then T(W) is anorm-compact subset of Y. 


Clearly, if an operator is compact then it is Dunford—Pettis. If X is reflexive then an 
operator T : X — Y is compact if and only if T is Dunford-Pettis. 


Proposition 1.9.2. Suppose that X and Y are Banach spaces. A linear operator T : X — Y 
is Dunford—Pettis if and only if T is weak-to-norm sequentially continuous, that is, when- 
ever (Xy)ns1 converges to x weakly, (TX,) 1 converges to Tx in norm. 


Proof. Let T : X — Y be Dunford-Pettis and suppose that there is a weakly null se- 
quence (X,)ns1 Of X such that ||Tx,|| => 5 > 0 for some positive 6. Since the subset 
W = {x, : n= 1} U {0} is weakly compact, its image under T is norm-compact, therefore 
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it contains a subsequence (Tx, )x>1 that converges in norm to some y € Y. From the fact 
that T, in particular, is weak-to-weak continuous, it follows that the sequence (T,Xn)n1 
is weakly null, so y must be 0, which contradicts our assumption. 

For the converse implication, suppose T is weak-to-norm sequentially continuous. 
Let W be a weakly compact subset of X and let (y,)n 1 be a sequence in T(W). Pick x, 
in X so that y, = Tx, for all n. By Eberlein-Smulian theorem (Theorem 1.7.3), (Xp)ns1 
contains a subsequence (Xp, )x> that converges weakly to some x in W. Hence (Yn, )x>1 
converges in norm to Tx. We conclude that T(W) is norm-compact. 


Definition 1.9.9. A bounded linear operator T : X — Y, where X and Y are Banach 
spaces, is called weakly compact if, for each bounded subset U of X, T(U) is a weakly 
compact set of Y. 


A. Grothendieck [122] has introduced the following definition as an abstraction of 
ideas originally developed by N. Dunford and J. B. Pettis [88]. 


Definition 1.9.10. A Banach space X is said to have Dunford—Pettis property (or, in 
short, X has (DPP)) if every weakly compact operator T from X into a Banach space Y is 
Dunford-Pettis. 


For example, cy has (DPP) because if Y is a Banach space and T : cy) > Yisa 
weakly compact operator, then T is compact, hence Dunford—Pettis. Further, ¢, has also 
(DPP) because @, has Schur property (cf. [89, Corollary 14]). We say that a normed space 
X has Schur property if, whenever (X,) nc is a Sequence in X and x € X is such that 
X, — x, then x, — x (see, for example, [173, Definition 2.5.25, p.220]). On the other hand, 
no infinite-dimensional reflexive Banach space X has (DPP) since the identity operator 
I: X — X is weakly compact but cannot be a Dunford—Pettis operator because the 
closed unit ball of X is not compact. 


Remark 1.9.2. We note that if X is a Banach space with Dunford—Pettis property, then 
every linear weakly compact operator on X is a Dunford—Pettis operator. 


Proposition 1.9.3. Suppose that X is a Banach space. Then X has (DPP) if and only if for 
every Sequence (Xp)n>1 of X satisfying x, — 0 and for all sequence (x; )y inX* such that 
X;, — 0, the sequence of scalars (Xp (Xn))ns1 converges to 0. 


Proof. Let Y be a Banach space and T : X — Y a weakly compact operator. Let us 
suppose that T is not Dunford—Pettis. Then there is (x,), 1, in X such that x, — 0 but 
Tx, || = 6 > 0 for all n. Pick a sequence (y;,)n>1 of Y* such thaty, (Tx,) = ||Tx;l| and lly; || = 
1 for all n. By Gantmacher’s theorem (Gantmacher’s theorem says that the dual operator 
of a weakly compact operator is also weakly compact; see, for example, [89, p.485] or 
(173, p. 343]), T* is weakly compact hence T* (BY ‘)isa relatively weakly compact subset 
of X*. By Eberlein-Smulian theorem, (T*(y*))as1 ¢ T*(By ") can be assumed weakly 
convergent to some x” in X*. Then (T*y, — x"),s, is weakly convergent to 0, which 
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implies (T*y; — x*)(x,) — 0. But since x"(x,,) — 0, it then follows that (T*y7(Xn))ns1 = 
(ITXp ll) p51 Must converge to 0, which is absurd. 
For the converse, let (Xj,),s1 in.X be such that x, — 0 and (x; )»s1 in. X* be such that 
x, — 0. Consider the operator 
T:X Cg, Tx = (x, (x) 


n>1° 


The adjoint operator T* of T satisfies T*e, = x, for all k = 1 where (e;);.; denotes 
the canonical basis of ¢,. This implies that T* (Bj) is contained in the convex hull of the 
weakly null sequence (x, )n5. Therefore T* is weakly compact, hence, by Gantmacher’s 
theorem, so is T. As T is weakly compact, T is also Dunford—Pettis by the hypothesis. 
Then, by Proposition 1.9.2, ||Tx,,|| — 0. Thus (x*(X;))ns1 converges to 0 since, for alln > 1, 
Xn Xp)l S Max XE O%p)I = NTXnlloo: 


Definition 1.9.11. A bounded subset F c L'(u) is called equiintegrable (or uniformly 
integrable) if for all ¢ > 0 there is 6 = 5(€) > 0 so that, for every set E c Q with u(E) < 6, 
we have suprer f, ifldu< ie, 


lim su | du = 0. 
wero per | If| du 


Lemma 1.9.1. Suppose F is a bounded subset of L'(5.,u). Then the following are equiva- 
lent: 

(a) F is equiintegrable, 

(b) limyy 400 SUPper eer if| du = 0. 


Proof. (a) = > (b) Since F is bounded, there is a constant A > 0 such that SUPfeF If ll, < 
A. Given f €¢ F, by Markov’s inequality, 


If, A 
u({Ifl > M}) < SPs =. 


Therefore, limy_,,.o UCIfl > M}) < Wy = 0. Using the equiintegrability of F, we con- 
clude that 


lim sup | lf | du = 0. 
M EF 


(b) = (a) Givenf ¢ FandE ¢ , for any M > 0, we have 


furiqu= [vides fl 
E En{\fl<M} En{ifl>M} 
< Mu(E) + | fl du 
Entifi>M} 
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< Mu(E) + | fl du 
{\fl>M} 
< Mu(E) + sup | If | du. 


F 
fb} 


Hence 


sup | ifldu< Muz)+sup f ifldu 
feF 5 PEF SM 


Let € > 0, and consider M = M(e) such that suppex Siewsin ifldu< a Then, if u(E) < 55, 
we obtain 


sup | fldu cM + 


Ee 
fer} 2M 2” 


Let K be a compact Hausdorff space. We denote by C(K) the space of all continuous 
scalar functions on K. 


Theorem 1.9.4. 
(a) If K isa compact Hausdorff space, then C(K) has (DPP). 
(b) Ifis ao-finite measure, then Liu) has (DPP). 


The first assertion is due to A. Grothendieck [122]. The second one was establish by 
N. Dunford and J. B. Pettis [88]. 
Corollary 1.9.1. Let T : L'(u) > L'(u) be a weakly compact operator. Then T? is compact. 


Proof. Let ph be the closed unit ball of L'(u). Since T is weakly compact, T(BE) 


5 8 
is weakly compact. Because L'(u) has (DPP), we infer that T(By ) is relatively norm- 
compact. 


The result of Corollary 1.9.1 remains valid if we replace L*(u) by C(K) where K is a 
compact Hausdorff space. 


1.10 Duality mapping 


Let X be a Banach space and let X* be its topological dual space. We call the normalized 
duality map of X the map] : X — 2* defined by 


JOO = {x* € Xs (x*, x) = [l? with |x|] = xl}. 
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We also define the mapping F : X > an by 
F(x) = {x" €X* : (x*, x) = [x] with |x" |] < 1} vx eX. 


We note that J(x) = ||x||F(x). Evidently, J(x) is closed, convex, and bounded in X* for 
each x € X. Moreover, a simple application of Hahn—Banach theorem guarantees that 
J(x) is nonempty for every x € X. In some specials cases, J(x) is single-valued. 

The next result will be very useful in the chapter dedicated to the accretive opera- 
tors since, among other things, it allows us to introduce the concept of accretive operator 
without using the normalized duality map. 


Lemma 1.10.1. Let X be a Banach space and x,y € X. The following assumptions are 
equivalent: 

(a) [xl < IIx +Ayl] VA > 0. 

(b) There exists x* € J(x) such that (x*,y) > 0. 

(c) The function t — ||x + ty|| is increasing. 


The equivalence between the two first assertions is due to T. Kato [139, p.509]. 


Proof. (b) => (a) Suppose that for x,y € X there exists x* € J(x) with (x*,y) = 0. Then 
for A > 0 we can write 


Ix? = (0.x) < Ox) AQ) = Ox + Ay) sfc [be AVI 
Therefore 
IIx|| < [x + yl] VA > 0. 
(a) = (b) Let A > 0. Take xj € J(x + Ay) and set yj := me Then, we have 


1 
|X|] < x + Ayl| < ——— (xy, x4+Ay) = (y7,x4+A 
ly FEST h A ly) = \y) 


= (Vax) +A. Y) 
< [xl +AQy,y)- 
From the last expression we derive that, for all A > 0, (yj,y) = 0. 


Let us see that from the net (y; )a.9 we may obtain x* € J(x) satisfying (b). Indeed, 
since the unit closed ball of X* is a weak” compact and (y3) 9 ¢ By-, there exists y* € 
(ys)” c By-. On the one hand, |ly*|| < 1 and, moreover, ||x|| < (yj,x) + A(yj,y), thus 

xl < lim inf(y;, x) +0< (y",x). 


Using the fact that (yj, y) = 0 for all A > 0, we get 
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0 <liminf(y,y) < (".y). 
This means 


xl < Ox) < [p* [Il < Ix 


(y".x) = Ill 
hence |ly*|| = 1. Take x* := y*[|xl| ¢ J(x). Then 
(x*,y) = IxIl(y*.y) 2 0. 


(c) => (a) By (c), we have that ||x + Oy|| < |x + Ay|] VA = 0. 

(a) = (c) By contradiction, suppose that there exist 0 < t, < t, < 1 such that |x + 
toyll < |x+tyl|. Then, writing u := x+t,y, we obtain x+t,y = u+hy for some h > 0. Hence 
||ul] > |u+hy|], i. e., condition (a) is not fulfilled for u, y. If we use the equivalence between 
(a) and (b), we can guarantee that for every j € J(u) we have (j, y) < 0. Consequently, 


Ix+tyl? = G.x+ty) = Gx) +t Gy) < Gx) < Ix + tyllllxl, 
that is, 


Ix + Gyll < Il, 


which contradicts (a). 


Definition 1.10.1. Let X be a Banach space, we define the map (.,-), :X x X — Rby 


(yx), = sup{(y,f) :f € JO}. 


Since J(x) is a weak” compact subset, given (x,y) € X x X, we have (y, x), < 00; 
moreover, such a supremum is achieved. 


Proposition 1.10.1. Let x,y ¢ X. Then 

(a) (ay, Bx), = aB(y, x), whenever a, B = 0. 

(b) (ax +y,X), = allx|? + (y, X), whenevera eR 
(c) (-)4, :X xX — Ris upper semicontinuous. 


Proof: (a) It is not hard to see that if x « X and f = 0 then J(fx) = BJ(x). Hence 


(ay, Bx), = sup{ (ay, Bj) +f € JOO}, 


consequently, 
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(ay, Bx), = asup{B(y,j) : 7 €JO)} = aBYy,x),. 
(b) By definition, (ax + y,x), = sup{(ax + y,]) :j € J(x)}. Therefore 
(ax +y,x), = sup{allxl? + (yj) j < JOO}, 
now the properties of the supremum yield 
(ax +x), = axl? + Ox), 


(c) We have to show that the function f : X x X — R defined by 


f(%y) = (YX) 4 


is upper semicontinuous. Since Jx is weak” compact, there exists x} ¢ Jx such that 
FY) = >). 

Considering sequences (X,)nen and (Yn)nen Such that x, — x andy, — y, it will 
be enough to see that sup, en f(X%psYn) < f(%y). Since |f(x, y)| < Ix|lllyll, it is clear that 
SUPpenS (Xp Yn) < +00 and therefore 


Ix; € J (%) fF Opn) = Ova Vn eN. 


Take x* = w* — lim x". Then 


N—-+00 “n 


(xx) = im (x*,Xq) = Tim [Xqll? = Ux”. 


—+00 


Now, by the weak” lower semicontinuity of the norm in X*, we obtain ||x*|| < 
lim inf, [xp ll = |x|]. That is, x“ € J(x). Therefore, 


Tim fn) = lim (x Yn) = OY) <fOCY). 


In conclusion, f is upper semicontinuous. 


We note that the properties of the normalized duality map are related to the subd- 
ifferentiability of the norm. Indeed, let X be a Banach space X. We define 


x,y], = lim 


t0* 


xX,yeX. 


Ix + tyll = [xl 
t > 


The number [x, y], is the right-hand side derivative of the norm at x. We now list some 
useful properties of the bracket [-,-],. 


Proposition 1.10.2. Let X be a Banach space. We have the following: 
(a) [-,-];:X xX — Ris upper semicontinuous. 
(b) [ax, By], = Bx. y],, forallB >0,aeRx,yeX. 
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(c) . oo = allx|| + [yy], ifa ¢ R*, x eX. 
(d) [ < lly, boy + Z], < [xy], + [XZ], for all x,y,z € X. 
(e) sarap! Y)3xX" € F(x}. 


In the next proposition we present a connection between (-,-), and [-,-],. 
Proposition 1.10.3. Let X be a Banach space. For every x, y € X, we have 


(y,X), = |x|. y], and the supremum is attained. 


Proof. If x = 0, then the equality is obvious. So let x # 0. To derive the equality, we 
use the continuity of the norm and the fact that J(x) = ||x||F(x). Recalling that J is a 
weak" -compact-valued mapping, we conclude that the supremum is attained. 


1.11 Convex function and its subdifferentials 


1.11.1 Convex functions 


Let X be a vector space, a function f : X — RU {+oo} is convex, if Vx, y ¢ X, VA € [0,1], 
we have 


F(A + (1 Aly) < Af OO) + (LAN). 


It is called concave, if —f is convex. Also f is called affine if f is both convex and concave. 
The domain, epigraph, and level set of f are defined as follows: 


dom(f) = {x ¢ X such that f(x) < +oo}, 
epi(f) = {(x,A) « X x Rsuch that f(x) < Al, 
fa = {x € X such that f(x) < a} VaeR. 


The function f is said to be proper if f # +oo. By definition, 


n 
f isconvex — > VX},...,X,,  WAp--.An = 9, yAi= =1, (Sa ni) < VAs) 
i=1 
<> epi(f) is convex. 


Also f being convex implies that for alla € R, f, is convex, but the converse is not true. 

A function f is called quasiconvex (quasiconcave) if f, is convex (concave resp.) Va € R. 
The following simple propositions hold: 

(1) Iff and g are convex, then for alla, B = 0, af + Bg is convex. 

(2) IfA:X — Yisa linear mapping and iff : Y — RU {+oo} is convex, then foA:X > 
RU {+00} is convex. 

(3) If {f,: i € I} is a set of convex functions, then sup{f; : i € I} is convex. 
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1.11.2 Lower semicontinuous functions 


Definition 1.11.1. A function f : X — RU {+00} is said to be lower semicontinuous 
(l.s.c.), if VA € R, the level set f, = {x « X : f(x) < A} is closed. It is called sequentially 
lower semicontinuous (s. 1. s.c.), if for any sequence (Xp)nep, With x, — x ¢ X, we have 


lim inf f(x,) > 00. 


From the definition, it follows directly that 
(1) fis lower semicontinuous <= epi(f) is closed in R U {+oo}. 
(2) If {f, : i € I} is a family of lower semicontinuous functions, then 


f(x) = supff(x;) :i€ I} 


is lower semicontinuous. 
(3) Iff, g are lower semicontinuous and A, u > 0, then Af + ug is lower semicontinuous. 


1.11.3 Subdifferentials 


Convex functions on Banach spaces are not differentiable, in general. However, the no- 
tion of subdifferentials is introduced as a replacement of derivatives of differentiable 
functions. 


Definition 1.11.2. Let f : X — RU {+00} be a convex function on a vector space X. For 
all Xp in dom(f), x* € X* is called a subgradient of f at xq if 
(x", xX -X9) +f(%) sf) Wx eX. 
The set of all subgradients at x, is called the subdifferential of f at x), and is denoted by 
of (Xo). 
Geometrically, x* € of (Xo) if and only if the hyperplane 


y = OC“x— Xo) + fo) 


lies below the epigraph of f, i.e., it is a support of epi(f). 
Obviously, of (xp) may contain more than one point. If X is a Banach space, the fol- 
lowing propositions hold: 
(1) Of (Xo) is a weak* closed convex set. 
(2) If x, € int(dom(f)), then of (xo) # 9. To see this, we apply Hahn-Banach separation 
theorem to the convex set epi(f): 4(x*,A) € X* x R \ {(0, 0)} such that 


(X",Xq) FAP (Xp) = (XX) HAL V(x, t) € epi(f). 
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Since (Xp, f (Xp) + 1) € epi(f), it follows that A < 0. However, A # 0. Otherwise, we 
would have (x*,x — X9) < 0 Vx € dom(f). From x, € int(dom(f)), we conclude that 
x" = 0. It contradicts the fact that (x*,A) # (0,0). Setting x5 = 4x, we obtain 
Xq € Of (Xp). 

(3) WA> 0, OAf) (Xo) = Adf (Xo). 

(4) Iff,g :X — Rv {+oo} are convex, then Vx) € int(dom(f) n dom(g)) we have 


Of + 8)(Xq) = O(f)(X) + OS) (%). 


Example 1.11.1 (Normalized duality map). Let X be a real Banach space, and let f(x) = 
sx|’. Then 


Of (x) = J (x) := {x* eX": |x" |] = be, x", x) = Ix}. 
It is called the normalized duality map (see Section 1.10). To see this we first prove the 
inclusion “c”. Indeed, for all x* € of (x), we have 
: 1 
(yx) < 5(IbIP ~ Ib"), 
and then Vh ce X, 
« 1 t 
(XA) < 5-(lle + th? — bell?) < IbxtlAl + 5 Ul? 


as t > 0. It follows that (x*,h) < ||x||||Al], and then ||x*|| < ||x||. On the other hand, setting 
y = Ax, we have (A - 1)(x*,x) < 5(2° - 1)||x\?. Dividing by (A - 1) as A « (0,1), and then 
letting A +1, we obtain (x*,x > ||x||?; it follows that ||x|| < ||x*|]. Thus [|x|] = ||x*||, and 
(x*,x) = [bP 

We now prove the inclusion “>”. For all x* € F(x), one has 


Oy =) = Oy) = be? 
< |x" bel — be? 
< F(t? - ix?) 
=F) -f0) 


for ally € X,ie., x € of (x). 


1.12 Retracts of normed spaces 


Definition 1.12.1. Let X be anormed space, K asubset of X,and R: X — K acontinuous 
map. The map R is called a retraction if and only if R(x) = x for all x € K. In that case, 
the set K is called a retract of X. 


48 —— 1 Fundamentals of functional analysis 


Hence a retraction transforms the space X into K continuously, while leaving each 
point of K unmoved. 

Let ¢ > 0. We call the radial retraction of a normed space X into B; the map R;(-) 
from X into B; defined by 


x if|lxil s ¢, 


R(X) = 
; fe if |x| > ¢. 


We also recall the following useful estimate (see [81, p. 364] or [32, Chapter 4]): 
Rc (2) — R(Z2)|| < 2llz, - Z|] for all 21,2, € Z. (1.10) 


As it is shown in the next result, the interest in retractions lies in their ability to 
reduce fixed point problems for complicated sets to fixed point problems for simpler 
subsets. 


Theorem 1.12.1. Every closed convex subset of a normed space X is a retract of X. 


The proof of Theorem 1.12.1 relies on the following extension result due to J. 
Dugundji (1951) (see also [244, Proposition 2.1, p. 49]). 


Proposition 1.12.1. Let f : K c X — Y bea continuous map on a closed, nonempty 
subset of a metric space (X, d) into a normed space Y. Then f has a continuous extension 


f :X > co(f(K)). 


Proof of Theorem 1.12.1. Let I : K — K be the identity map. Because it is continuous, it 
follows from Proposition 1.12.1 that J can be extended continuously to the map R : X > 
co(K). Now using the fact that co(K) = K completes the proof. 


1.13 Banach algebras 


Let X be a vector space over a scalar field IK. We say that X is an algebra if it has a 
multiplication (or product) operation from X x X into X 


(XYy)re xy VxyeX, 


which satisfies, for all x, y,z € X and every A € K, the following axioms: 
(a) x(yz) = (xy)z, 

(b) Alxy) = (Axdy = xy), 

(c) x(y+Z)=xy+xzand (x +y)z = xz + yz. 


An algebra is an algebraic structure that is both a ring and a vector space, where the ad- 
dition of the ring is the same as the vector addition and multiplication by scalars relates 
to the ring multiplication by axiom (b) given above. 
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An algebra X is commutative if its ring multiplication is commutative, that is, 
xy=yx forallx,yeX. 


An algebra X has an identity element, say e or (ey), provided that e satisfies ex = xe = x 
for every x in X. It is evident that an identity element is unique whenever it exists. An 
algebra with an identity is called a unital algebra. 

Let X and Y be two algebras. A map 0 : X — Y isa homomorphism if 0 is a linear 
map such that 


O(xy) = O(x)O(y) Vx, y eX. 


and then we often regard X as a subalgebra of Y. A bijective homomorphism is an iso- 
morphism, and an isomorphism from X to itself is an automorphism. Two algebras X 
and Y are isomorphic, written X ~ Y, if there is an isomorphism from X onto Y. In the 
case where X and Y have identities ey and ey, respectively, 6 is a unital homomorphism 
whenever O(ey) = ey. 


Definition 1.13.1. Let X be an algebra over K. By an algebra-norm on X we mean a map- 
ping x + ||x|| of X into R* such that 

(a) (X,||-|) isa normed space over K, 

(b) [xyll < [xl Vx, y € X. 


The normed algebra (X, || - ||) isa Banach algebra if (X, || - ||), as normed space, isa Banach 
space. 


If (X, ||- |]) is a unital Banach algebra with identity e, then |le|| = 1. 
We shall now give some facts in Banach algebras involving the weak topology. 


Proposition 1.13.1. Let (X,)nen De a sequence in a Banach algebra X such that x, — x, 
then ax, — ax, and x,a — xa, for any fixeda «€ X. 


Proof. Let abe an arbitrary point of X. Consider the left-hand side multiplication opera- 
tor [,(x) = ax and the right-hand side multiplication operator r,(x) = xa. Clearly, |, and 
rq are continuous linear operators. Now the use of Theorem 1.7.1 ends the proof. 


Proposition 1.13.2. Let X be a Banach algebra and let A, B be subsets of X. 
(a) IfA and B are compact, then AB is also compact. 
(b) IfA is weakly compact and B is compact, then AB is weakly compact. 


Proof. Let @ be the multiplication map from X x X into X. It is clearly continuous. Since 
Bis compact, we deduce that AB = $(A x B) is compact. 

(b) Let (A,)nen be a sequence of A and let (b,)nen be a sequence of B. Keeping in 
mind the compactness of A and the weak compactness of B, and by extracting a subse- 
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quence if necessary, we may assume that (a,,) ncn converges strongly to some a € A and 
(Dn) new CONVerges weakly to some b ¢ B. According to Proposition 1.13.1, we conclude 
that 


a(b, - b) = 0. (1.11) 
Using the fact that weakly convergent sequences are norm bounded, we get 
(Gn — @)Dp|| < lap — allllbp || — 0. (1.12) 


Next, using the equality a,b, — ab = (a, — a)b, + a(b, — b), together with (1.11) and (1.12), 
we infer that a,b, — ab. 


We shall now introduce the concept of WC-Banach algebras. 


Definition 1.13.2. Let X be a Banach algebra. We say that X is a WC-Banach algebra if 
the product of any two weakly compact subsets of X is weakly compact. 


Definition 1.13.3. Let X be a Banach algebra. We say that X satisfies property (P) if, for 
any sequences (X,)nen and (Y_)neq In X such x, — x andy, — y, for some x,y € X, then 


Xn — X)- 
Proposition 1.13.3. If X is a Banach algebra satisfying condition (P), then X is a WC- 
Banach algebra. 


Proof. Let K, K' be arbitrarily weakly compact subsets of X. Let (Z,)nen be an arbitrary 
sequence of KK’. By construction of (Z,)ncn, for each fixed n € N, one can find x, ¢ K 
andy, € K’ such that z,, = X;,y,. Consider the sequences (X;,)new © K (Yn)new © K’. Since 
K is weakly compact, we can extract a subsequence (Xp, )xen Of the sequence (X,)nen 
which is weakly convergent to some x ¢ K. Using again the weak compactness of K’, 
one can extract a subsequence of On, jen Of (Yn,)kem~ Which is weakly convergent to 


some y € K’. It is clear that Ory, )jen Converges weakly to x. Since X satisfies condition 


(P), we infer that Z;, = Xn, Yn, — Xy, which ends the proof. 
J J J 


1.14 Bochner integral 


In this section we will try to obtain from a direct way the concept of Lebesgue integral 
for functions taking values in a Banach space (see, for example, [79]). 


1.14.1 Measurable functions 


We will introduce the notions of a measurable function and weakly measurable function 
in order to establish the concept of an integral. We start with a measure space with a 
finite measure (Q, ©, ). 
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Definition 1.14.1. Let X be a Banach space. A function f : 2 — X is said to be simple or 
step function if there exist x, X2,...,X, € X and F;,E£y,...,E, € Zsuch that f = Yi}, XiXE» 
where yp. (w) = lifw ¢ E; and yp(w) = Oifw ¢ E;. A function f : Q — X is said to be 
u-measurable if there exists a sequence of simple functions (f;,) nen With limy_,4.65 Ilfi - 
fll = Owa.e. A function f : Q > X is said to be weakly u-measurable if for each x* ¢ X* 
the function (x*, f) is u-measurable. 


Theorem 1.14.1 (Egoroff). Let f, : 2 — X be a u-measurable function for every n € N. 
Suppose that f, — f pointwise. Then given 6 > 0 there exists E <« X with u(£) < 6 such 
that f,, — f uniformly in Q\E. 


We are going to establish a result about measurable functions which will give us 
tools sufficient to show the main properties of Bochner integral. 


Theorem 1.14.2 (Pettis). A function f : Q — X is u-measurable if and only if 

(i) there exists E ¢ X with u(E) = 0 such that f(Q\E) is a (norm)-separable subset of X, 
and 

(ii) f is weakly u-measurable. 


Proof. Let f : 2 — X be w-measurable. By Egoroff’s theorem, there is a sequence of 
simple functions (f;,);<n such that for each positive integer n € N, there exists a set 
E, € 2 with u(E,) < 1/nandf, — f uniformly in Q\E,,. Thus, f,, > f u-a.e. uniformly. 

We claim that f(Q\E,,) is precompact and then separable. Indeed, letting ¢ > 0, 
there is p € IN such that Ip) — f(x)|| < ¢/2 for every x € Q\E,. On the other hand, 
f,(Q\E;,) is bounded, and since f, has a finite range, we have that f,(Q\E,,) is precompact 
(in X). This means that there exist x1, X2,...,Xm € X such that f,(Q\E,) ¢ Um, BOY; €/2). 
Thus f(Q\E,) © Ui, B(x; €). Accordingly, f (U1 (Q\En)) = Vis f(@\En) is separable. Still 
more, 2\ Uj(Q\E,) = (js £,, which is null since w(E£,,) < 1/n for each n. This shows (i). 

In order to see (ii), notice that, since f,(w) — f(w) for almost every w € 2, we have 
that, given x* € X*, x*(f,(w)) — x*(f(w)) for almost every w € Q. Moreover, if every f, 
is simple, x*(f,) is also simple. Therefore, x*(f) is measurable for every x* € X*. 

To obtain the converse, let E ¢ & be such that w(E) = 0 and f(Q\E) is separable. 
Let {x,,} be a dense countable subset of f(Q\E). By Hahn—Banach theorem, there exists 
a sequence (X; nen in X* with x} (Xp) = [|x,|| and |Lx; || = 1. 

We claim that ||f(w)|| = sup, |x,(f(w))| for each w € Q\E. We only have to prove 
that ||f(w)|| < sup, Ix,(f(w))|. Letting e > 0 and w «€ Q\E, there exists a positive integer 
nsuch that 


IF w)|| = Ixalll < FQ) - x_l] < 


hence 


xn (fF (w)) = xn %q)| = [xn (FW) = Lelll < € 
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and, by the triangle inequality, we have 


[LF om) — xn FOr))| < [IF )|f ~ call + ben FQ¥)) — [Peal] s 2, 


as claimed. 

The above argument says that the function ||f(-)|| is u-measurable. Using the same 
argument, one sees that the functions g,, defined by g,,(-) = ||f(-) — X,|| are u-measurable. 
Let € > 0. We write E, = {w € Q: g,(w) < e}. We may assume that uw is a complete 
measure, hence E,, € 2. Define g : Q — X by 


g(w) = fe if w € En\ Lien En 
0 otherwise. 

Clearly, g is u-measurable (it is the limit of simple functions) and also ||g — f|| < € y-a.e. 
Indeed, |f(w) -— x,l| < eifw € E,. Fix w € UfS) E,. Then there is ann such that w « 
En\ UmenEm and therefore g(w) = x,, thus |g(w) —f(w)Il = lx, —f(w)ll < €. We have 
to see that Q\ (7°) E, is u-null. If w ¢€ Q\E, there exists an n such that ||x, - f(w)|l < 
hence w ¢€ E,. That is, Q\E ¢ U7) E,, and thus Q\ 7°) E, ¢ E is u-null. 

Taking € = 1/n, we generate a sequence (g/ )ncy of countably-valued functions such 
that ||g}, —fll < 1/n wa. e. for each n. Since every gy, has the form g), = Yn XnmXe,,, With 
Eni Enj = 0 for i# j, and Epm € L, defining , 


m 
Frm 7 yates, 
k=1 


and reordering, we obtain a sequence (f,)ncn Of simple functions converging to f 
la. e. 


Now, as a consequence of the above theorem, we may give a result which will be 
essential for the Bochner integral. 


Corollary 1.14.1. A function f : Q — X is u-measurable if and only iff is a u-a. e. uniform 
limit of a sequence of u-measurable countably-valued functions. 


1.14.2 Bochner integrable functions 


Definition 1.14.2. Let X be a Banach space. A w-measurable function f : 2 — X is said 
to be Bochner integrable if there exists a sequence of simple functions (f,) <n such that 


lim, | Wa -flldu = 0. 
Q 


If f is Bochner integrable, then, for each E ¢€ 4, | rf duis defined by 
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[fdu= tim | fy de 
E E 


where J Jn du is defined in the usual way. That is, if g = vier Xe, is a simple function 
with E; 9 Ej = 0 for i #j, itis defined by [.. g du = Y", xu(E 0 E)). 


For simple functions, if 1 is a positive measure then 


[Ja - 
E is 


m m 
> xuE NED] < Y baluE 9 ED = | lg du. 
i=1 i 


i=1 E 


From this we obtain that the last limit in Definition 1.14.2 exists and it does not depend 
on the choice of the sequence of simple functions (f,,) nen- 
We are going to give a characterization of Bochner integrable functions. 


Theorem 1.14.3. A function u-measurable f : Q — X is Bochner integrable if and only if 
fo If ll du < +00. 


Theorem 1.14.4 (Lebesgue dominated convergence theorem). Let X be a Banach space. 
Let (fn)nen be a sequence of Bochner integrable functions from Q into X. If 


limy{w €Q: Ify-fll > e} = 0 


for every € > 0 and if there exists a function g : 2 — R, which is Lebesgue integrable and 
such that |f,|| < g, u-a.e., then f is Bochner integrable and 


[fau= tim | fh 
E E 
for every E € Xx. In fact, 
lim, | Wa flldu = 0. 
Q 


Proof. We only have to apply Lebesgue dominated convergence theorem for real func- 
tions to ||f, — {|| which is dominated by 2g. 


Theorem 1.14.5. Iff is a Bochner integrable function with respect to the measure u then 

(i) limyyo [-f du = 0; 

Gi) I f-f dull < J, fll du, for every E «€ 5; 

(iii) if (Ex)nen is a sequence in = such that E, Em = 0 whenever n + mand E = 3° En 
then 
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[rae=¥ [ru 


E nlp 


where the series is absolutely convergent; 
(iv) if F(E) = J rf du, then F is of bounded variation and 


|F|(E) = | Iflldu for eachE € x. 
E 


Corollary 1.14.2. Iff and g are two Bochner integrable functions and |..f du = {.g du 
for eachE ¢€ X, thenf = g u-ae. 


Proof. Let F(E) = J aCa — g) du. Thus F(E) = 0 for every E € X. Hence |F|(E) = 0, for each 
E € 5. In this case, 0 = |FI(E) = f, If — gll du, and then ||f — gl] = 0 wa.e. This means that 
f= rae. 


1.14.3 Komura theorem 


Definition 1.14.3. Let J be an interval of the real line and let X be a Banach space. A func- 
tion u: I — X is said to be strongly differentiable at ty belonging to the interior of J if 


lik u(t a t) = u(t) 
t0 t 


exists and it is an element of X. The above limit is denoted by u'(t,) and it is called 
(strong) derivative of u at to. 


Definition 1.14.4. Let u : [a,b] — X. The total variation of u on [a, b] is defined by the 
expression 


V(u, [a, b]) = spf Foca —u(dy_4)|| : @ = dg < +++ < Qh = of 
k= 


The function wis said to be of bounded variation in [a, b] if V(u, [a, b]) < +oo. The family 
of bounded variation functions in [a, b] will be denoted by BV([a, b)). 


Definition 1.14.5. Let u : I — X. The function w is said to be strongly absolutely contin- 
uous if for every compact subinterval [a, b] ¢ I and for every € > 0 there is 5 > 0 such 
that 


Y lua) - ug.) < € 
i=l 


whenever ]t;_,,¢;[ are subintervals of [a, b] witha < t; < t) <---< t, < D Satisfying 
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S(t -ty4) <6. 


i=1 


Definition 1.14.6. A function u : I — X is said to be locally Lipschitz iffor every compact 
subinterval K ¢ I there exists a constant Cy > 0 such that 


||u(t) — u(s)|| < Cglt - s| 


whenever t,s € K. 


Clearly, every locally Lipschitz function is strongly absolutely continuous and, if u 
is strongly absolutely continuous, by using the same proof as that in the scalar case, it is 
easy to see that it is of bounded variation. 


Theorem 1.14.6 (Komura). Let X be a reflexive Banach space and let f : [0,ty] — X bea 
strongly absolutely continuous function. Then f is differentiable a. e. in [0, to], f' is Bochner 
integrable in [0, to], and 


t 
f(t) = f(0) + | fils)ds, te [0,to) 
0 


Proof. Since f is strongly absolutely continuous, f is continuous and then 


K := {f(t):t € (0, to]} 


is a compact subset of X, which implies that K is a separable subset. Passing to the closed 
convex hull of K, without lost of generality, we may assume that X is separable. Since X 
is reflexive and separable, it is clear that X* is also separable. On the other hand, since 
f is strongly absolutely continuous, f is of bounded variation. The function 


v:[0,t)] ~>R, tr v(t):= V(f, [0,¢]) 
is increasing, and then v is differentiable a. e. Moreover, we have 
f(t) - f(s) < vit)-v(s), O<t<s<tp. (1.13) 
Denote 
fr(t) = cae with h # 0. 
By (1.13), we have 
[fe +h) - FO] s e+ h) - VO). 


Thus if h € ]0,t)[ then 
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ty-h ty-h ty ty-h 
| f(t + h) -f(t)|| dt < | (v(t + h) - v(t)) dt = [vo dt - | v(t) dt 
0 0 h 0 
to-h to h to-h 
7 v(t) dt + v(t) dt - ( v(t) dt + v(t) t) 
aca i a 


to h 
| v(t) dt - | vo dt 
to-h 0 
to 


< | v(t) dt < hV(f, [0, to]). 


toh 
This implies 
ty-h 
| Ifr(t)|| dt < V(f,[0,to]), O<h< tp, 
0 


and consequently, 


lim sup]||f;,(0)|| < +00 ae. in [0, to]. 
hot 


Denote 
So = {t € (0, fo] : tim sup|f,(0)|| = +00}. 
h-0t 


Let {x,,n € IN} be a dense subset of X”. For every n € N, the function t + (xj, f(t) is 
strongly absolutely continuous and thus it is differentiable a. e. in [0, tp]. For eachn € N, 
denote by S,, the subset of [0, tg] where the above function is not differentiable and put 


Foreacht ¢€ [0, ty]\S, the limit lim),_,9(x;,,/),(0)) exists. Moreover, when h > 0*, we know 
that (||, ||) is bounded. Hence, given x* ¢ X*, we obtain that limp_,o(x;,,f,(t)) exists a.e. 
in [0, to]. Since X is a Banach space, it is weakly complete. Therefore, there exists 


w ~ lim fn(t) 
a.e. in [0, ty]. Denote this limit by f’(t). Clearly, f’ is weakly measurable, and, by Pettis’ 


theorem, it is strongly measurable. Let us see that f’ is Bochner integrable. Indeed, the 
function t +> ||f’(t)|| is integrable and 
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to 


lim sup Jncol dt < co. 
hot 
0 


Applying Fatou’s lemma, we have 


ty 


fur't dt < oo. 


0 


This means that f’ is Bochner integrable. 
Let 


t 


g:[0,t)] ~>X, tr g(t):=f(0)+ [ro ds. 
0 


We know that g is strongly differentiable a.e. in [0,t)]. Bearing in mind that t » 
(x", f(t)) is absolutely continuous, we infer that 


t 


ix" f(D) = Ox", f) + | ae Fis)) ds 
0 


= (x°f(0)) + [*f") ds = Ox", 8(0) 


0 


a.e.in [0, to]. Then, (x*, f(t)) = (x*, g(t)) a.e. in [0, to] for allx* € X*. Accordingly, f = g 
a.e. in (0, t)], which concludes the proof. 


Remark 1.14.1. Let [a,b] be an interval of real numbers and X a Banach space; by 
L'a, b, X) we denote the vector space of the Bochner integrable functions f : [a,b] — X 
with respect to Lebesgue’s measure (i.e., the strongly measurable functions such that 
i If Ol] dt < co). By Lie(la, b],X) we denote the space of functions f : I > X which are 
Bochner integrable on compact subsets of [a, b]. As in the case of real valued functions, 
if f < L'(a,b, X) then, for almost every t € ]a, b[, the following equality holds: 


t+h 


And 
lim 5 | If(s) — f(o)|| as = 0. 
t- 


When the above equality holds, t is called a Lebesgue’s point of the function /. 
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1.15 Superposition operators 


1.15.1 Scalar-valued functions 


Let Q be a domain (an open and connected set) in R”. A function f : Q x R > Ris said 
to satisfy Carathéodory conditions if 


f(x,uw) isacontinuous function of u for almost all x € Q, 
(x,u) is ameasurable function of x for all u € R. 


A function satisfying Carathéodory conditions is said to be a Carathéodory function. 


Given a function f satisfying Carathéodory conditions and a function u : 2 —> R, 
one can define a new function N; from Q into R by 


(Npu)(x) = f(x, u0d) 


for all x ¢ Q. The function N; is called a Nemytskii (or superposition) operator generated 
by f. In L,-spaces the Nemytskii operator has been extensively investigated (see, for 
example, [17, 19, 147] and the references therein). However, the following basic result 
for this class of operators is due to Krasnosel’skii (see, for example, [145, 146] or [147]). 


Theorem 1.15.1. Let f : @ x R” — R be a Carathéodory function. The operator Ny is 
continuous from L?(Q, IR) into L4(Q, R) with1 < p, q < +00 if and only if there exist C > 0 
and a function g € L4(Q, IR) such that for all x and u we have 


F(x, w| < g(x) + ClulP/4. 


We also have the following corollary, which is very useful in applications. 


Corollary 1.15.1. Assume that f is a Carathéodory function. If the operator Ny acts from 
L?(Q, R) into L4(Q, R) with 1 < p, q < +00, then N; is continuous and takes bounded sets 
into bounded sets. 


Remark 1.15.1. It should be noticed that Nemytskii operators are not weakly continu- 
ous on L'-spaces. In fact, even in the scalar case, only linear functions generate weakly 
continuous Nemytskii operators on L}-spaces (see, for example, [17, Theorem 2.6]). 


1.15.2 Vector-valued functions 


Let Q be an open subset of IR” (bounded or not) and let X and Y be two separable Banach 
spaces. A function f : 2 x X — Y is said to be a Carathéodory function if 
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f(%,w is acontinuous function of u for almost all x € Q, 
(x,u) isameasurable function of x for allu € X. 


Let m(Q, X) be the set of all measurable functions wy : Q > X. Iff is a Carathéodory 
function, then defines a map Ny: m(Q,X) > m(Q, Y) by Ny(W)(0) = f(t, W(). The map 
N; is called the superposition (or Nemytskii) operator generated by f (or associated to f). 
The following result due to Lucchetti and Patrone [167] is an extension of Theorem 1.15.1 
to separable Banach spaces. 


Theorem 1.15.2. Let 2 be a domain of IR" and let X and Y be two separable Banach 
spaces. If f is a Carathéodory function, then the Nemytskii operator N maps L?(Q, X) 
into L“(Q, Y) with 1 < p, q < +00 if and only if there exist a constant C > 0 and a function 
g € L1(Q,Y) such that 


If wy < go) + CxIh!”. 


1.15.3 The case of weighed Lebesgue spaces 
Let ® be a n-dimensional domain, 
QcR", 


i.e., Q is an open, connected set of IR", bounded or unbounded, possibly even equal to 
the whole R”. 

We will suppose that 0Q is sufficiently smooth (which means that 0Q is locally Lip- 
schitz). This property will guarantee that the results given below are valid. 

Let u = u(x) be a real function defined and measurable a.e. in Q, and let w = w(x) 
be a positive measurable function a. e. in 2. Letting 1 < p < +00, we define the weighted 
Lebesgue space L?(Q, w) by 


L?(Q,w) = {u= u(x): Uwe € LPQ)}, 


where L?(Q) = {u = u(x) : |[Ullp = (fo |u(x)|? dx)? < +00}. 
The space L?(Q, w), equipped with the norm 


1/p 
lly = (flucofrweo ar) 
Q 


is a Banach space (uniformly convex and hence reflexive if p > 1). 
As above, let 2 be a bounded or unbounded domain of R". Let w, and w, be two 
nonnegative measurable functions a. e. in Q and let g : Q x R — Rbea Carathéodory 
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function. The Nemytskii operator associated to g between the weighed Lebesgue spaces 
Li (Q) and Li, Q) is defined by (N,u)(x) = g(x, u(x). 

The following assertion is valid for bounded and unbounded domains @ of R” with 
sufficiently smooth boundaries (we refer to the book [85, pp. 17-19]). 


Proposition 1.15.1. The Nemytskii operator N, maps continuously Li} (Q) into LY (Q) if 
and only if g satisfies 


lex, B)| < ayy!) + ews!” |p| Pe w!!P2(x) 


for a.e.x ¢ Qand every B « Rwitha fixed nonnegative function a < L?(Q) and a fixed 
nonnegative constant c. 


1.16 Sobolev functions 


Let [0, T] be a fixed real interval and let D((0, T]) denote the space of all real-valued 
functions defined on [0, T] which are infinitely differentiable on [0, T] and have compact 
support in ]0, T[. The space D((0, T]) is topologized as the strict inductive limit of 


Dx([0, T]) = {9 € D([0, T]) : supp() ¢ K}, 


where K ranges over all compact sets of ]0,7[. If X is a Banach space, we denote by 
D'(0, T;X) the space of all linear continuous operators from D((0, T]) to X. An element 
u € D'(0, T;X) is called an X-valued distribution on ]0, T[. 

Ifu ¢ D'(0,T : X) then 


u'(g) := -u(g’) for all g € D((0,T]) (1.14) 


defines another vectorial distribution which is called the derivative of u. Notice that for 
each u € L(0, T,X) we may associate a distribution (denoted by wu) as follows: 


T 
L\(0,T,X) > ur> u(g) = J uno dt, Woe D((0,T)). 
0 


Thus (0, T,X) may be considered as a linear subspace of D’(0,T;X) and therefore 
we may identify the elements of L1(0,7,X) with their corresponding vectorial distri- 
butions. 

We define W'"(0,7;X) := {u € D'(0,T;X) : u’ € L'(0,T;X)}, where u’ is defined by 
(1.14). 


Theorem 1.16.1. Let X be a Banach space and let u € L\(0, T;X). The following conditions 
are equivalent: 
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(a) ue W'(0,7;X). 
(b) There is an absolutely continuous function v : [0,T] — X whose derivative v’ (defined 
almost everywhere) belongs to L'(0, T,X) such that u = va.e. on (0, T]. 


If X is a reflexive Banach space, both Komura’s theorem (Theorem 1.14.6) and The- 
orem 1.16.1 say that u ¢ W"(0, T;X) if and only if u is absolutely continuous on [0, T]. 


1.17 Sobolev spaces 


1.17.1 Sobolev space in dimension one 


Let I = (a,b) be an open interval, possibly unbounded, and let p € R be such that 
1<p<+oo. 


Definition 1.17.1. The Sobolev space W»?(J) is defined by 


Ww? (1) = {u € LP(D) : ag € L?(1) such that | uo! = -| 0 YO € cu} 
I I 


where, as usual, CW ) represents the set of functions with continuous derivative and 
compact support on I. 


The Sobolev space W*“(I) is usually denoted by H'(Z). On the other hand, for u € 
wi? (I), we denote u’ = g (g is the derivative of u in the sense of distributions (see, for 
example, [214])). 


Remark 1.17.1. In the above definition, the function 9g is called a test function. As a test 
function we can take either functions in C/(I) or functions in C°°(J). It is clear that if 
u € C\(I) nLP(D and if wu’ € LPI) (here wu’ means the usual derivative of u), then u € 
WPI ) and, moreover, such a usual derivative coincides with the derivative in the sense 
of wi? (I) (the derivative of u in the sense of distributions). In particular, if J is bounded, 
we have that C1(I) c W??(1) for every 1 < p < +co. 


Notation 
The space wi? (I) can be endowed with the norm 


lullap = Hully + u'll, 


1 
(or sometimes with the equivalent norm (lull, +|lu’ i) >), whereas H'(I) is endowed with 
the scalar product 


(U,V)1 = (UV) ;2 + (wv) 7 
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and the norm associated to this scalar product 


I|Ull, = yu, U)4. 


Proposition 1.17.1. For 1< p < +00, (Wt? (1), || - ll1,p) ts a Banach space. Moreover, 
(a) W1(1) is reflexive whenever 1 < p < +00 and it is separable for 1 < p < +oo. 
(b) H*(I) is a separable Hilbert space. 


Proposition 1.17.2. Let u < L?, with1 < p < oo. The following properties are equivalent: 
(a) uc Ww”, 
(b) There exists a constant C such that 


[ve 


I 


<Clloliaqn Vee CPW, 


where q is the conjugate of p. 
Remark 1.17.2. Ifp = 1, (a) => (b) in the above proposition remains true. If I is bounded, 


then functions satisfying (a) are the absolutely continuous functions, while functions 
satisfying (b) are the functions of bounded variation. 


Theorem 1.17.1. There exists a constant C (which depends only on the measure of I) such 
that 


lullzog) <Cllullywoy) Vue WD), 1<p<-+too, 
that is, W??(I) c L®©(I) with continuous embedding for every 1 < p < +00. Moreover, if I 
is bounded, then 
(a) the embedding w'P (I) c C(I) is compact whenever 1 < p < +00, 
(b) the embedding W'"(I) < L4(I) is compact for 1 < q < +00. 
Corollary 1.17.1. Let u,v ¢ W'(1) with1 < p < oo. Then uv « W"(1) and 


(uv)' =u'v+uv'. 


Moreover, the following formula: 
Xx x 
| u'v = u(x)v(x) — u(y)V(y) - | uv’ Yx,yel 
y y 


holds. 


Definition 1.17.2. Given 1 < p < oo, we denote by wy? (I) the closure of Ci(I) in W?? (1). 
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A very useful characterization of wy (I) is obtained in the next result. 


Theorem 1.17.2. Let u ¢ W'(1), thenu € wy?) ifand only ifu = 0 on dl (the boundary 
of I). 


1.17.2 Sobolev spaces in higher dimension 


Let Q c R" be an open set and let p €« Rbe such that 1 < p < +00. 


Definition 1.17.3. The Sobolev space W"(Q) is defined by 
W??(Q) := {u € LP(Q) : Ag, £---.Sn € L?(Q) such that 


Judo = - | 89 vo € COQ) vis th...onf, 
OX; 
Q 2 
For each u « W*?(Q), we write 
u 0 
x bi and vu= (2m... su), 


The space W*?(Q) is equipped with the norm 


> 


n 
ou 
Ulla = WUllyp + D =~ 
P Dp » OX; F 
1 

or sometimes with the equivalent norm (\lull + yal ou ee if1< p< +o. 

For p = 2, the space w'?(Q) is usually denoted by H'(Q). The space H'(Q) is 
equipped with the scalar product 


“/ ou ov 
(uv = davdiet OS) 


The associated norm 


2 \ 2 
LP 


Proposition 1.17.3. The space W>?(Q) is a Banach space for 1 < p < +co. Moreover, 
(a) W*?(Q) is reflexive whenever 1 < p < +co and it is separable for 1 < p < co. 
(b) H*(Q) is a separable Hilbert space. 


n 

2 
ys = (tate + 
i=1 


ou 
OX; 


is equivalent to the W+?(Q) norm. 
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Theorem 1.17.3 (Rellich-Kondrachov). Suppose that Q is bounded with smooth boundary. 
(a) Ifp <n, then W™(Q) c L4(Q) for allq € [1,p * [ where os = 7 -i, 

(b) Ifp =n, then W??(Q) c L4(Q) for all «€ [1, +cof. 

(c) Ifp >nthen W??(Q) < C(Q). 


The above embeddings are compact. In particular, W*?(Q) < L?(Q) with compact embed- 
ding for every p. 


Definition 1.17.4. Let 1< p < co. We denote by W,(Q) the closure of C(Q) in W*?(Q). 
For p = 2, the space Wy” (Q) is denoted by Hy(Q). 


Suppose that 2 is bounded where 0Q is c!. The functions of wy” (Q) are, in fact, the 
functions of W?(Q) taking the value zero on the boundary of Q. Nevertheless, to give a 
sense to the above comment is not easy since, if a function belongs to W??(Q), it is only 
defined a. e. and 0Q is a null set in R", thus such functions do not have a continuous 
representative. By using the trace theory, it is possible to give a meaning to this fact. 


Theorem 1.17.4 (Trace theorem). Let1 < p < +co. Suppose that Q is bounded and aQ is C'. 
Then there exists a bounded linear operator 


T : W»?(Q) = L?(aQ) (1.15) 


such that for each u ¢ W*?(Q): 

1. T(u) = windy ifu € C(Q)n W*?(Q), 

2. [|Tullz»@g Ss CllUlly1>(@ 

where the constant C depends only on p and Q. 

Theorem 1.17.5. Let 1 < p < +co, Suppose that Q is bounded and a2 is C’. If u ¢ W*?(Q) 
then 


ue W"(Q) ifandonlyif T(u) =0 ona. (1.16) 


Theorem 1.17.6 (Poincaré’s inequality). Suppose that Q is a bounded open subset of R". 
Then there exists a constant C (depending on both Q and p) such that 


1, 
lull, < ClVul, Wwe W,?(Q), 1< p< +00. 


If Q is a regular domain, by using the trace theory, the following Green’s formula is 
obtained. Given m € N with m = 2 and 1 < p < +00, we can define the space 


I 


w™? (Q) := {u ew™?(Q): ou ew™Q), is Leon. 
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Theorem 1.17.7 (Green’s formula). Let Q be a bounded domain with smooth boundary oQ. 
Given1 < p < +c, ifu,v € W*?(Q) then 


on 
Q 3Q 


- | au-v = | (vu, vv) - | Oe ae. 
Q 


where ou := (Vu, n) and oa denotes the surface measure on 0Q. By n(x) we denote the outer 
unit normal at each x € dQ. 


1.18 Bibliographical remarks 


Most of the material presented in Sections 1.1—1.6 is classical and may be found in the 
books by H. Brezis [46], J. Dugundji [86], N. Dunford and J. T. Schwartz [89], R. E. Edwards 
[92], M. Fabian, P. Habala, P. Hajek, V. Montesinos and V. Zizler [95], J. Horvath [125], 
J. L. Kelley [140], E. R. Megginson [173], W. Rudin [206], V. Runde [207], H. H. Schaefer and 
M. P. Wolff [211], M. Schechter [213], F. Tréves [229], and K. Yosida [243]. 

Concerning the results about the weak and weak" topologies (Sections 1.7-1.8), we 
refer to the books by H. Brezis [46], N. Dunford and J. T. Schwartz [89], M. Fabian, P. Ha- 
bala, P. Hajek, V. Montesinos, and V. Zizler [95], E.R. Megginson [173], and K. Yosida [243]. 
Theorem 1.7.6 is Theorem 4 in [80]. 

The material collected in Section 1.9 may be found, for example, in the books by 
H. Brezis [46], I. Cioranescu [64], C. Chidume [62], J. Diestel and J. J. Uhl [79], M. Fabian, 
P. Habala, P. Hajek, V. Montesinos, and V. Zizler [95]. 

The material presented in Section 1.10 concerning the duality mapping may be 
found in the books by V. Barbu [31, 32], Ph. Bénilan, M.G. Crandall, and A. Pazy [37], 
H. Brezis [45], I. Cioranescu [64], and K. Deimling [77]. 

For retraction mappings (Section 1.12) our references are essentially the paper by 
D. De Figueiredo and L. Karlovitz [81] and the book by E. Zeidler [244]. 

In Section 1.13 we gather some elementary facts concerning Banach algebras which 
may be found in the books by G. R. Allan [16] and H. G. Dales [72]. We refer also the paper 
by J. Banas and M. A. Taoudi [30]. 

The material collected in Section 1.14 may be found, for example, in the book by 
J. Diestel and J. J. Uhl [79]. Theorem 1.14.6 is the lemma in the appendix of the paper by 
Y. Komura [144]. 

The material presented in Section 1.15 may be found in the papers by J. Appell [17], 
as well as the books by J. Appell and P. P. Zabrejko [19] and S. N. Chow and J. K. Hale [63]. 
Theorem 1.15.2 is Theorem 3.1 in the paper by R. Lucchetti and F. Patrone [167], while 
Proposition 1.15.1 is Theorem 1.1 in the book by P. Drabek, A. Kufner, and F. Nicolosi [85]. 

The basic references of Section 1.17 are the books by R.A. Adams [2] and H. Brezis 
[46]. 


2 Ashort introduction to semigroups of linear 
operators 


For the reader convenience, we present in this chapter a short introduction of those 
parts of the theory of linear bounded operator semigroups that will be needed in the 
main text. 


2.1 Strongly continuous semigroups 


Definition 2.1.1. A family (T(t)),59 of bounded linear operators from a Banach space X 
into itself is called a semigroup if 

(a) T(0) =I, 

(b) T(t +s) =T(t)T(s), for allt, s > 0. 


Definition 2.1.2. Let (T(t)),.9 be a semigroup of bounded linear operators on a Banach 
space X. We say that (T(t)),.9 is strongly continuous if, for each x « X, we have 


lim T(t)x = x. (2.1) 
t\ot 
A strongly continuous semigroup of bounded linear operators on X will also be called a 


semigroup of class Cy or a Cp-Semigroup. 


Let (T(t)),s9 be a strongly continuous semigroup on a Banach space X. The infinites- 
imal generator of (T(t)),.9 is the operator A : D(A) ¢ X — X defined by 


D(A) := {x eX:lim Lirinyx -x) exists} 
nvoh 


and 
Ax := lim 1 rinyx —x) 
“h\oh : 
IfA : D(A) ¢X — X isthe infinitesimal generator of a semigroup of linear operators, 


then D(A) is a vector subspace of X and A is a possibly an unbounded linear operator. 


Proposition 2.1.1. Let (T(t)),.9 be a Co-semigroup, then there exist M > 1andw € Rsuch 
that 


|T(O)|| < Me“ (2.2) 


for eacht > 0. 


Proof. We show first that there exists n > 0 such that ||T(t)|| is bounded for 0 < t < n. If 
this fails, then there is a sequence (ty) neq With t, > 0 such that t, —- 0asn — coand 
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|T(t,)|| =n. From the uniform boundedness theorem (Theorem 1.5.1) it follows that, for 
some x € X, the sequence ((|T(t,)X|l)nen is unbounded, contrary to (2.1). Thus, ||T(0)|| < M 
for all t € [0, n]. Since ||T(0)|| = 1, M = 1. Let w = a InM = 0. Given t > n, we have that 
t=nn+6 where 0 < 6 < rand therefore 


TO = |7)T0)"| <M"? < MM? = Me". 


A Cy-semigroup, (T(t)),.9, is called of type (M, w) with M > 1and w € R, if for each 
t > 0, we have 


|T(o)| < Me. 


A Cy-semigroup (T(t)),59 is called a semigroup of contractions, or of nonexpansive 
operators, if it is of type (1, 0), that is, 


T(t) <1 foreacht > 0. 
Let (T(t)),59 be a Cy-semigroup on a Banach space X. We define 
w(T) := inf{w € R: 4M >1Vt>0||T(o)|| < Me}. (2.3) 


The real number w(T) is called the type, or uniform growth bound, of the semigroup 
(T(t)) 59. It is clear that w(T) < +00, but it may be —oo. Observe that if X is equipped 
with a different but equivalent norm, then the type of the semigroup (T(t)),;.9 does not 
change. 

The type can also defined in another way. 


Proposition 2.1.2. Let (T(t))j9 be a Co-semigroup on a Banach space X. Then 
eth te ol 
w(T) = inf =In|T(d)|| = lim = In|T(O)]. 
oot t>+oo ¢ 
For an elegant proof of the above result using subadditive mappings, see, for exam- 


ple, [89, p. 619]. 


Proposition 2.1.3. Let (T(t)),.9 be a Co-semigroup on a Banach space X. Then the map- 
ping (t,x) > T(t)x is jointly continuous from [0, +00) x X into X. 


Proof: Let x,y ¢ X,t > 0 andh # 0 witht +h = 0. We distinguish between two cases, 
namely h > 0 and h < 0. By Proposition 2.1.1, when h > 0, we have 
T(t + hyy - T(t)x|| < || T(t + My - T(t + h)x|| + || T(t + h)x - T(Hx| 
< T(t + Ally — xi + || T(t + h)x -— TOx|] 
< Mex — yl + [TO ||| Tx — x]. 


68 —— 2 Ashort introduction to semigroups of linear operators 


This implies that 


lim ie T(t)x. 
(s,y)(t*x) 


If h < 0, by Proposition 2.1.1, we can write 


T(t + hyy - T(t)x|| < || T(t + Hy - T(t + h)x|| + ||[T(t + h)x - T(t + A)T(-A)x|| 
< T(t + h)|lly — xl + |x - T(-A)x| 
< Me (1x — yl + | T(-A)x - x|]). 


Since the semigroup is strongly continuous, we conclude that 


lim ey T(t)x 
(sy)(0.x 


which ends the proof. 


In the following proposition we gather some basic properties of C)-semigroups (see, 
for example, [195, p. 4]). 


Proposition 2.1.4. LetA : D(A) c X — X be the infinitesimal generator of a Cp-semigroup 
(T(t))ts9- Then 
(a) for each x « X and eacht > 0, we have 
1 t+h 
lim — | T(s)x ds = T(t)x, 
lim = | Tis)xds = Tx 


t 
(b) for each x € X and eacht > 0, we have 


t t 
| T(s)xds € D(A) and a( | T(s)x ts) = T(t)x -x, 


0 0 


(c) for each x € D(A) and each t = 0, we have T(t)x € D(A). In addition, the mapping 
t+» T(t)x is of class c! on [0, +00), and satisfies 


£(T(0x) = AT(t)x = T(t)Ax, 


(d) for each x € D(A) and each 0 < 5 < t < +c0, we have 


t t 
[ ar@x dt = | T(t)Ax dt = T(t)x — T(s)x. 


2.1 Strongly continuous semigroups  —— 


Proof. (a) Note that, for all t > 0 and x € X, we have 


t+h 


T(s)x ds — T(t)x|| < | \|T(s)x — T(t)x|| ds. 
0 


a 
h 
t 
The result follows from Proposition 2.1.3. 
(b) Let x ¢ X,t > 0 and h > O. Let us first observe that 


t 
(F(R) -I) | T(s)x ds = ; | T(s + h)x ds — : | T(s)x ds. 


The change of variable s + h = tT in the first integral on the right-hand side yields 


t t+h t 
1 1 1 
pir -I) | T(s)x ds = h | T(t)x dt - h | T(t)x dt 
1 1 t+h 
=-— | T(t)xdt+— | T(t)x dt. 
[reas 
Now using (a) yields 
t 
lim | > (P(h) - I) | T(t) dt = T(t)x — x, 
0 
which proves (b). 


(c) Let x € D(A), t > 0 and h > 0. We have 


[Fre + h)x — T(t)x) — T(Ax 


< [Tl] -(T0Hx -x) - 


which proves that T(t)x € D(A), t + T(t)x is differentiable from the right, and that 


dt 


aq (Pit) = ATX = T(x. (2.4) 


On the other hand, for each t > 0 andh < 0, witht + h > 0, we have 


| (rt +h)x -T(t)x) - 


< [ree + ml 5c T(-h)x) - T( max| 
< |T(t+h)| 


al 


1 
a (T(-h)x - x) 


~ Ax| + [7(-Wyax — Axl 
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This shows that t + T(t)x is differentiable from the left as well. Now using (2.4) together 
with the continuity of the function t + T(t)Ax on [0, +00), we deduce that t + T(t)x is 
of class C' on [0, +co), which ends the proof. 

Assertion (d) follows from (c) by integrating from s to t both sides in (2.4). 


2.2 Uniformly continuous semigroups 


Let X be a Banach space and (T(t)),9 a semigroup of bounded linear operators on X. We 
recall that (T(t)),.9 is called uniformly continuous if it is continuous at 0 for the uniform 
operator topology, that is, if 


lim|T(t) - I|| = 0. (2.5) 
t\0 
It is clear that, if (T(t)),.9 is uniformly continuous, then 
lim|T(s) — T(t)|| = 0. 
sot 


A first significant example of uniformly continuous semigroup is given by t + e“ 
where e“ is the exponential of the matrix tA. Namely, let A € Myyn(IR) (the space of all 


square n x n matrices with entries in R) and let T(t) = e for each t > 0, where 


We can easily see that (T(t)),.9 is a uniformly continuous semigroup of linear op- 
erators. Moreover, straightforward computations show that t +> T(t) is of class c! from 
[0, +co) into £(X) and satisfies the first-order differential equation 


“(r() = AT(t) = T(t)A, (2.6) 


for each t > 0. Actually, (T(t)), is nothing else than the fundamental matrix of the 
first-order vector differential equation 


which satisfies T(0) = J. In fact, as the following result shows, all uniformly continuous 
semigroups are of the form Caner with A € £(X), and satisfy (2.6). 


Theorem 2.2.1. A linear operator A is the infinitesimal generator of a uniformly contin- 
uous semigroup on X if and only if A € L(X). 
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Proof. Let A be a bounded linear operator on X and set 
A". (2.7) 


It is clear that, for every t > 0, the right-hand side of (2.7) converges in the operator 
norm and defines a bounded linear operator T(t). It is clear that T(0) = J, and, since A 
commutes with itself, we get T(t+s) = T(t)T(s). Next, using (2.7), we derive the estimate 
T(t) —I|| < tl Aljet!4" which implies that (T(t)),.9 is uniformly continuous. The fact that 
Ais its generator follows from 


-A 


| T(t) -I 
t 


< ||Al] max||7(s) - I. 
O<s<t 


Conversely, let (T(t)),.9 be a uniformly continuous semigroup of bounded linear oper- 
ators on X. Fix tT > 0 small enough, one has ||J — cv i T(s)ds|| < 1. This shows that 
ci (F T(s) ds is invertible and therefore lk T(s) ds is invertible. For h > 0, we have 


T=! | rs) ds = i( fre+mas- [rea 
0 0 : 


T+h 


= i( | T(s) ds — [rs i) 


and therefore 


-1 


T+h h T 
Tih)-I [1 1 
h = (; | T(s) ds — i | T(s) (| T(s) ts) . (2.8) 


0 


Letting h | 0 in (2.8) shows that TO converges in norm and therefore strongly to 
the bounded linear operator (T(t) —I)( (i T(s) ds) which is the infinitesimal generator 
of (T(t)) 50: 


Proposition 2.2.1. If (T(t))s9 is a uniformly continuous semigroup of linear operators 
then, for each t = 0, T(t) is invertible. 


Proof. Since lim,,9 T(t) = J in the norm topology of £(X), there exists 6 > 0 such that 
ITO Mee) <1 


for each t € (0,6]. Thus, for each t € (0, 6], the operator T(t) is invertible. If t > 6, then 
there exist n < IN* and 7 ¢€ [0,6) such that t = né + t. Therefore, T(t) = T(5)"T(t), and 
so T(t) is invertible. This ends the proof. 
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2.3 The infinitesimal generator of a semigroup 


In this section we shall give some basic properties of the generator of a strongly contin- 
uous semigroup. As above, X will denote a Banach space. 


Proposition 2.3.1. Let A : D(A) c X — X be the infinitesimal generator of a Cy-semigroup 
(T(t)) 39. Then D(A) is dense in X, and A is a closed operator. 


Proof. For every x ¢ Xandé > 0, set x, = i i T(s)x ds. By Proposition 2.1.4(b), x, € D(A) 
and, by Proposition 2.1.4(a), lim,_,) X, = x. This shows that D(A) is dense in X. Next, let 
(Xn) new De a Sequence in D(A) such that lim,_,,., X, = x and lim,_,,,, AX, = y. It follows 
from Proposition 2.1.4(d) that, for each h > 0 andn € N*, 


h 
T(A)Xp -— Xp = | T(s)AXx,, ds. 

0 

Passing to the limit in this equality, we obtain 
h 

T(A)x-x= | T(s)y ds. 

0 

Now using Proposition 2.1.4(a), we infer that 


a 
1 
hoo h roo A | ES Vas: 


This proves that x ¢ D(A) and Ax = y, which completes the proof. 


Proposition 2.3.2. Let A : D(A) c X — X be the infinitesimal generator of two Cy- 
semigroups (T(t))js9 and (S(t)),s9. Then T(t) = S(t) for each t > 0. 


Proof. Let x € D(A). It follows from Proposition 2.1.4(d) that the function f : [0, t] — X, 
St T(t —s)S(s)x, is differentiable on [0, t] and that 
f'(s) = -AT(t — s)S(s)x + T(t — s)AS(s)x 
= —AT(t — s)S(s)x + AT(t — s)T(s)x = 0 
for each s ¢€ [0,t]. Therefore, f is constant. Hence we have f(0) = f(t), or equivalently, 


T(t)x = S(t)x for each x € D(A). Since D(A) is dense in X, and T(t) and S(t) are bounded, 
we infer that T(t)x = S(t)x for each x € X. 


Let A : D(A) c X > X bea linear operator and n ¢€ N. We define the nth-order 
power of A by 
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i ae ie = D(A), 


A® =I, A =A, 
and 
D(A") = {x € D(A”) : A” 1x € D(A)}, 
A” = AAa™l 
for n> 2. 


We know from Proposition 2.3.1 that if A is the generator of a strongly continuous 
semigroup, then D(A) = X. Actually, a much stronger result is true. Indeed, we have 


Proposition 2.3.3. Let A : D(A) c X — X be the infinitesimal generator of a Cg-semigroup 
(T(t))s0- If D(A") is the domain of A", then D(A") is dense in X. 


Proof. Note that, for eachn € N, D(A") is a vector subspace in X. Accordingly, (),59 D(A”) 
is also a vector subspace in X. Let x ¢ X and g: R — R* aC™-function for which there 
exists an interval [a,b] c (0,+00) such that g(t) = 0 for each t ¢ [a, b]. We define 


+00 


x(g) = | g(tyT(t)x at. 
0 


We note that 


+00 +00 


ore ali woos 
lim rice) -1)x(9) = lim i( | y(t)T(t + h)x dt - | g(t)T (t)x tt) 


: 1 +00 +00 
_ un 3( | o(t — AT (t)x dt - | worvoxat) 
h 


0 
For s € (—co, a), we have (s) = 0, and consequently, 


+00 +00 


cl th «fli 
lim =(T(h) - 1)x(9) = lim i( | g(t - h)T(ox dt - | ecorovat) 


= | fin ee OO rep vat 
ho0 h 


= -x(9'). 


Therefore x(g) € D(A) and Ax() = —x(g’). Repeating the above arguments, one may 
prove by mathematical induction that, for each n € N, x(g) € D(A”) and A"(x(g)) = 
(-1)"x(p™). Accordingly, x(@) € ys D(A"). 
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Next, let g be a function as above such that 


+00 


| g(t) dt =1. 


Let € > 0 and define the function 9, : R — (0, +00) by 9, (t) = ?9(5). It is clear that , is 
of class C°, 9, (t) = 0 for t ¢ [ea, eb], and 


+00 


| o,(t) dt = 1. 


Let us remark that 


+00 eb 
1 t 1 t 
[x@e) — xl] = E | o(£)(rox-x) dt} < = { o(£)ire@x-x dt 
0 éa 


< sup |T(t)x - x}. 


te[ea,eb] 


This proves that 


lim x(@,) = xX 
€0 


and, therefore, x € (),,) D(A”). This ends the proof. 


2.4 Generation results 


The goal of this section is to prove the fundamental result within the theory of Cp- 
semigroups, namely Hille-Yosida generation theorem. Further, we derive Lumer- 
Phillips theorem for dissipative operators. 

Recall that, if A is a linear, not necessary bounded, operator in X, then the resolvent 
set p(A) := {A € C: AI - A is invertible}, that is, for A € p(A), (AI aay is a bounded 
linear operator in X. The family of bounded linear operators R(A, A) := (AI — A)! with 
A ¢€ p(A) is called the resolvent of A. Moreover, it is not hard to show that, if A € p(A), 
then 

ie. 
(x - A) = AR(A, A). (2.9) 
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2.4.1 Hille-Yosida theorem 


Let X be a Banach space and let (T(t));59 be a Co-semigroup on X. We say that (T(t)) 59 
is a Co-semigroup of contractions if and only if ||T(d)|| < 1 for all t > 0. 


Theorem 2.4.1 (Hille-Yosida). A linear operator A : D(A) c X — X is the infinitesimal 
generator of a Cg-semigroup of contractions if and only if 

(a) A is closed, densely defined, and 

(b) (0,+00) ¢ p(A) and, for each A > 0, we have 


1 
|RAAD|L ey < ae 
Remark 2.4.1. Since (A — A)! = At — 4-14) 1 whenever at least one of the two sides 
of the equality is well-defined, it follows that (b) is equivalent to: 
(b’) for each A > 0, we have (A— A)! € £(X) and 


| - 24) "Tey <1 


Proof (Necessity). Let A : D(A) c X — X be the infinitesimal generator of a Cy- 
semigroup of contractions (T(t)),.9. According to Proposition 2.3.1, A is densely defined 
and closed. Thus (a) holds. In order to prove (b), let A > 0, x ¢ X, and define 


R(A)x = | eT (t)x dt. (2.10) 
0 


To see that the integral on the right-hand side of the equality above is convergent, 
consider a, b > 0, a < b. Then we have 


b b b A ab 

a9¢ -At -At et — e 
fe T(t)x atl < fe [TOlleaylbxlat < fe [xi dt = "px, 
a a a 


Hence, we are under the hypotheses of the Cauchy test, and therefore the integral is 
convergent. It is clear that R(A) € C(X) and 


+00 
| eT (t)x dt 
0 


+00 


-A 1 
< |e POLeqolxlae < FI 
0 


|R(A)x|| < 


which implies that 


1 
Ra) < 2. 
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To establish that R(A) coincides with R(A, A), we have just to prove that R(A) is both the 
right and the left inverse of the operator AJ — A. Let x € X,A > 0, andh > 0. We have 


+00 +00 
7 (T(h) _1)R(A)x = ; | eT (t + h)xdt — ; | o™'T(t)x dt 
0 0 
gin 3 +00 pik h 
= | eT (t)x dt — 7 fe*rox dt. 
0 0 


Since the right-hand side of the above equality converges to AR(A)x — x, it follows that 
R(A)x € D(A) and AR(A) = AR(A) - I, which shows that 


(AI — A)R(A) =I. 


Hence R(A) is the right inverse of (AI — A). Now, let x ¢ D(A) and observe that 


R()AX = | eT (t)Ax dt = | e* £(r(0x) dt 
0 


0 
+00 


= lim eT (x —x +2 | eT (t)x dt 
—+00 
0 
= AR(A)x - x. 


This equality may be equivalently rewritten as R(A)(AI — A) = I, which shows that R(A) 
is the left inverse of (AI — A), and this completes the proof of the necessity. 


Formula (2.10) is called the integral representation of the resolvent of the operator A; 
it will be denoted by R(A, A). Of course, the integral has to be understood as an improper 
Riemann integral, i.e., 


t 
RGA)x = Tim | eT (s)x ds, (2.11) 
—+00 
0 


for all x € X. Bearing in mind (2.9), we can write 
(say x= ; | eiT@xds, for allA>0. 
0 


If the semigroup is of type (M, w), then, for each A € p(A) such that ReA > w, the 
resolvent of the operator A can be written in the form 


R(A,A)x = | eT (t)x dt. (2.12) 
0 
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Equation (2.10) shows that (A — A)~1, the resolvent of the operator A, is given by 
the Laplace transform of the semigroup (T(t)),9. Hence the sufficiency part of Hille- 
Yosida theorem can be regarded as an inversion theorem for the Laplace transform in 
an infinite-dimensional setting. 

To prove that conditions (a) and (b) are sufficient for A to be the infinitesimal gen- 
erator of a Cp-semigroup of contractions, some preliminaries are needed. 

Let A : D(A) c X — X bea linear operator satisfying conditions (a) and (b) in 
Theorem 2.4.1, and let A > 0. The operator A, : X — X defined by A, = AAR(A, A) is called 
the Yosida approximant of A. Notice that 


1,y-1 
@=layts 
1 


A 


A, = W°R(A,A) - Al = (2.13) 


Proof of Theorem 2.4.1 (continued). Let A > 0. Since A, € L(X), by Theorem 2.2.1, it fol- 
lows that it is the infinitesimal generator of a uniformly continuous semigroup (e“*) [50° 
Note also that 


2 eas _ 
v2 ||R(A,A)|I e ta < th ta _ 1. 


tay = eA ROA etre 


ta? R(A,A) | | 


le | < le |se 


Thus, (ea) t>o is a semigroup of contractions. Next, for any x in D(A), we can write 
|AR(A, A)x — x|| = |AR(,A)x|| = ||RO, A)Ax| 
< lax —>0 asA—+oo. 

Since D(A) is dense in X and ||AR(A, A)|| < 1, it follows from the latter estimate that 


lim AR(A,A)x =x foreachx «xX. (2.14) 


A>+00 


Now, using (2.14) gives 


lim AjX= | him | AAR(A, A)xX = im AR(A, A)AX = Ax. (2.15) 


A>+00 


Let A, u > 0. It is clear that eA ef, Ay, and A, commute with each other. Hence 


1 
= | £ (tie May) ds 


1 
< | thee 94s (a,x —A,x)|| ds 
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for each x € D(A). So, for t fixed, we have 
je - e'H|) < tAyx-A,xl| +0 asd,u > +00, 
for each x € D(A). Define 


T(t)x = lim ery, xe D(A). 


A>+00 


For each t > 0, ||T(t)|| < 1 because (ce). is a semigroup of contractions on X. In 
addition, for each t > 0 and x,y € X, we have 


IT¢t)x — x] < [Tx - Ty] + [Toy - ey] + ley - yl] + ly - x1 
< |T(Oy - ery + ley —yl| + 2Ix - yl. 


Let S > Oande > 0. Fix y = x, € D(A), with ||x — x,|| < ¢, and a sufficiently large A such 
that 


T(t)x, - ex, | < € 
for each t € [0,5]. From this inequality, we deduce 
\|T(t)x — x|| < 3e + lle**x, — x¢l. (2.16) 


Since (ce). is a uniformly continuous semigroup, for the same € > 0, there exists 
6(e€) > 0, such that ye"Aa —Illew) < € for each t € (0, 6(€)). Hence, for each t € (0, d(€)), 
we have 


fje“*x, - Xel| < le - Tl ecxylXell < Ellxel- 


Since the set {x, : € > O} is bounded, this inequality, along with (2.16), shows that 
(T(t)) 59 is a semigroup of class Cp. In order to end the proof, we have to show that the 
infinitesimal generator, B : D(B) ¢ X — X of this semigroup coincides with the operator 
A: D(A) ¢ X — X.To this end, let x « D(A) and h > 0. We have 


lim e“*A,x = T(t)Ax 


A>+00 


uniformly on compact subsets in IR*. Indeed, 


le“*A,x — T(t)Ax|| < lle*A,x - e*Ax|| + le*Ax — T(C)Ax| 
< je**|A,x — Axl + eax — TQAX]). 


But this relation, along with (2.15) and with the partial conclusions above, proves that 
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h h 
T(h)x -x = Him (ex -x)= iim | eA, x dt = | T(s)Ax ds. 

0 
Dividing both sides of this equality by h and letting h tend to 0 from the right, we de- 
duce that X ¢ D(B) and Bx = Ax. It remains to show that D(B) = D(A). Since B is the in- 
finitesimal generator of a Cy-semigroup of contractions, from the necessity it follows that 
1 € p(B). Accordingly I—Bis invertible and (I-B) 1X = D(B). As (I-B) ‘D(A) = (I-A)D(A) 
and by (b), (I—.A)D(A) = X, thus it follows that (I - B)D(A) = X, that is, (I-B) 1X = D(A). 
This shows that D(A) = D(B) and completes the proof of Theorem 2.4.1. 


2.4.2 Lumer-Phillips theorem 


Let (X, || - ||) be a real Banach space and X* be its dual space. We remind (see Chapter 1, 
Section 1.10) that the normalized duality mapping J : X > 2* is defined, for each x € X, 


by 
JO0) = fx" eX" (6x) = bel? = pe} 


Definition 2.4.1. A linear operator A : D(A) c X — X is dissipative if, for every x € D(A), 
there is x* € J(x) such that (Ax, x*) < 0. 


A dissipative operator A is called m-dissipative provided p(A) n (0, co) # @. An op- 
erator B is accretive or m-accretive if A = —B is dissipative or m-dissipative. 


Proposition 2.4.1. A linear operator A : D(A) c X — X is dissipative if and only if, for 
each x € D(A) and A > 0, we have 


|(AI — A)x|| = Allxll. (2.17) 


Proof. If A is dissipative, then, for each x € D(A) and A > 0, there exists x* € J(x) such 
that (Ax, x*) < 0. Therefore, 


Alix? < (Ax — Ax, x") < |(Ax — Ax, x") < |JAx — Axllibxll. 


This implies (2.17). Conversely, let x ¢ D(A) and assume that (2.17) holds true for all A > 0. 
Then 


Ix] < x — nAx|| = |x + n(-Ax)||_ for all n > 0, (2.18) 


thus, by Lemma 1.10.1, we conclude that there exists x* € J(x) such that (x*, Ax) < 0. 


Theorem 2.4.2 (Hille-Yosida theorem: Lumer-Philips form). Let A be a linear operator 
with dense domain D(A) in X. Then A generates a Co-semigroup of contractions on X if 
and only if 
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(a) A is dissipative and 
(b) there is aA > 0 such that AI — A is surjective. 


Moreover, if A generates a Cy-semigroup of contractions, then AI — A is surjective for any 
A > 0, and we have (Ax, x*) < 0 for each x € D(A) and each x* € J (x). 


Proof: (Necessity). If A is the infinitesimal generator of a Cy-semigroup of contractions 
(T(t))t0, by Hille-Yosida Theorem 2.4.1, we have (0, +00) c p(A) and therefore AI — A is 
surjective for all A > 0. Next, if x € D(A) and x” ¢€ J(x), we have 


K(T)x, x*)| < [||] 7Oxq] < be, 
and then 
(T(t)x —x,x*) < (T(t)x,x") = |x|? < 0. 


Dividing by t > 0 and letting t — 0, we deduce (Ax, x*) < 0, which completes the proof 
of the necessity. 
(Sufficiency) Since A is dissipative, for each A > 0 and x € D(A), we have 


(AT — A)x|| > Allxll. (2.19) 


Since AI - A is surjective for some A, say Ao, it follows from (2.19) that AjI - A has a 
bounded inverse, and thus it is closed. Hence A is closed. Next we shall prove that AjI-A 
is surjective for each A > 0. To see this, let us consider the set 


Z={AeR:A>OandAl - Ais surjective}. 
So, it suffices to check that 
= = (0, +00) (2.20) 


By (2.19), it follows that © c p(A). Since p(A) is open, it follows that, for each A ¢ &, there 
exists an open neighborhood of A, V c C, which is contained in p(A). The intersection of 
V with the real line is clearly included in £, and accordingly V is open. To complete the 
proof of (2.20), let (An)new be a sequence in = with lim, _,,,,4, =A > 0. Then, for each 
né Nandy € X, there exists x, € D(A) so that 


AnXn — AXn = Y- (2.21) 


It follows from (2.19) that there exists M > 0 such that |x,|| < Fil < M. Next, using 
again (2.19), we get 


AmllXn = Xnll = Am (Xn = Xm) -A(X, = Xm)|| = An ~ AnlllXnl 
< MIA, -Aml- 
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Hence (X;)nen is a Cauchy sequence. Let x = lim, ,,,,X;, and note that, by (2.21), we 
have limy_,4.9 AX, = Ax — y. Since A is closed, if follows that x ¢ D(A) and Ax - Ax = y. 
This proves that A € ©, and so Eis both open and closed and, since A, € E by assumption, 
= #@and therefore = = (0, +00), which completes the proof. 


2.5 Hille-Yosida exponential formula 


We have established in Theorem 2.2.1 that if A is a bounded linear operator, then A gen- 
erates a strongly continuous semigroup (in fact, a uniformly continuous semigroup) 
(T(t))ts9 Where T(t) = e for each t > 0. In the case where A is unbounded, in the 
proof of Theorem 2.4.1 we have seen that T(t)x = lim,_,,,, e“*x. In this section we shall 
give one more result of the same nature. 


Theorem 2.5.1. Let (T(t)),.9 be a Cy-semigroup of contractions on a Banach space X. If A 
is the infinitesimal generator of (T(t)),s9, then 


aif) n 


T(t)x = lim (1 a) x= lim (Ze(*.4)) xX, forxeX, 
n—>+00 n t 


n>+oo\ ¢ 
and the limit is uniform in t on bounded intervals. 
Proof. Assume that ||T(t)|| < 1. We already know (cf. (2.12)) that, for A > 0, 


+00 
R(A, A)x = | e*ST(s)xds, forx eX. (2.22) 
0 


Differentiating (2.22) n times with respect to A, putting s = vt, and taking A = a we obtain 


(n) +00 
R( 7A) x= (are | (ve-”)"T(tv)x dv. 
0 


But 
R(A,A)™ = (-1)"n!R(A, A)" 


and then 


n+1 
(Ee(2.4)) x= — | (ve’)"T(tv)x dv. 
0 


Using the fact that 
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we obtain 


n+1 n+1 TO? 
(Ex( ",)) x -T(t)x = — | (ve”)"[T(vt)x — T(t)x] dv. (2.23) 


0 


By Proposition 2.1.3, for each x € X, the function t +» T(t)x is continuous, so, for 
to > 0, the latter function is uniformly continuous in [0, t)]. Thus, given € > 0, there 
exists 6 > 0 such that, if |t - s| < 6 with t,s ¢€ [0,¢p], then ||T(s)x — T(t)x|| < ¢.In 
particular, if v € R is such that |v - 1| < é then ||T(tv)x — T(t)x|| < €. Hence, there exist 
a,b € RwithO <a<1< bsuch that ifv € [a,b], then 


|T(tv)x - T(O)x|| < e. 


So, we break the integral on the right-hand side of (2.23) into three integrals I,, I, and I; 
on the intervals [0, a], [a,b], and [D, co), respectively. We obtain 


nt ‘i a 
Ils —(aer*)" [wbx - Tex dv, 
; 0 
n+1 b si 
bl <e Joe) dv <&, 
n! 
a 
and 
nt1 TO? e 
Isl = | (ve)"(T(tv)x — T(x) av. 
b 


Here we used the fact that ve™” > 0 is monotonically nondecreasing for 0 < v < land 


nonincreasing on v > 1. Since, moreover, ve” < e! for v # 1, |I,|| > 0 uniformly in 
t € [0,t)] asn — +oo. Taking n > 1 in Jy, it is easy to see that ||J,|| > 0 uniformly in 
t € [0,t)] asn — +oo. Consequently, 


n+1 


(F2( 7A) x—T(t)x 


Since € > 0 is arbitrary, we conclude that 


lim sup 


n—-+00 


SE. 


n+1 


lim (Ee(4.4)) x =T(Ox. 
n>+oo\ ¢ t 
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Using (2.14), we get 


lim “R{ mA}x =X, 
n—+0o0 ¢ t 


and thus we obtain the result. 


2.6 Bibliographical remarks 


Extensive and deep treatment of linear strongly continuous semigroups may be found 
in the books by K. J. Engel and R. Nagel [94], J. A. Goldstein [119], E. Hille and R. S. Phillips 
[123], as well as A. Pazy [195]. 


3 Accretive operators in Banach spaces 


3.1 Introduction 


The evolution with respect to the time of a physical system is usually described through 
an initial value problem of a differential equation. Suppose that u(t) describes the state 
of the physical system at time t and assume that the change of the system is given by a 
certain function A of the state u(t). Then, if the initial state comes given by u(0) = f, the 
system will be governed by the equation 

U 

\ (t)=A(u(t)), t>0, 34) 

u(0) =f, 


where X is a Banach space, u : [0,co[ — X is a function, and A is an operator from 
D(A) c X into X. 
The equation u'(t) = A(u(t)) means that, for all t > 0, u(t) ¢ D(A) and 


lim 


u(t + h) — u(t) 
h-0 h ek 


u(e)| =0. 


3.1.1 Linear case 


Example 3.1.1. Let 2 c IR" be a bounded domain with smooth boundary 0®. Let A = 
os s, be the Laplace operator on ®. Consider the initial boundary value problem (the 
heat equation), 


= Aw in [0, co[xQ, 
w(0,x) = f(x), (3.2) 
w(t, xX) =0 Vt > 0, x € dQ. 


We look for a function w : [0, co[ x Q > R satisfying (3.2). 
Take the Banach space X := C(Q), call u(t) := w(t, -) and define the operator A by 


A: D(A) > C(Q), 
vr Av := AV, 
D(A) = {v eX : vis twice differentiable, Av « X, and v(x) = 0 Vx € dQ}. 


Thus, we have transformed problem (3.2) into a problem of type (3.1), that is, 


ie =A(u(t)), t>0, 
u(0) =f. 


https://doi.org/10.1515/9783111031811-003 
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Definition 3.1.1. The abstract Cauchy problem (3.1) is said to be well-posed if 
1. (Existence) it has a solution; 

2. (Uniqueness) the solution is unique; 

3. (Stability) the solution depends continuously on the initial data. 


If a problem is not well-posed, then it is called ill-posed. 


Suppose that problem (3.1) is well-posed. If T(t) sends the solution u(s) at time s to 
the solution u(s + t) at time t + s, to say that A does not depend on the time means that 
T(t) does not depend on time s hence u(s + t) can be computed either as T(t + s)f or we 
can take u(s) = T(s)f as an initial data and solve problem (3.1). Thus we get the identity 
u(s+t) = T(s)(T(t)f). The uniqueness of the solution gives the semigroup conditions (cf. 
Chapter 2): 

- T(t+s)=T()T(s) Vt,s = 0, 
-  T(0) =I, where J denotes the identity operator. 


Theorem 3.1.1. Suppose that A : D(A) ¢ X — X is aclosed, densely defined linear op- 
erator with p(A) # 9. Then, problem (3.1) is well-posed for every initial data in D(A) if 
and only if A is the generator of a Co-semigroup, (T(t)),59. Moreover, in this case for every 
initial data f ¢ D(A) the unique solution of problem (3.1) is given by u(t) := T(bf. 


Proof: Assume that A is the generator of a Cy-semigroup (T(t)),59. Given f € D(A), Propo- 
sition 2.1.4(c) shows that t + u(t) := T(Of is a solution to problem (3.1). Now, if we 
suppose that there exists xy ¢ D(A) such that problem 


{! (t) =A(u(t)), t > 0, (3.3) 


u(0) = Xo 


admits another solution, say v,,(-). We may argue by contradiction as follows. Define the 
operator S : [0,+o0[ x X — X by 


T(t)y, y # Xo; 
Vy, (t), =X, 


S(t,y) := | (3.4) 


It is not hard to show that (S(t)),.9 is a Co-semigroup and since 


li 


t—0* t t0° 


mn SEXO) = ¥0 _ jin V0) + Ma Ss vi, (0) = Axo, 
it is clear that A is its generator. Next, with the help of Proposition 2.3.2, we see that both 
semigroups are the same and therefore problem (3.3) has a unique solution. 

On the other hand, if problem (3.1) has a unique solution for every initial data in 
D(A), we will see that A is the generator of a Cy-semigroup. We call u(t, x) the unique 
solution of problem (3.1) with initial data x € D(A). 
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For x € D(A), we consider the graph norm of x defined by ||x||, := ||x|| + ||Ax||. Since 
p(A) # 0, A is closed and hence (D(A), || - l|4) is a Banach space. Let X,, be the Banach 
space 


(C([0, to]; (D(A), Il- Hla) Il - loo) 


Let S : D(A) — Xt, be the mappings defined by S(x) : [0,t)] — D(A) with S(x)(t) := 
u(t, x). From the linearity of problem (3.1) and the uniqueness of the solution, S is clearly 
a linear operator defined on the whole D(A). 

We claim that S is closed. Indeed, if x, — x in (D(A), || - 4) and Sx, — vin X,,, then 
it follows from the closedness of A and the equation 


t 
U(t,X_) =X_t | Aw, X,) ds 
0 
that, as n — +00, we have 
t 
v(t) =x + [ avis) ds. 
0 


This yields that v(t) = u(t,x) for all t € [0,t)], which shows the closedness of S, as 
claimed. 

Next, by the closed graph theorem (Theorem 1.5.4), S is bounded, and there exists a 
constant C > 1 such that 


sup{l|u(t X)||4 0 < F< to} < Cla. (3.5) 
The above argument allows us to define a mapping T : [0,co) x D(A) — D(A) by 
T(t,x) := T(t)x := u(t,x). The uniqueness of the solution says that T enjoys the semi- 
group properties. By (3.5), we know that T(t) is uniformly bounded whenever 0 < t < fp. 
Consider the real number w = if log(C). For any t > to, there existn ¢ Nand0 <6 < ty 
such that t = nt) + 6, wheren € Nand 0 < 6 < fy, and, therefore, by the semigroup 
property, we have T(t) = T(nty + 6) = T(6)T" (tg). Hence 

[POX], = [TOT Cy )x|]4 < Cy < CC Ixy = Cox. 

Now we claim that 


T(t)Ay =AT(t)y fory € D(A’). (3.6) 


Writing w(t) = y + i, u(s, Ay) ds, we derive that 
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t t 
w’ (t) = u(t, Ay) = Ay + | u'(s, Ay) ds = aly + | u(s, Ay) i) = Aw(t). 
0 0 


Since w(0) = y, we obtain by the uniqueness of the solution that w(t) = u(t,y), and 
therefore Au(t, y) = w'(t) = u(t, Ay), which proves our claim. 

Now, since D(A) is dense in X and by hypothesis p(A) # 9, D(A’) is also dense in X. 
Let Ay € p(A) be fixed and let y € D(A?). If x = (ApI — A)(y), by (3.6), T(Ox = (Ay — A)T (Dy 
and then 


|T(O)x|| = Ag - A)TOy|| < Ag TOy|| + [ATI] < K|TOy||, < KCe“ylla, 
but, since x = (Ap — A)(y), we have that |lyll,, = lly|| + ||Ayll < K,|Lxl|. Hence, 
|T()x|| < KCK,e"|xI). 


Therefore, T(t) can be extended, by continuity, to the whole space X. It is clear that such 
an extension is a Cy-semigroup. 

In order to finish the proof, we only have to show that A is the generator of (T(t)). 
Let A; be the generator of the semigroup (T(t)). If x € D(A), by the definition of T(t), we 
have that T(t)x = u(t, x) and hence 


T'(t)x = AT(t)x, fort >0, 


which implies that T’(0)x = Ax and then A ¢ A. 
Let ReA > wand y€ D(A’). From (3.6) and since A ¢ A, we infer that 


e“ AT (thy =e“ THAy =e “T(t)A,(y). 
Integrating the above equality from 0 to oo, we obtain (see the proof of Theorem 2.4.1) 
AR(A, A;)y = R(A, Ay )Aty. 
But A,R(A,A,)y = R(A,A,)Ayy and thus AR(A,A,)y = A,R(A,A,)y for every y € D(A’). 
Since A,R(A, A;) are uniformly bounded, A is closed and D(A’) is dense in. X, we have that 


AR(A,A;)y = A,R(A,A,)y for every y ¢ X. This implies that D(A,) = R(R(A,A,)) ¢ D(A) 
and A, C A. Then A = Aj. 


At this point we can consider the following question: What conditions does an oper- 
ator A have to fulfill to be a generator of a Cy-semigroup of contractions? This question 
was answered in Theorems 2.4.1 and 2.4.2. 


Theorem 3.1.2 (Hille-Yosida: Lumer-Philips form). A linear operator A is the generator of 
a contraction Cy-semigroup in X (that is, ||T(t)|| < 1 for each t = 0) if and only if D(A) is 
dense in X and the following conditions hold: 
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(i) (I -aA)(D(A)) =X, for alla > 0, 
(ii) | - aA) 1x|| < ||x\|, for all x € X anda > 0. 


Evidently, under the conditions of Theorem 3.1.2, the associated semigroup to the 
operator A can be built by using several methods; one of them is the Hille-Yoshida ex- 
ponential formula (cf. Theorem 2.5.1) 


—n 


T(t)f = jim (1 : a) f. 


3.1.2 Nonlinear case 


Example 3.1.2. Consider the one-dimensional Hamilton-Jacobi equation 


ow ow 
[ela t>0,xeR, an 


w(0, x) = f(x), 


where H : R — Ris a smooth function. 
Let X be the space of continuous functions, denote u(t) := w(t,-) and define the 
operator 


A:D(A)cX >X, 
vw Av := -H(v’), 
D(A) := {ve X:v' € X}. 


The above argument allows us to transform the 1-dimensional Hamilton-Jacobi equa- 
tion into a problem of type (3.1). 


In 1971, M.G. Crandall and T. Liggett [70] noticed that in the theory of contraction 
Co-semigroups, the linearity is not relevant in the sense that it is possible to establish a 
theorem of Hille—Yosida type for nonlinear operators. In this case, the main thing is the 
concept of a generator. 

Let A : D(A) ¢ X — X be an operator on a Banach space X and define the function 
|| - hip Which assigns to each operator the real number 


Af — Ag|| 
If - él 


It is clear that if A is a bounded linear operator, then ||Al| = lAlhip- 

If we consider the abstract Cauchy problem (3.1) where A is a nonlinear operator, 
then a way to solve problem (3.1) consists in replacing u’ (t) by ““9-“® and so we obtain 
the difference equation 


lal = sup| Ses. fg eta). 
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1 _ 
fe -u,(t — €)) = A(u,(t)), a 


u,(s)=f, -e<s<0. 
This equation can be easily solved, and its solution is given by 
u,(t) = (I - eA) “(u,(t —€)). 
Taking € = £, we obtain 


u,(t) = (I - €A)*(u,(t — €)) = (I - €A) *(u,(t - 2e)) 
= (I~ eA) "(u,(0)) 


t —n 
=(I--A : 
(- 54) J 
Moreover, we wish that 
—n 


t 
li t)= li I--A if 
a Ue(C) slim ( n ) f 


Therefore, the abstract Cauchy problem (3.1) will be well-posed if 
(14) (U-aA)D(A) = X, Va > 0; 
(2) |Z - aA) "hip <1, Va > 0. 


Notice that in the linear case the above two conditions are just to ensure that A is the 
generator of a Cp-semigroup of contractions. 


Remark 3.1.1. If the equation can be written in the form 


\: (t) + A(u(t)) = 0, (3.9) 


u(0) =f, 
then the above argument leads us to the following conditions: 


(1') (+ aA)D(A) = X, Va > 0; 
(2') (+ aA) "hip <1, Va > 0. 


In the nonlinear case we often have to work with multivalued operators since if, for 
example, we consider the operator 


1, r>0, 
A:R-R, rrA(r)=40, r=0, 
-1, r<0O, 


problem u’(t) = A(u(t)) does not have any solution. Indeed, if it were to admit a solution, 
then it could not be continuous. Nevertheless, if we take the multivalued operator 
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1, r>0, 
A:R>2%, re A(r)=41, r=0, 
-1, r<0O, 


where I = [0,1], then problem u’(t) = A(u(t)), as we shall see later, admits a solution. 


3.2 Accretive operators 


In this section we introduce the most important properties of accretive operators de- 
fined on a Banach space in order to study the generation of semigroups of nonexpansive 
mappings. The concept of an accretive operator was introduced in 1967 by FE. Browder 
[51] and T. Kato [139] independently and it has a very simple origin. If Dis a subset of R 
and @ : D > Risa function, then @ is monotone increasing if and only if 


(s — t)(P(s) — P(t)) = 0. 
This concept can be generalized to a Banach spaces as follows. 
Definition 3.2.1. Amapping T : D c X — X" is said to be monotone if, for each u, v € D, 
({u—v, Tu — Tv) > 0. 


This type of mappings was introduced by G. Minty [177] in 1962. A natural analogue 
of Definition 3.2.1 for mappings taking values in a Banach space X is the following. 


Definition 3.2.2. A mapping T : D c X — X is said to be accretive if, for all u,v € D, 
there exists some j € J(u — v) such that 


(Tu — Tv,j) > 0. 


As we mentioned in the introduction, in the nonlinear case it is interesting to work 
with multivalued operators. 


Definition 3.2.3. A mapping A from X into 2* is called a multivalued operator. 


We shall identify operators with graphs, i.e., if A c X x X, A will be considered as 
the operator 


Af :={g «X:(f,g) € A} 
and, reciprocally, if A : X — 2* is an operator, it will be identified with its graph 


A= {(f.8):8 < Af} = GrtA). 


When A is a multivalued operator, we define: 
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(a) the effective domain of A, 

D(A) := {f ¢X : Af # 0}; 
(b) the range of A, 

R(A) = {Af : f < D(A)}; 
(c) given two multivalued operators A, B, 


A+B:={(f,g +h): (f.g) €A,(f,h) € Bh, 
AA := {(f,Ag) : (f,8) € A}, 
At := {(g,f): (f.g) € A}. 


Definition 3.2.4. An operator A : D(A) c X — 2* is said to be: 

(a) accretive if for each (x, u), (y,v) € A there exists x* € J(x—y) such that (x*, u—v) = 0. 
Equivalently, (u—-v,x -—y), > 0; 

(b) maximal accretive if A is accretive and the inclusion A c B, with B being accretive, 
implies that A = B; 

(c) m-accretive if A is accretive and R(A + I) = X; 

(d) dissipative (m-dissipative) if —A is accretive (m-accretive). 


Many examples will be given below and in Chapter 5 where the accretiveness prop- 
erty of an operator will be used in several equivalent forms. In the following remark, 
we give two formulations of the accretiveness property of an operator equivalent to that 
given above. 


Remark 3.2.1. According to Proposition 1.10.3 and Definition 3.2.4(a), an equivalent way 
to define the accretiveness of an operator A : D(A) c X > 2* is 


[x-x,y-y'],>0, Vi~wy),(xLy') €A. (3.10) 


An equivalent metric formulation of the accretiveness will be given in Theorem 3.4.1. 


3.3 Examples of accretive operators 


Example 3.3.1. If H is a Hilbert space, it is well known that H = H*, and, moreover, the 
normalized duality mapping is the identity mapping. So, the class of monotone operators 
and the class of accretive operators coincide (see, for example, [45, 64]). Thus, every 
monotone increasing function of real variable will be an accretive operator. 


Example 3.3.2. Let f : R — R bea monotone increasing function. We can define a 
multivalued operator A : R > 2% as 
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AX = [FO ),FOC)], 
where f(x") := lim, ,,- f(y) and f(x") := limy_,,+ f(). 


Let us see that A is an accretive operator. Bearing in mind the form of the disconti- 
nuities of an increasing function, we know 


fC) < £0) <f(X"). 
Given x,y € R with x < y and taking u € Ax, v € Ay, we have 


ue lf(x)f)] and ve [f"),fO")]. 


Since f is increasing, we have u < f(x*) < f(y) < v < f(y‘) and therefore u < v. 
Accordingly, 


(v-u)(y-x) 20. 


This proves that A is accretive. 


Let H be a Hilbert space and let g : H — ]-co, +00] be a proper convex function, 
that is, D(@) := {x € H : (xX) < +00} # @. Then D(@) is the effective domain of @ and, as 
a consequence of the convexity, it is always a convex set. The subdifferential of g is, in 
general, a multivalued operator 09 : D(g) — 2! defined as (cf. Section 1.11) 


09(x) := {ye H: (y,z-x) < 0(Z)-O(x%) VzeH}, Vx € D®). 


Example 3.3.3. The subdifferential 0g is an accretive operator. To see this, take x; € H, 
i= 1,2 and consider y, € 0(x;), i= 1,2. By the definition of subdifferential, we have 


YpZ-X) < 02) - 9%) 1=1,2, VzeH. 
In particular, 


Wp X_ — X41) S PX) — PX); 
(Ya, Xq — Xq) S$ POG) — P(X). 


Adding up the above two expressions, we obtain 
(Vy X_ — Xq) + (Yo, Xy — Xy) < 0. 
Hence, 


(V2 -YpXq—%y) = 0. 
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Example 3.3.4. A linear mapping A : X — X is an accretive operator if and only if 
Vx € D(A) there exists x* € J(x) such that (x*,Ax) = 0. 

(=>) Since A is accretive, given x,y € D(A), there exists j € J(x — y) such that (Ax - 
Ay,j) > 0. The linearity of A says that Ax — Ay = A(x — y) and then 


(A(x -y),j) = 0. 


Since D(A) is a subspace of X and if we take x € D(A) and y = 0, there is x* € J(x) with 
(x*, Ax) > 0. 

(<=) Consider x,y € D(A) and let z = x — y. Then there exists z* € J(z) such that 
(z*, A(z)) = 0, and, by the linearity of A, we derive that 


(z*,Ax — Ay) > 0. 


This shows that A is accretive. 


Example 3.3.5. Let Q be an open bounded domain in R” with a smooth boundary 02 
and consider the space L?(Q) where 1 < p < +oo. According to Theorem 1.9.2, L?(Q) is a 
uniformly convex and also uniformly smooth Banach space. Moreover, its normalized 
duality mapping is given by 


u(x)|u(x)P? 


J TPQ) > LQ), JW) = == 
Jul? 


» aexe Q, 


where q is the conjugate exponent of p (for the duality mapping for L’-spaces, see, for 
example, [32, p. 4] or [47]). 
Define on L?(Q) the following operator: 


D(A) := Wy?(Q) 0 W7?(Q). 
Au=-—Au, ue D(A). 


Let us see that A is an accretive operator. We just have to show that 
| (aveo — Au(x))(uQx) = v(x) |uCx) - vox)?” dx > 0. (3.11) 
Q 


This is a consequence of Green’s formula (see Theorem 1.17.7). If N denotes the outer 
unit normal on 0Q and we denote fu = (Vu, N), then the left-hand side of (3.11) can be 
written as 


fw v)ju— vi? V(v—u)dA fiw u), V((u- v)|u — v|P*)) dx. 
aa Q 
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The first summand of the above expression is zero since u,v € wy? (Q). Thus, we only 
have to study the sign of the second summand, which can be written as follows: 


| Vv —w]"(p - lu vP* dx = [ve - wtp -t)u- vP*ax > 0. 
Q Q 


3.4 Properties of accretive operators 


In the following results we present a characterization of the accretivity which does not 
depend of the normalized duality map. 


Theorem 3.4.1. Let.X be a Banach space. A multivalued operator A : D(A) > 2* is accre- 
tive if and only if 


|x —y +A(u- v)]| > Ix -yll 


for alla > 0, (x, u), (y,v) € A. 


Proof. (=>) IfA is an accretive operator, we know that there exists j € J(x — y) such that 
(u-v,J) = 0. Hence, applying Lemma 1.10.1, we get 


IIx -yll < |x-y+A(u-v)| VA> 0. 


(<=) If |x — yl] < |x —y+A(u-—v)|| VA > 0, applying again Lemma 1.10.1, we derive the 
result. 


Notations 

Let X bea Banach space. For a multivalued operator A : D(A) — 2* and A > 0, we denote: 

— Ji := (I+ AA), the resolvent of A (when there is no confusion, the resolvent will be 
denoted by J,); 

- Ay:= + - Fp); the Yosida approximant of A; 

- Dy :=R(I+AA); 

—  |Ax| := inf{|lul] : u €¢ Ax}. 


Corollary 3.4.1. Let X be a Banach space, and let A : D(A) — 2* be an accretive operator. 
The following conditions are equivalent: 

(a) Ais accretive. 

(b) J, : Dy, — X is anonexpansive mapping. 


Proof: (a) => (b) Let us see first that J, is a single-valued mapping. Take x,y € J,(X9), 
where X, € D,. This means 


Xp €X+AAX, Xq Ey t+ AAy, 
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that is, there exist u € Ax, v € Ay such that xy = x + Au = y + Av. By Theorem 3.4.1, we 
have 


Ix - yl] < |x -y +A(Cu— v)|| = |]x + Au - (y + Av)|| = [xo — Xoll = 0, 
hence, x = y. 
Now, we are going to prove that J, is nonexpansive. Consider X9, x, ¢ D, and denote 
y =J,(X), Z = J,(%). This means that there exist u « Ay and v € Az such that 


Xy=yt+Au and x,=Z+Av. 


Applying Theorem 3.4.1, we obtain 


Jao) — 2%) = lly - zll < |y- z+ A(u- v)]| = ly + Au - (Z + Av)|| = Mxo — I. 
(b) => (a) Given x € D(A) and u € Ax, we have that J,(x + Au) = x. Then, 
|x —y + A(u— v)]] = || yx + Au) — yy + Av)|| = Ix - yl, 


and this holds whenever (y, v) € A, because in this case J,(y + Av) = y. Consequently, by 
Theorem 3.4.1, we derive the result. 


Corollary 3.4.2. Let X be a Banach space. If A : D(A) > 2* is an accretive operator, then 
its Yosida approximants are also accretive operators. 


Proof: FixaA > 0. Let us show that the Yosida approximant A, : D, — X is accretive. To 
this end, it is enough to apply Theorem 3.4.1. Indeed, if x, y € D,, we have 


|x —y + r(Ayx - Ayy)|| = 


x-y+ (xf) -V-y)| 


= I(1+ = )ex y)t+ ry Jax) 


> (1+ 2 ey Siny pat 


Since A is accretive, it follows from Corollary 3.4.1 that J, is nonexpansive, which yields 


r r 
Jx-y+rlayx-Ayyl > (1+ 5 )be—yl— Thy x1 > beh 


Proposition 3.4.1. Let X be a Banach space. If A : D(A) — 2* is an accretive operator, 
then: 

(a) For all > 0, A, is accretive and A,x € AJ,x, Vx € D). 

(b) A,x - Agyll < Fix — yl, Vx y € Dy. 

(c) ||A,x\| < |Ax|, Vx € D, N D(A). 
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(d) limy_,o+ JyX = X, VX € D(A) N (( 59 Dy). 
(e) Ifx € Dj, then, for each y > 0, we have 


Moreover, 


(f) Given x € (]),9 Dy, the function A > J,x is continuous. 


Proof. (a) The first part of this assertion follows from Corollary 3.4.2. Thus, we are going 
to prove that if x ¢ D,, then A,x € Aj,x. Let y = J,x, hence x = y + Au with u ¢€ Ay. By 
the definition of Yosida approximant, we have A,x = fix = se = u € Ay. Because 
y = J,x, we conclude that A,x € AJ,x. 

(b) Let x,y € Dj. Since the resolvents of an accretive operator are nonexpansive 
mappings, it is clear that 


A,X — Agyll = >Ix-y + Jay Ix < $(ih yl + Way - Jax) 


IA 


MIN SI RY] RB 


(IIx — yll + Ix - yll) 


IIx — yl. 


(c) Let x € D, N D(A). It is clear that Ax # 9, and then, by the definition of J,, for 
every u € Ax, we have J,(x + Au) = x. Next, using the fact that J, is nonexpansive, for all 
A > 0, we find 


1 1 1 
WAgxll = 5 — Jur = 5 [a0 + Aw) ~ fox] < 5 1Aul = ll. 


This proves the required estimate for all A > 0. 
(d) Let x € D(A) N (()j59 Dy). Using the definition of A, and the result of (c), one can 
write 


IX — J,Xl] = AllAgl| s AIAXt. 


We get the result by letting A tend towards 0 from the right. 
(e) Let x € D, = RU + AA). Then there exists (Xp, Ug) € A such that x = Xp + Aug, and 
thus J,x = Xo. Therefore, 


Pes (1 1) px = P(X + Aug) + (1-2 )xo = Xp + YUg € Dy. 
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Moreover, 


(bx + (1-2) fax) = Jl + 740) = x0 = Six 


(f) Considering A, y > 0, we have to study what happens with ||J,x — J)xll. Applying 
(e), we derive that 


Ux —hal=|(Ex+ (1-2) px) se 


Next, using the nonexpansivity of J,, we get 


ax -J,xIls 


Pea (1-2) px—x{ = (1-2 xpath 


which allows us to achieve the result. 


3.5 m-accretive operators 


Remark 3.5.1. Let.X be a Banach space and let A ¢ X x X be a maximal accretive opera- 
tor. If (xp, u) € XxX and for all (y, v) € A there exists x* € J(xj—y) such that (u-v, x*) = 0, 
then (xX, u) € A. Indeed, consider the following operator B : D(A) U {xo} > 2* defined by 


Ax, x € D(A), 
BX) = 
ur, X =Xp. 


It is clear that B is accretive and A c B. Since A is a maximal accretive operator, we 
conclude that A = B. 


Proposition 3.5.1. Let X be a Banach space and let A : D(A) — 2* be an m-accretive 
operator. Then A is maximal accretive and R(I + AA) = X for allA > 0. 


Proof. First we shall show that A is maximal accretive. In order to do it, consider an 
accretive operator B such that A c B. Now, we can take (x,u) € B and, since A is 
m-accretive, there exits y € D(A) c D(B) such that x + u € (+ A)y, hencex +u=y+v 
for some v € Ay c By. The fact that B is accretive, along with Theorem 3.4.1, implies that 


Ix-yll < |x-y+A(u-v)|] for alla > 0. 


Using the fact that x + u = y + vand taking A = 1, we get 


IIx —yll < |x -—y + (u-v)]| = 0, 
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ie. x = y € D(A). This yields that u = v € Ay, and consequently (x, u) € A. Therefore 
A =B,i.e.,A is maximal accretive. 

Now, we shall prove that, for allA > 0, RU + AA) = X. Letting A > 0 and u € X, we 
have to show that u € R(J + AA). We claim that this is equivalent to 


u 1-A 
AXo € D(A) . Xo -1(5 = *x0). 
Indeed, u € RU + AA) if and only if there exists y « D(A) such that u € (I + AA)y; which 
is equivalent to Sy € D(A) such that u € dy + AAy. This means that there exists a unique 


y € D(A), such that + ¢ 3 + Ay or, after an elementary transformation, 5 € y + by + Ay. 
The latter equation may be written in the form 


u 1-A 
rar es € y+ Ay, 


and therefore 
= -1 u_1-a ) 
ysarayt($-4y), 


This proves our claim. 
Next, let B denote the operator defined by 


Since A is m-accretive, we have D(B) = X. Moreover, by Corollary 3.4.1, we have 


E 1-A z 1-A 1-A 
ax —Byl = fire ay'(F - 4x) -ceart(S-4y)] <] Alpe. 


A A 


Suppose that A > ; In this case [Al < 1, so, by Banach contraction principle (cf. Theo- 
rem 6.2.1), there exists a unique point x) ¢ X such that Bxy = Xp. In order to obtain the 
property when 0 <A< 5 we argue as follows: choose A > ; and define the operator 


Ax = JAX. 


By the above characterization, we obtain R(I+yA) = X Vy > 5. This proves that R(I+AA) = 
X, WA > 7 Repeating this argument for alln > 3 andA > a we obtain R(I + AA) = X. 
This ends the proof. 


Remark 3.5.2. Note that m-accretive operators are just the operators which satisfy both 
conditions given in Remark 3.1.1. Recall that conditions of Remark 3.1.1 are necessary 
in order to see that, from a heuristic point of view, the corresponding abstract Cauchy 
problem (3.9) is well-posed. 
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As we have seen in Proposition 3.5.1 that every m-accretive operator is, in fact, max- 
imal accretive. Now we will show that in Hilbert spaces these two concepts are equiva- 
lent. 


Theorem 3.5.1. Let H be a Hilbert space and let A : D(A) ¢ H — 2! be an accretive 
operator. Then, for every y € H, there exists x € H such that 


(Z+X,V-X) >= (y,v-x), V(v,Z) EA. 


The proof of Theorem 3.5.1 uses the following classical result (its proof is omitted). 


Theorem 3.5.2 (minimax). Let A, B be closed, convex, and bounded subsets of R™ and RR", 
respectively, andf : Ax B — R. Assume that, for every y € B, x ~ f(x,y) is convex and 
lower semicontinuous and, for every x € A, y > f(x,y) is concave and upper semicontin- 
uous. Then there exists a point (a,b) ¢ A x B such that 


fiay)<f(ab)<f,b), VaXy)eAxB. (3.12) 


Proof of Theorem 3.5.1. For each (v,z) € A, define H(v,z) := {x € H : (2+ X,v-—X) > 
(y, v — x)}. We can notice that H(v, z) is a bounded, closed, and convex subset of H. In 
order to establish the result, we must show that 


() H(v, Z) 


(v,z)€A 


is nonempty. Since for each (v,z) € A the set H(v, z) is weakly compact, it is enough to 
show that, for any finite family (v,,z;) €¢ A,i=1,...,N, we can obtain 


N 
( )H(v;, 2)) # 9. 
i=1 


Let 


N 
K:= }- (Ay,...Ay) € RY 24,20, 0=4...N, 0A; -1f 
i=1 


Clearly, K is a convex, closed, and bounded subset of RY. Thus, we can define the fol- 
lowing mapping: 


N N 
f:KxK-R, fQw: Y ui(x) +Z;—y,X(A)—v;), where x(A) = > Avi. 
i=1 i=1 


It is not difficult to see that f satisfies the hypotheses of Theorem 3.5.2 and so there exists 
Ay € K such that 
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fo y) < max{f(A,A):A eK} forallye K. 


This implies that x(Ap) € ni 1H (vy; Z;). 


Corollary 3.5.1. Let H be a Hilbert space and let A : D(A) — 2" be amultivalued operator. 
The following conditions are equivalent: 

(a) Ais maximal monotone, 

(b) Ais m-accretive. 


Proof. (b) = > (a) This is a consequence of Proposition 3.5.1, since the concepts of a 
maximal monotone and maximal accretive operator are the same in Hilbert spaces. 

(a) => (b) In order to obtain the proof, it will be enough to see that R(I + A) = H. 
Letting y € H, by Theorem 3.5.1, we know that there exists x « H with 


(Z+X,V-X) > (y,v-xX), VV,zZ)€A. 
Since A is maximal monotone, we can argue as follows: 
(Z+X-y,v-x)>0, V(v,z) €A. 
Now the maximality of A implies 
(x, -(x-y)) € A, 


that is, -(x — y) € Ax. This shows that y € x + Ax, or again y € (I + A)x. Consequently, 
yeRTI+A). 


3.6 Examples of m-accretive operators 


Example 3.6.1. Consider the operator 


1, x>0, 
A:Ro>2%, xnHAK=4L x=0, 


-1, x<0, 


where I = [-1, 1]. Example 3.3.2 shows that A is an accretive operator. Taking y € IR, we 
have to prove that there exists x) ¢ R such that y € Xj + AX. Indeed, if-1 < y < 1, then 
ye (+A)0=([-1,1]. 

If y > 1, we can take Xp = y—1> 0, hence (I + A)(X)) =y-1+1=y. 

Finally, ify < -1, we can take x) = y+1< 0, and then (I + A)(xy) =y+1-1=y. 


Example 3.6.2. Let X be a Banach space. The operator A : X — X defined by Ax = — 


d+(lxll 
is m-accretive. First, let us see that A is accretive. Given x,y € X andj € J(x—y), we have 
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x Se Owe 1 - : 
(a eri) @+Ixbd+y y 6x y) + xIlyll — yx, /) 


1 . 
- Gaede pp PP Wey.) + OCT = et). ) 
_ 1 ; ai coe 
Galea pp ~H + bil — AP + Ov = It). )) 
> __ik-yiP > 0 
~ (14+ (xd iy) 


Now, we are going to show that R(I + A) = X. Consider the function f : [0,+co[ ~ R 
defined by 


A(2 +A) 
1+A 


f(a) = 


Easy calculations show that f is a continuous, increasing, one-to-one function with 
f (0) = 0, and lim,_,,,. f(A) = +00. Hence, for any y < X, there exists Ag € [0, +oo[ such 
that f(Ao) = llyll. Therefore, if we take xq = ey, we obtain that y = Xg + AXp. 


Example 3.6.3. Let H be a Hilbert space. If g : H — ]-co, +00] is a proper lower semi- 
continuous convex function, then its subdifferential og is a maximal monotone operator 
in H. Therefore, by Corollary 3.5.1, it is an m-accretive operator. 


As we have seen in Example 3.3.3, 0g is an accretive operator. Next, we will show 
that if we add that o is lower semicontinuous function, then R(J + 09) = H. 


Lemma 3.6.1. Let H be a Hilbert space, and g : H — |-co, +00] a proper convex function 
The function @ : H — ]|-co, +co] defined by $(x) = @(x) + 5x -yl|? achieves a minimum 
at X, if and only if a(y — Xq) € 0M(Xp). 


Proof: (<=) Suppose that a(y — xq) € 0@(X). By the definition of dg, we know that 
(a(y —X9),Z—X) $ O(Z)-M(%), WzEH. (3.13) 
The scalar product yields 


A{y — Xy,Z— Xo) = AY — Xy,Z-Y+Y— Xo) 
= ally - Xoll” - lly - ZI? + (z — X92 —y)) 


= a(lly — Xoll” — ly — 2? + lz — Xoll” + (Xp —y,Z — X0)), 


and consequently, 


ay — Xq,Z — Xp) — A(X — YZ — Xo) = a(Ily — Xoll? — ly — ZI!” + lz — xoll”). 


Therefore 
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ay — Xq.2 Xp) = $(Iby—Xoll”~ by 2? + Iz - X0l?). G.14) 
Taking into account (3.13) and (3.14), we infer that 
(2) ~ (xo) = (Ib ~ xa” ~ ly ~ ZI) 
Now, by the definition of ¢, we obtain 
O(Z) = G(X), VzZEH. 

This means that xp isa minimum of @. 

(=) In this case, our goal is to show that a(y — Xo) € 09(Xq), knowing that x, is a 
minimum of @. To this end, we will see that 

(a(y —Xq),Z—Xo) $ O(Z)- (Xp), Vz EH. 


Let z € H and take v := (1-t)x) + tz witht € (0,1). Since, by hypothesis, xp is a minimum 
of @, we derive that 


a a 
9(v) + SIV YIP = PO%) + Flo - YIP, 


and then 
PCV) — @(%9) = 5 (Io — yl? — Iv -yIP). 
The convexity of g yields 
Pv) < (1— t)e(X) + te(z), 
and therefore 


t(PC2) — P(%)) = 9) ~ 90%) 2 F (Who — YIP — lv -yIP). G15) 


Next, using (3.14), we obtain 


5 (x0 YIP = lv — yl?) = ay ~ xqp¥ — Xo) — Ftv — xo? 


Since v = (1- t)Xxy + tz, 


a 2 a2 2 
at({y — X9,Z— Xp) 5 lv Xoll” = at (y — X9,Z — XQ) 5f lz Xoll”. 


Now, dividing expression (3.15) by t, we deduce 


a 
(2) ~ P(X) 2 AW ~ X02 — Xo) — 5 tll2 — Xoll” 
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Finally, letting t go to 0 from the right in the above expression, we obtain the desired 
result. 


Remark 3.6.1. Let H be a Hilbert space. If 9 : H — ]-co, +00] is a proper lower semi- 
continuous convex function, then @ will be lower bounded on the unit ball of H, Bi : 
Otherwise, there exists a sequence (X,) nen in By such that lim,_,,., 9%) = —oo. Since 
H is reflexive, there exists a subsequence (Xp, xen Of (Xp)ne~ Which is weakly conver- 
gent to Xp € Bi . Since @ is lower semicontinuous and convex, we have 


(Xo) < lim l%,) = co, 
k-+00 


which is a contradiction. 


Proposition 3.6.1. Let H be areal Hilbert space and let p : H — |-co, +o] be a proper 
lower semicontinuous convex function. Then its subdifferential og is amaximal monotone 
operator in H. In fact, it is an m-accretive operator. 


Proof. Lemma 3.6.1, along with Remark 3.6.1, says us that we just have to see that R(J + 
0g) = X.Lety € H and consider the function @ : H — ]|-00, +00] defined by ¢(x) = 
@(x) + abs - yl. Since g is convex and lower semicontinuous, the same is true for @. 

Let us show that @ has a minimum because if there exists x» ¢ H such that Xp is 
a minimum of ¢, then, by Lemma 3.6.1, we know that y — xg € 0@(Xq). This means y ¢€ 
Xo + 0M(Xo) = (I + 0@)(Xp), that is, y € RU + 0g) for ally € H. 

Thus, our goal now is to check that @ has a minimum. Since ¢ is a lower semicontin- 
uous convex function, in order to show that it has a minimum, it will be enough to see 
that 


lim (x) = +00 (3.16) 
Ix >-+00 
because condition (3.16) implies that @ is lower bounded. 

Define M := inf{@(x) : x € H} and consider a sequence (Xy)nen Of points of H such 
that o(x,) > M. Since it is assumed that limy,)_,,..5 6(X) = +00, we have that (%)nen is 
bounded and, since H is reflexive, there exists a subsequence (Xp, )ccy Which converges 
weakly to x9. Therefore 


M < $(X%) < liminf d(x,,) = M. 
k->+00 k 
Consequently, M = $(Xx,). Hence, Xp is a minimum of @. 
We claim that limy,y.4.0 @(X) = +00. We will prove this by contradiction. Suppose, 
to the contrary, that 


Ann CH: |Xyll=th > +oo and @(x%,)<k, VWneN. 


Hence, 
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1%) + Sly YP Sk, Yn eN, 
Because ||x, - yl? = (Xn —Y,Xn —Y), We get 
90%) + (MGI? + IY? -20% 99) Sk, VEN. 
Take y, := , Easy calculations give 


Pn) — Vr) = of my # (1 ~ )0) (3 y). 


Since @ is convex, the above expression will be bounded above by 


=ol%q) + (1-2 910) = 2 O%p.9) = 2(9%) = Oey?) + (1- 


1 1 1 


The latter expression goes to -co asin — +oo. This is a contradiction, since the map x + 
o(x) — (x, y) is convex lower semicontinuous and then, by Remark 3.6.1, it must be lower 
bounded on the unit ball of H. However, we have seen that @(y,) — (YY) — —00. 


Example 3.6.4 ((32]). If Q is an open bounded and convex subset of R", then the operator 
A: L’*(Q) > L7(Q) defined by 


Ay = -Ay, Vy € D(A) = Wy(Q) n W*"(Q) 


is m-accretive in L7(Q) because it can be expressed as the subdifferential of the following 
proper semicontinuous convex function @ : L?(Q) > ]-co, +co] given by 


5 JolVyl’ dx, y € Wy*(Q), 


(y) = 
oe fe y¢ Wo”. 


Example 3.6.5 ([32]). Let 2 be a bounded open subset of IR" with boundary 0Q of 
class C*. Consider a proper semi-continuous convex function j : R > ]-co, +co] and let 
B := Oj be its subdifferential. Define the function @ : L?(Q) — ]-co, +00] by 


py) = 42 fal VP de + Logie) day « WIC), j() « L'@O), 
+00, otherwise. 


In this case, the subdifferential of 9 is 


og =—-Au, Yue D(d@) = {u € w?"(Q) : a € B(u), a.e. on aa. 
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3.7 Properties of m-accretive operators 


Definition 3.7.1. Let X be a Banach space. An operator A : D(A) — 2* is said to be 
closed (respectively demiclosed) if, given a sequence (Xx, U,,) € A with x, — Xg, Un — Up 
(respectively u,, — Ug), we have (Xp, Ug) € A. 


Proposition 3.7.1. Let X be a Banach space and let A : D(A) < X — 2* be a maximal 
accretive operator. Then: 

(a) A is always closed. 

(b) IfX* is reflexive with Kadec—Klee property (cf. Definition 1.9.4), then A is demiclosed. 


Proof: (a) Let (Xn; Un)nen € A be a sequence such that x, — X9 and u, — Up. By Theo- 
rem 3.4.1, we know that 


Xp — Xl < |x, -—x +ACu, -U)|, for allA > 0 and (x,u) € A. 


Taking the limit as n — +00, we obtain 


Xp — XI] < [Xo —x +A(Up —w)|, for allA > O and (x,u) € A. 


By Lemma 1.10.1, there exists j ¢ J(X 9 — x) such that (j, Ug — u) = 0. Now, since A is a 
maximal accretive operator, in view of Remark 3.5.1, one can conclude that (Xp, Ug) € A. 

(b) Suppose that X is a reflexive Banach space and that X* enjoys Kadec-Klee prop- 
erty. We have to show that if (x,,u,) € A with x, — X) and u, — Up, then (Xo, Up) € A. 
By Remark 3.5.1, we only have to see that for (x,y) € A there exists jy € J(Xg — x) such 
that (jy,Ug — y) = 0. Since A is accretive and (x,,U,) € A, it is clear that there exists 
Jn € J(Xp — X) such that (j,,u, —y) = 0 Vn € N. On the other hand, since (X;,) nen iS 
bounded, the sequence (j,)nen © X” is bounded, too. Because X is reflexive, the dual 
space X* is also reflexive. Hence, there exists a weakly convergent subsequence (jn, )xen; 
Les ine he ex *_ Since || - || in X* is weakly lower semicontinuous, we have 


\oll < lim inf |j,,, || = liminf |[x,, — xl = [xo — XI. (3.17) 
k—+00 ie k-+00 ie 
Moreover, (jn, Xo —X) — (Vo»Xo — X). Consequently, 
| Ging? Xe —X) — Ging? X0 — X)| = |Gnye Xn, — Xo? | < WingllllXn, — Xoll > 0 ask > +00. 
Then, 
Try Xny, —X) > jo(% - X). 
Therefore, 


joo -X) = Yim GjngXny =X) = Lim bx, — XP = Xo — X10. (3.18) 
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It follows from (3.17) and (3.18) that jy € J(xp — x). Since X* has Kadec-Klee property, we 
have 


Jn, > Jo- (3.19) 


Finally, we will show that (jo,U — y) = 0. Since u,, — Up, we obtain (jp, Up, — y) > 
(jg, Ug — y). Thus, 


Vo Un, -y)= Vo arr +Jn,> Un, =) 
= (Jo — Jn? Un, =y) Gy? Un, =) 
ead Un» Un, -y) = llio —Jn, lun, - yl 


and consequently, 


(io Ug — Y) = im o> Un, =) 


2 Lim Gino Un, —Y) ~ Lim lio — Jn lllUn, —yll 2 0- 


Now, applying (3.19), we get limy 4.65 Ilo — Jn, llllUn, —yll = 0. This ends the proof. 


Corollary 3.7.1. Let X be a Banach space and let A : D(A) — 2* an m-accretive operator. 

Let (X))as9 ¢ D(A) be such that lim)_,9+ X; = Xo. Then: 

(a) Iflim,_,o+ AyX, = Up, then (Xo, Ug) € A. 

(b) Suppose that X is reflexive and X* has Kadec-Klee property. If (A,X,),s0 is bounded, 
Xp € D(A), and A)x, = Up asA > 0*, then (Xp, Up) € A. 


Proof: (a) By Proposition 3.4.1(a), A,X, € AJ,x,. Hence, it will be enough to prove that 


lim J,x, = Xo. (3.20) 
A0* 
Since A is m-accretive, taking into account Proposition 3.5.1, we conclude that A is max- 
imal accretive. Next, applying Proposition 3.7.1, we conclude that A is closed and, thus, 
(Xp, Ug) € A. 
We will show that (3.20) holds. Since (A,x,)a, is convergent, (A,X,)459 is bounded. 
Recall that, by the definition of A,, we have 


xy — SAX 


AjX) = A 


and consequently, 


lim x, —J)X, = lim AA,x, = 0. 3.21 
A-0t : Ih s A-0* oom ( ) 
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By hypothesis, lim,_,9+ X, = Xo, $0, by (3.21), we have limy_,9+ J,X, = Xp. Since we know 
that (J,x,,A,X,) € A, the above facts imply that (Xp, Up) € A. 

(b) This assertion is a trivial consequence of the fact that (A,x,) is bounded and 
Proposition 3.7.1. 


Proposition 3.7.2. Let X be a Banach space and let A : D(A) > 2* be amaximal accretive 
operator. IfX is asmooth Banach space, then, for every x € D(A), Ax is a closed and convex 
subset. 


Proof. Since A is maximal accretive and X is smooth, we have that 


AX = () fue X: (u-v,(x —y)*) = Of. 
(y,v)EA 


Since every subset in the above intersection is closed and convex, Ax is also closed and 
convex. 


Definition 3.7.2. Let X bea Banach space and let A : D(A) — 2* be anaccretive operator. 
We can define a new operator A” as follows: 


A°: D(A°) 3 2%, A°x = {ue Ax: |Jull = |x|}. 


Clearly, D(A°) ¢ D(A). 


Proposition 3.7.3. Let X be a Banach space and let A : D(A) — 2* be amaximal accretive 
operator. Then: 

(a) D(A’) = D(A) whenever X is a reflexive smooth Banach space. 

(b) If moreover, X is a strictly convex Banach space, then A? is single-valued. 


Proof: (a) Consider u,, € Ax, Vn € N such that ||u,|| > |Ax|. Since X is reflexive, taking 
subsequences, we know that u,, — Up for some uy € X. By Proposition 3.7.2, for each 
xX € D(A), Ax is a closed and convex subset of X. Moreover, using Proposition 1.7.2, we 
conclude that Ax is weakly closed and then uy € Ax. Now the fact that the norm in X is 
weakly lower semicontinuous gives the result. 

(b) Suppose u, v ¢ A°x, which means that 


[lull = [lvl] = |Ax!. (3.22) 


Since Ax is convex and X is strictly convex, if u # v, then ||Au+(1-A)v|| < |Ax|, VA € ]0, 1. 
This is a contradiction and then u = v. 


Theorem 3.7.1. LetX bea Banach space andlet A : D(A) — 2* be anm-accretive operator. 

Then the following assertions hold true: 

(a) IfX is a strictly convex, smooth, reflexive Banach space, then ||A,x|| < |A°x|], Vx € 
D(A). 
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(b) The function A — ||A,x\| is decreasing. 

(c) IfX is uniformly convex and smooth, and X* has Kadec—Klee property, then 
lim A,x = A°x, lim A°J,x = A°x. 
A=0* ‘ A=0* jh 


Proof. (a) Since A is m-accretive, D, = X and D(A) n D, = D(A). Applying Proposi- 
tion 3.4.1(c), we get 


\|A,x|| < |Ax|, Vx € D(A). 
By Proposition 3.7.3, we have 


Ayxll < |A°x| 


, Wx € D(A). 
(b) Denote x(A) := J,x and u(A) := A,x. It follows from Proposition 3.4.1(a) that 
(x(A),u)) € A, Wx €D, =X, VA>0. 


Now consider A, y > 0. Ifj € J(Au(A) — yu(y)) (in fact, j € J(x(y) — x(A)) because Au(A) - 
yuly) = Az (I - Jy) — pF —Jy) = Jy — Jp), then we have 


awa) - yu)? = Gaul) - yu(y)) 
= (j,A(u(A) - u(y)) + (A= y)u(y)) 
= AG, u(A) - u(y)) +(A- yi, u(y)). (3.23) 


Since A is accretive, due to Proposition 3.4.1(a), u(A) € Ax(A), u(y) € Ax(y), so there exists 
jo € J(x(y) — x(a) such that 


(ig, u(y) — uA) = 0. (3.24) 


Following the same argument like in (3.23), for jg € J(x(y) — x(A)), we obtain 


[away - yu(y)||” = Go Au(A) - yu(y)) 
= A(jp, W(A) — u(y)) + (A= y) (jg, U(y)). (3.25) 


We know from (3.24) that (jg, u(A) — u(y)) < 0, so using (3.25) we can write 


Jawa) - pug) < Ay) ou) 
< lA - ylllx(y) - x@)||lu|| 
= |A-yllau(a - yu(y)||||uq]). 


Accordingly, 
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|Au(A) - yu(y)|| < lA - yl|lu)|]- 
Hence, if A > y, then 


AljuA)|| < |AUA) - yucy)|| + ylju|| 
< |A— ylllu|| + yljur|| 
=A-y+y)|u)| 
= Alu) |. 


Thus, for A > y, we have ||u(A)|| < ||u(y)||, that is, the function A — ||A,x|| is decreasing. 

(c) Since X is smooth and uniformly convex, by Proposition 3.7.3, A° is a single- 
valued mapping from D(A) into X. So, in order to show that lim,_,9A,x = A°x, 
we shall establish that there exists a sequence (A) X)nen~ Which converges to A°x as 
An > 0. 

On one hand, it is known that Vx € D(A), ||A,Xx|| < |Ax|, then the sequence (A 1,~) nen 
is bounded. On the other hand, the reflexivity of X implies that there exists a subse- 
quence (A An, ken Of (Aj, X)new Such that A an, X WUE X.Now the use of Proposition 3.4.1 
guarantees 


A, x€Af, x and J, x >x. 
Nk Nk Nk 
Further, since X* has Kadec—Klee property and is reflexive, it follows from Proposi- 


tion 3.7.1(b) that A is demiclosed and then (x, u) ¢ A. According to the definition of |Ax|, 
we have 


l|ull = [Ax]. (3.26) 
Hence, 
ul] < liminf||A,_ x|| < |Axl. (3.27) 
k—>+00 Nk 


Now using (3.26) and (3.27), we infer that u = A°x. The above argument allows us to 
ensure that 


Ay, Xl > lull and Aj, x > u. (3.28) 
Since X is uniformly convex, (3.28) implies that 
Ay xX UuU= Ax. 
Nk 


Let us see that Vx € D(A) we have lim,_,. A°J,x = A°x. Moreover, since A,x € AJ,x, we 
have 
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JA°ax|] < IAyxl < Axl, VA > 0. 


In order to get the result, it is enough to use the same argument as before. 


3.8 Domains of m-accretive operators 


It is well known that in a Hilbert space, the closure of the domain of an m-accretive 
(equivalently, maximally monotone) operator is indeed convex [71]. If X is a reflexive 
Banach space and A is a maximally monotone operator in X x X*, then D(A) is also 
convex [45, 203]. The analogous statement for m-accretive operators is not true in all 
reflexive Banach spaces. As a matter of fact, S. Reich [200, p.382] gave the following 
simple example. 


Example 3.8.1. Consider the Banach space (IR’, | - ||,,) and the operator A : R? > 2® 
defined by 


D(A) := {(x,y) € R’ : |x| = y}, 
A(x, y) := {(0,z):zZ € R}, for all (x,y) € D(A). 


Then A is m-accretive, but D(A) = {(x, y) : |x| = y} is not a convex subset of R. 


It is, however, known (cf. [48]) that if A is m-accretive and X is uniformly convex, 
then D(A) is convex. Furthermore, it was observed in [200, p. 382] (without proof) that 
this is also true when the norm of X* is merely Fréchet differentiable (and not uniformly 
Fréchet differentiable). In the present section, we first provide a detailed proof of this 
assertion (see [110]). It is natural to ask [200, p. 383] if this conclusion holds in all reflexive 
and strictly convex Banach spaces. Although this question remains open, we show that 
strict convexity by itself is not enough (see [110]). 


Theorem 3.8.1. Let X be a Banach space and let A : X — 2* be an m-accretive operator. 
IfX is reflexive, strictly convex, and has Kadec—Klee property, then D(A) is convex. 


Proof. Let x,y € D(A), x # y,t € (0,1), and consider z := tx + (1 - t)y. We first prove 
that lim,_,9+ J,(Z) = z, which yields that z ¢ D(A) as required. To see this, fix u € A(x), 
v € A(y), and set uy = X + Au, Vv, = y + AV. It is clear that 


Tuy) =X, Java) =y. 
Thus, 
x2) - x|| = | Ja@ —Ja(ua)])| < lz — wall < lz — xi + Aju. 


Analogously, one can also check that ||J,(z) — yl| < ||Z — yll + Allvl. 
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Since X is reflexive, there exists a sequence (Ay)new Such that A, — 0° and J, z — 
w € X. By the weak lower semicontinuity of the norm, we have 


[lw — x] < lim inf] J, (2) - x|| < Iz- xl = @- Ox - yl 
and 
lw - yll < liminfl J, (2) — yl < lz -yll = thx - yl. 


It is obvious that 


lw — x|] 2 [lx —yll - lw —yll 2 lx —yll - tle — yl = A - lx - yl 


and 


|w — yl = lx —yll - lw — x] 2 [lx —yll - @- Ollx —yll = the — yh. 
Accordingly, 


lw -x\| = |z-xll=(-Ollx-yll and |lw—yll = |lz-yll = thx — yl. 


Suppose w # Z. Since X is strictly convex, the latter equalities imply that 


[tw - x) + -@-x)] < -Olx-yl 
and 
\|(w —y) +1 -t)(z-y)|] < tx - yl. 
Next, using the latter two estimates, we get 


|x -yll = ||t((w- x) + (1-)(z-x) - t(w-y)--d@-y)|| 
< |t((w-x) + A -t)(z-x)]] + |t(w-y) + A-dZ-y)| 


< (1 t)llx — yl] + tx — yl = Ix — yl, 


which is a contradiction; so, we infer that w = z. Thus J, (z) — z, and therefore we may 
conclude that J,(z) = z as A — 0*. Moreover, 


\|z — x|| < lim inf] J,(z) - x|| < lim sup|| J,(z) - x|| < [lz - x1, 
A-0t 20+ 


and thus 
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Jim [Ja(2) — x = lz - x and J,(z)-x -z-x. 


Finally, since X has Kadec—Klee property, it follows that J,(z)-x — z-x, thatis, J,(z) > z 
as A — 0*. This proves our claim. 


The following example shows that when we remove both the reflexivity and Kadec- 
Klee property assumptions, then again Theorem 3.8.1 no longer holds. In other words, 
strict convexity by itself is not enough. 


Example 3.8.2. Consider the Banach space X = (C([(0, 1), || - lly), where the norm | - lly is 
defined by 


1 1/2 


Illy 2= [lUlloo + (| w(t) t) 


0 


It is well known that when the space X is equipped with this norm, it is strictly convex 
(see, for example, [78, Theorem 4.2.1, p.100]). Now consider the mapping @ : C((0,1]) > 
R defined by ¢(u) = sin(5u(1)) and define the operator A : D(A) — C({0,1]) by 


\ : D(A) > C((0,1]), Au=uw', 
D(A) := {u € C*([0,1]) : u(0) = ow}. 


We claim that A is m-accretive on X, but D(A) is not convex. To see this, we first show 
that A is accretive. In other words, given u, v € D(A), u # v, andA > 0, we have to prove 
that lu -vlly < Ju-v+A(u' — v’)|ly. To this end, let ty € [0,1] be such that 


Jul — Vlgg = Maxlu(t) ~ v(O| = [uléo) ~ v(t) 


Since |u(0) — v(0)| = | sin(}u(1)) — sin(5v(1))| < $|u(1) — v(1)|, we infer that ty # 0. If 
ty € (0, 1), then it is clear that u' (ty) — v’ (ty) = 0 and therefore 


IJ = VIloo = [U(ty) — v(tp) + A(u' (tp) — v'(to))| < Juv + au’ -v’)],,- 
Now suppose ty = 1. If w(1) — v(1) > 0, then u’(1) — v'(1) > 0 and 
Ju -v]l,o = ud) - WL) < ud) - (2) + A(u' (1) - v'(1)) < ||u —v+t+ Au! - V Ilo: 
If u(1) - v(1) < 0, then u'(1) - v'(1) < 0 and therefore 
IU - Vlog = V(1) — uC) < (1) — U1) + A(v'(A) - (1) < Ju-v +A’ - v’)]|,.. 


Thus in all cases we find that ||u—v||,, < lu-v+A(u’ — v’)||,,. Next, we compute 
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1 
| tw) — v(t) +A(u'(t) —v'(t))]° at 
0 


1 


1 1 
= | (we - v(t)) ee 2" (t) - v(t)” dt + 2A Jeue- v(t))(u’ (t) — v'(t)) dt 
1 


0 


1 1 
= | (we - v(t)) Pat + [ule - v'(o) Pat +A |[(u(e)- voy] a 
0 0 


0 
1 
> | (we) - v(t))’ dt + A{(u(1) - vy) — (u(0) - v(0))"] 
0 


2 


2 fiw - w(o)rae +a| (u(r) v(t)” (Suc =v) | 
0 


1 
> | (we - v(t)) dt 
0 


Consequently, |u — v|ly < |Ju—v+A(u' — v')||y, which proves that A is accretive. 

Now we prove that R(J +A) = C([0,1]). Given v € C([0,1]), we have to find a solution 
u belonging to D(A) to the equation u + u’ = v. The general solution of this equation is 
given by 


t 


u(t) = “(| v(s)e* ds + u0)) 


0 


In order to find a solution u € D(A), consider the integral operator T : C([0,1]) - 
C((0, 1]) defined by 


t 
Tu(t) =e‘ | e°v(s) ds + e ‘@(u), 
0 


where t ¢€ [0,1]. This operator is a contraction because we have, for each u, w € C((0, 1), 
7 1 
Tu — TwI|,, = max{e~‘|p(u) - d(w)|} < |G) - P(W)| < =[lU= Vl. 
O<t<1 2 


By Banach contraction principle (Theorem 6.2.1), there exists a unique function Ug € 
C((0, 1]) such that Tug = Up, that is, 


t 
Up(t) = “(| v(s)e° ds + i) 
0 
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It is clear that ug € C1((0,1]) and u9(0) = (ug), so that Uy € D(A). 
Finally, we claim that D(A) is not convex. Indeed, it is not difficult to check that 


Da)" = fu € C({0,1]) : u(0) = (w)}. 


Now consider the mappings u and v defined by u(t) = (1-t) + mt and v(t) = 0 for each 
t € [0, I. Both u and v belong to D(A), but 5(u(0) + v(0)) = 5 and sin[;(u(1) + v(1))] = ¥, 
that is, 5(u +v) ¢ D(A), as claimed. 


Let X be a Banach space. If A : D(A) ¢ X — X is a linear m-accretive operator, then, 
by Theorem 2.4.2, —A is the generator of a Cy-semigroup of contractions; and then, by 
Proposition 2.3.1, D(A) is dense in X. This result fails when A : D(A) > 2* is anonlinear 
m-accretive operator (see, for instance, Example 3.8.1). Next we shall discus under what 
conditions we can guarantee that the domain remains dense in X. 


Definition 3.8.1. An operator A : X — 2* is called bounded if it maps bounded subsets 
of D(A) into bounded subsets of X. 


Theorem 3.8.2. [fA : D(A) ¢X > 2* is a bounded m-accretive operator, then D(A) = 


Proof. Since A is m-accretive, it follows from Proposition 3.5.1 that, for allA > 0, R(UI + 
AA) = X. The proof will be performed in two steps. 

Step 1. We are going to show that, if A is bounded, then the resolvent J, : X — D(A) 
maps unbounded subsets onto unbounded subsets. To get a contradiction, suppose that 
J, does not map unbounded subsets onto unbounded subsets. Let B be an unbounded 
subset of X such that J,(B) is bounded. Let (U,)ney be a sequence in B such that |u,|| — 
coasn — coand define y, = J,(u,). We have u, € y, + Ay, and hence u, — yn € 
Ayn. Since (Yp)nen is bounded and (U;)nen is unbounded, the sequence (Un — Vn)nen 
is unbounded and consequently, A({y, : n = 1,2,...}) is unbounded. Hence A is not 
bounded. 

Step 2. Let z « X. For each A > 0, set 


1 1 
Zy:= 72 + (1- 5) he) 
We claim that the set {z, : 0 < A < 1} is bounded. Indeed, suppose that it is not the case, 


then it would follow from Step 1 that the set {J,(z,) : 0 < A < 1} is also unbounded. 
According to Proposition 3.4.1(e), 


iia) =h( Z2+ (1-7) A@) = Alen. 


and consequently, {J,(Z) : 0 < A < 1} is unbounded, too. Now, fix x € D(A), u € A(x), and 
define u, = x + Au. It is clear that J,(u,) = x, and therefore, 
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a) -x|| = |a@ -hluy)|| < lz - wl 
< ||z— xl] + Allull 
< |Z -x|] + lull. (3.29) 
This shows that the set {J,(z) : 0 < A < 1} is bounded. This is a contradiction; therefore 
the set {z, : 0 <A < 1} is bounded as claimed. Since A,(z) = z, —J,(z) for every A > 0, we 


obtain that the set {A,(z) : 0 < A < 1} is bounded as well. Therefore 


Jim Je —| = Jim a}A, 9] = 0 


that is, J,(z) > z as A — 0°. This proves that z < D(A) as required. 


The following example shows that if A is an m-accretive operator which is not 
bounded, then the above theorem no longer holds even if X is a finite-dimensional 
Hilbert space. 


Example 3.8.3. Consider the space X = (IR’, ||-||,) and the operator A : R? > 2F’ defined 
by 


D(A) := {(x,0) € R?: x € R}, 
A(x, 0) = {(0,z):z € R}, V(x,0) € D(A). 


Then A is an m-accretive operator which is not bounded and D(A) # X. 


3.9 Perturbation of m-accretive operators 


It is clear that if A and B are two accretive operators in a smooth Banach space X, then 
the operator A + B with domain D(A) n D(B) is also accretive in X. This is an immediate 
consequence of the fact the normalized duality mapping of a smooth Banach space is 
single-valued. Indeed, for x,y ¢ D(A) n D(B), we know that 

(uy - Vy, J(X-y)) 20, VWuy € AX, vy € Ay, 
and 

(Uy — Vo, J(x—y)) > 0, Wu € BX, vo € By. 


Therefore, 


(Uy + Ug —Vy— Vo, J (xX —y)) 20, Wu, +, €(A+B)x, vy +, € (A+B)y. 
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Nevertheless, if A and B are m-accretive operators, in general, the operator A + B is not 
necessarily m-accretive. In this section we will study under what conditions A +B is also 
m-accretive. 


Lemma 3.9.1. Let X be a uniformly smooth Banach space and let A, B be two m-accretive 
operators of X x X with D(A) n D(B) # @. Then, for each y € X and for each A > 0, the 
equation 


X, + AX, + ByxX, >y (3.30) 


has a unique solution x, € D(A); moreover, the net (\|x,||)as9 is bounded. If ||B,x,|| is 
bounded as A — 0, then the equation 


X+AxX+Bx>y (3.31) 


has a unique solution x € D(A) N D(B) and lim,_,, x, = x. 


Proof. The inclusion given in (3.30) is equivalent to x, + Ax, > y — B,x,. The definition 
of Yosida approximant of B yields 


AX, + AAX, DAY -X) + JPX, 
and thus we can write 

(A + 1)x, + AAX, > Ay + JPX). 
Dividing by 1+ A, we obtain 


eos 
ae es | 


A 1 op 
V4 yam 


AX, > 
aa oa 


Finally, it is clear from the definition of the resolvent of the operator A that (3.30) is 
equivalent to 


A 
2 ae 
A+1 


a ae 
(a+ ait). (3.32) 


Now we define the operator 


A 1 
T:X DA), Tes (ays asx). 


Let X;, X. € X. Since the resolvents of an accretive operator are nonexpansive, we have 
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ITQq) - Tall s 


A A 1 iB A A 1 8B ) 
18 (say+ Fails) I (say Ay axe 


1 
Ss ain — JR xg 


BR 


< ——|lx, - xl. 
71! 1 — Xl 


Hence, the operator T isa 77 contractive mapping with for € (0,1). By Banach contrac- 


tion principle (Theorem 6.2.1), there exists a unique x, € D(A) such that Tx, = x,. This 
shows that the unique solution of equation (3.30) is x,. 

Now, we will prove that ((|x,l|)j.9 is bounded. Indeed, since B is m-accretive, by 
Proposition 3.4.1(c), we have ||B,x|| < |Bx| whenever x € D(B). Given x, € D(A) N D(B), 
consider y, = x, + Z + B,x, where z is a fixed element of Ax,. Since A and B are accretive 
operators and recalling that, by Proposition 3.4.1(a), B, is accretive, the operator A + B, 
is also accretive, and then 


(y — X, — (Ya — X14), JQ - X4)) = 0. 


Hence 
xa all? < Y —YaT a — x) < lly —yallllda — >All 
and then 
IX, — 4ll < lly — yall. 
This implies that 


Xall < Dall + Iyll + Wall s Weill + yl + Weg + 2il + [Bxy], 


which allows us to conclude that ((|x, ||), is bounded. 

Next, assume that ||B,x|| is bounded for small values of A > 0. We have to show that 
the limit lim,_,9 x, exists. To this end, it is enough to see that, given e > 0, there exists 
6 > Osuch that if0 < A, u< 6, then ||x, — x, < €. Since y — x, € Ax, + B,xX,, we can write 
this equation in the form 


Y-—X,— Bix, € AX. 


Because A is accretive, we have 


(y — X, — ByXq — Y — Xy — ByXy),J (Kj — Xy)) = 0. 
Hence 


0< (Xp = X,,J(X ~X,)) + (BiXy — ByxX,,J (% ~X,)) 
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and therefore 
[xq — Xyll? < (ByXp — Byxy J 0G — Xy))- 


By Proposition 3.4.1(a), we know that B, is an accretive operator and B,x € Aj,x. It 
follows from the above inequality that 


IX, es xr =f (B,Xy = ByXpJ(X) a Xy)) + (Bax) a BuXpI TX —JIyXp))- 
Therefore 
xq —Xyll” < (ByXp — ByXq. TOG — Xp) Jaa -JuXp))- (3.33) 


Bearing in mind that we are under the hypothesis that (||B,x||),,9 is bounded for small 
values of A > 0, it is clear that 


JX, -Xall < CA, for every A > 0 close enough to zero. 


Since X is uniformly smooth, it is well known that the normalized duality map is single- 
valued and uniformly continuous on bounded sets, then from equation (3.33) we derive 
that ||x, -X,|| < ¢ whenever A, u > 0 are small enough. This means that there exists x « X 
such that 


lim x, = X. 
A>0 


Finally, we are going to see that x is the solution of equation (3.31). Let (A,)nen be a 
sequence of positive numbers such that A, > 0 asn — +00, By x, > w,andw, — w, 
where w,, = y- By X,,—X, € AX,,- Passing to limits with A, in equation (3.30) and using 
Corollary 3.7.1, we conclude that x is a solution of equation (3.31). The uniqueness of x 
follows readily from the m-accretivity of A and B. 


Theorem 3.9.1. Let X be a uniformly smooth Banach space. Let A and B be two m-accre- 
tive operators in X. If the following two assumptions hold true: 

(a) D(A) Nn D(B) # 8, 

(b) <y,J(B,x)) = 0, for all (x,y) € A and for every A > 0, 


then A + B is m-accretive. 


Proof. Since the sum of two accretive operators in a smooth Banach space is also an 
accretive operator, we just have to check that RI + A+ B) = X. Let z € X and consider 
the following inclusion: 


ZExX+AX+ Bx. 
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In order to solve the above inclusion, we shall use Lemma 3.9.1. Let x, € D(A) be the 
unique solution of equation (3.30) with y = z. To obtain the result, it suffices to show 
that ||B,x,|| remains bounded as A — 0, but this is a trivial consequence of the following 
fact. Because y — x, — BX, € AX,, it follows from hypothesis (b) that 


(y — Xq — ByX,,J(BaX,)) = 0, 
and then 


IBaxqll” < lly — xlllByxall- 


Since (|X, I) is bounded, we achieve the result. 


We shall finish this section by giving an example of an m-accretive operator. Let Q 
be an open and bounded domain in R” with a smooth boundary 0. Let B be a maximal 
monotone operator in R x Rsuch that 0 ¢€ B(0). Let B ¢ L?(Q) x L?(Q), 1 < p < oo, be the 
operator defined by 


D(B) := {u € L?(Q) : Av € L?(Q) such that v(x) € B(u(x)) a.e. on Q}, 
B(u) := {v € L?(Q): v(x) € B(u(X)) a.e. on Q, u € D(B)}. 


Itis easy to show that f is an m-accretive operator in L?(Q). Next we shall give the proof 
of this fact in L'(Q). It is not hard to see that 


(1+ AB) ‘u)(x) = (1+ AB) u(x) ae. Q, 
(Byu(x) = B,(ux)) a.e.Q, 


for each u € L?(Q) and for every A > 0. 
Let u € L*(Q). Since Bisa maximal monotone operator with 0 € B(0), for each x € Q, 
we can define v(x) := (I + B) \(u(x)), and then 


v(x) — 0| < | + BY "(u(x)) — + B)*(0)| < [Juco]. 


Since wis a measurable function and (J + py? is a continuous function, we have that v is 
measurable and, since |v| < |u|, v € L(Q). Since u € v + B(v), the conclusion is obtained. 


Proposition 3.9.1. Let1< p < coand let B : L?(Q) — L?(Q) be the operator defined by 


D(B) := Wy” nw?” n Dp), 
Bu=-Au+B(u), u€ D(B). 


Then B is m-accretive. 
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Proof: First, we notice thatif1 < p < +co, by Example 3.3.5, the operator —A with domain 
w,? (Q) n W?(Q) is accretive in L?(Q). Moreover, it is a well-known result (although 
quite hard) that RU — A) = L?(Q) (see, for instance, [8]). To obtain the result, we are 
going to apply Theorem 3.9.1 where X = L?(Q), A = —A, D(A) = w,? (Q) Nn W*?(Q), and 
B = B. We have to show 


J aucop,(uco)/B,(uoa)|P* a < 0, 
Q 


for every u € Wy # On Ww? (Q) and for each A > 0. Since f, is an increasing and Lipschitz 
function, we have £ By(r) > 0. This implies the result by standard methods. Indeed, by 
Green’s theorem, 


ae 


J aucoB,(ueo)|B,(uoo)|?* ax = | Bx(weo)|B,(uoo)[? vw dA 


Q 0Q 


| (vued, VB; (weo)|B,(wCo)]?)) ax 


Q 


Since u € wy? (Q) and B,(0) = 0, the above integral is equal to 


E fivuco’e — 1)B}(ued)|B,(ued))? * dx < 0. 
Q 


3.10 Crandall-Liggett exponential formula 


In this section we discuss the generation of semigroups of nonexpansive mappings by 
accretive operators. We first present Crandall—Liggett formula [70]. 


Lemma 3.10.1. 

(a) For everyn,mée Nwithm < nanda,B > 0, let ay; € R,0 < k <nsuch that 
any S aAay_ Lj- 1 + Ba; 1 (3.34) 

Then 
ee . ap" ae Jan _jo+ de ap aT “tones (3.35) 
j=0 
(b) For every0<ms<nand0<a<1, we have 
m 


ae Jala - a)" (m -j) < [(na- m)* + nai —a)]?, 


wus 
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n.: 245 
fot a™1-ay™(n-j) < cea Cs) eee n : 
m-1 a a 


j=m 


Proof. (a) Take m = 1. We shall prove this assertion by induction on n € N. It is clear 
that 


n *, 
Ayn < B' Ayo + >: ap? don: (3.36) 
mi 


For n = 1, equation (3.35) is reduced to a, < Bay + Aap, which holds true by hypothe- 
sis (3.34). 

Suppose that inequality (3.36) holds for n ¢€ N. By (3.34), we know that a,,41 < 
Adon + Bay. Then 


n 
n+1 j 
Atny1 S$ AAg.n + Bo Ayo + », ap! Q.n-j 


jal 
. n+1 sg 
n+ — 
= Br ayy + ¥ ap Q.n+1-j- 
jel 


We obtain that (3.36) also holds for n +1. 
Assume that expression (3.35) holds for m < n. Let us see that it also holds for n + 1. 
We know that 


Qm,n+1 s AAm-1,n + Bam n> 


hence 


n 1pjtt-m( J—-1 
ams op a Jn 10 + a va ar p* ml Jom 


J jam m-2 


8S a(S )enioB a ay au Cael 


J 


Fee mses 5 oh A 


m— 


n 
pm 1a ; a™pit- a de ; 
Yep j m-j,0 te p m-1 Q nj 


= jpnti-j( n . aps j-1 
= > vB Veal Mmjo+ 2, a m-2 Q nj 


ak 
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‘Ser(s )a mot Da a™pit- ma "to 


n+1 


=F apri(") amsot Sa m gi ade “tones 


(b) Now consider the function f : R > R,t » f(t) = (at + B)”". Using Newton’s 
formula, we obtain 


eo= > ("™)delpr. 
j-o J 
If we replace 6 by 1 — a and compute the value of f(1), we have 


ie) (| Je (1a)? =1. 


j=0 


Differentiating f with respect to t and replacing t by 1 and f by 1 - a, we obtain 
f') = dG; Jala - a)" = an, 
computing the second derivative of f and substituting t = 1 and 6 = 1 - a, we have 
£0) =¥ (Cig —Dala— ay" = non — ner, 
jr2 


thus, we conclude that 
PKG Jaa —a)"7 = en(n-1) + an. 


j=0 


Since 


y (7 ea a)"Fom—) = y (i) a- on("a — aim 7), 


j-0 j-0 


applying Cauchy—Schwarz inequality, we get 


y (‘ea a"om—) < i, (7 Jala — aye 1 (7 aia — ayn —j 


j=0 j=0 


= \m? —2mna + a@n(n - 1) + an = Vina —m)* +na(1-a). 


For showing the last inequality of (b), remember the formula 
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» (i= ; \e ™_(1-t)™, whenever |t| <1. 
fa m-1 


This formula can be written as 


.y Ciel cae a4, 


=m 


a 


Differentiating (3.37) with respect to t, we obtain 


¥. g-m(17 tema" ma - utes em =o 


j=m+1 


and hence, by (3.37), 


¥ g-m(J7t)ema—om= 


j=m+1 


This means that 
re jJ- 1 ) j-m m m 
ms = e™a-n™ = —. 
2d ea ae 
Then 


Consequently, 


Yah, )ea se 3 (7_)e¢ gee me 


j-m j-m 


and, by using equality (3.37) again, 
~ j-1 ) j m mt 
/a-t"-m= —. 
ae oe 
j=m 
Thus we may conclude that 


ne ‘ea 1)” = mt a mt , mat) _ m_ 
-1 1-t 1-t 1-t 1-t 


— 123 


(3.37) 


(3.38) 


A similar argument when differentiating expression (3.38) with respect to t yields 
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Cs ott 2 $2 30 2 
YP(L mao =m ema Ey Em (3.39) 
a ad 


t 1-t 2 (1— t)?” 


Finally, by using again Cauchy—Schwarz inequality, along with expressions (3.37) and 
(3.39), we derive 


S$ (tera-al%a-p 


j=m 


<1 (ciona-or maar 


j=m j=m 


< ma + (m2 +m n) 
<\ a2 - . 


Proposition 3.10.1. Let X be a Banach space and let A : D(A) — 2* be an accretive oper- 
ator. Then: 

(a) ix - x|| < nAlAx, for all x € D(J}') N D(A). 

(b) Ifx € D,, A > 0, then for every y > 0 we have 


ene ot teil) 


(c) For each x € DJ) ND(Jj") N D(A), 0 < y <A, andn,m € N with m < n, the following 
holds: 


1 1 
IJ) x -Jy'x|] < ([ama - ny)” + ny(d - y)]? + [(mA = ny)? + ma(A - y]?)|AxI. 
Proof. (a) Let x € D(Jj') n D(A). Since J?x = x, we have 
n . . 
FRx == YG FO). 
i=0 
Hence, using the fact that, for all A > 0, J, is nonexpansive, one can write 


|ax-x|< yur xX 


Il 
BM BL 


ae Hy — x] < Fix at 
i=0 
= ia ~ X|| = nA||Agx\). 
By Proposition 3.4.1, we know that ||A,x|| < |Ax|, hence 


ix — xl] < nAlAxl. 
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(b) This result has been established in Proposition 3.4.1(e). 
(c) Let mn € N,m<n.For0<k<m,0<j<n,andx € D(j;") n DU) 9 D(A) with 


0<y<A, denote 
Oyj = IX -Thx|. 


Since se € D,, by (b) we have 


tie 'x+(1- P) pix eD, 


and, moreover, 


hits i( at ix (1- r) yx), 


So, we have 


any = [hx —Jy( BH + (1-2) x) 
<[yptx— (Zs (1-2) tx) 


A 
< Eppa + (1-2) xs 


= AA_4j-1 + (1- May j-1, 


where a := y B =1-a. Finally, Lemma 3.10.1 and (a) yield 


n= yx" 


Serpe de a a A ee 
<dap"() Jalaxion— y+ Yah" Ven pyle 
Pa 


< [Ada BE Jom dvd ale™ (jm flax 
2.1 


eg ee) |e 


orion: 


< {ana - m) + na(1— a]? + 


= {[(ny — Am)? + ny(a — y)]# + [ACA — y) + (mA + (MA — yy] }lAXt, 


which ends the proof. 
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Definition 3.10.1. An accretive operator A : D(A) — 2* is said to satisfy the range con- 
dition if D(A) ¢ (js) RU + AA). 


The main result of this section is the following theorem due to M.G. Crandall and 
T. M. Liggett [70]. 


Theorem 3.10.1. Let X be a Banach space and let A : D(A) — 2* be an accretive operator 
satisfying the range condition. The following limit 


—n 
S(t)x := lim (1 + a) X 
noo n 
exists for each x € D(A) uniformly on compact sets of [0, +co[. Moreover, 


—n 


S: [0,+00[ x D(A) > D(A), S(t)(x) := jim (1+ <a) x 


is a continuous semigroup of nonexpansive mappings on D(A). 


Proof. Since A satisfies the range property, D(A) ¢ Di) Vn € N, VA > 0. 
Let x ¢ D(A),m,n € N,m < n. If, in Proposition 3.10.1(c), we take y = £ andA = =, 
then we obtain 


1 1 


1 
2 
[neon 2e( =~ =) lax 40) 


Clearly, the sequence Jen) is a Cauchy sequence and, by the boundedness obtained in 
(3.40), if we define 


—_— 1 n 
S(Qx = him Jinx, 
this limit is uniform on compact subsets of [0, +oo[. 
On the other hand, since Vein Jeni < |x — y|| for all x,y € D(A) and t > 0, we 
obtain 


|S()x - Syl < Ik -yll Vx, y € D(A), t > 0. 


By continuity of S(t) on D(A), we can extend S(t) to whole D(A). Since TtinX € D(A), 
Vx € D(A),n € N,t = 0, we derive that S(t)x ¢ D(A), whenever x € D(A). 
Let us show that 


||S(t)x - S(s)x|| < 2|Ax||t- s| Vx € D(A), s,t > 0. 


Let0<s<tandne N. By Proposition 3.10.1(c), with y = . and A = 7 we deduce 
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Vern —JTeinXll < iaxi{ [os - f+ aie 2)! + is t)? + 9)" 


and, therefore, 
||S(t)x — S(s)x|| < 2|Ax||t-s|], asin — +oo. 
In particular, the function t + S(t)x is continuous on [0,+00[ for all x € D(A), and 
consequently on D(A). 
Finally, we need to check the semigroup conditions of S. It is not hard to see that for 
every x € D(A), 
2, 43 2n 
S()’x = Nim JeinX 
and, in the same way, we have 
m,_ 1: nm 
S(t)" x = lim JeinX. 
Therefore, for each m € N, we have 


_ qi n a) te mk = ape mk, _ m 
S(mt)x = Lim JempnX = MM ImnejmeX = UM Jee X = SC)” X. 


Let t,s € Q, that is, t = a S= : where Pp, q, Vv, r are nonnegative integers with 
q.v # 0. Then, 


pv+rq pv rq 
S(t+5)x = s( pet )x 2 s( Z ) x= s( i ) (s(=) x) = S(t)S(s)x. 
qv qv qv qv 


By density of Q in R, we deduce the result. 


Remark 3.10.1. It is seen in the proof of Theorem 3.10.1 that ||S(t)x — S(s)x|| < |Ax||t—-s]. 
So, the function t + S(t)x is absolutely continuous on the compact subsets of [0, +oo[. 


Corollary 3.10.1. Under the conditions of Theorem 3.10.1, for each x € D(A), the following 
holds: 


: (t/A]) _ 7; Wee 
Jim J; X= dm Sejax = S(t)x. 


Proof. By using Proposition 3.10.1, we can see that {J ne Ax} joot is Cauchy and 


lim Jl/Aly — 7" x = 0. 
pa Tein 
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3.11 Quasiaccretive operators 


Definition 3.11.1. Let X be a Banach space. An operator A : D(A) — 2* is called quasi- 
accretive (respectively, m-quasiaccretive) if there exists w > 0 such that the operator 
A+wI: D(A) > 2* is accretive (respectively, m-accretive). In this case we also call the 
operator A w-accretive (respectively, w-m-accretive). 


Coming back to the definition of accretiveness, it is clear that an operator A : D(A) > 
2* is w-accretive if and only if the following estimate holds true: 


(u-v,x-y), >-w||x-yll’, for all (x,u), (y,v) € Gr(A). 


According to Proposition 1.10.3, we have (u — v,x —y), = |x — yll[x —y,u - v],. Hence 
replacing (u—v, x-y), by ||x—yll[x—-y, u-v], in Definition 3.11.1, we obtain an equivalent 
definition of quasiaccretiveness. An operator A : D(A) > 2* is w-accretive if and only if 
the following estimate holds true: 


[xX-y,u-v], > -w||x-yll, for all (x, w), (y,v) € A. 


An immediate consequence of Lemma 1.10.1 is that A is w-accretive if and only if 
|X — Xp + A(y, — y2)|| = A= Aw)ILXy - Xy|| for O<A< . and y; ¢ A(x), i=1,2. 


In the following propositions we collect some properties of quasiaccretive operators 
which can be obtained by using similar arguments as in Section 3.4. 


Proposition 3.11.1. Let A : D(A) — X an operator on a Banach space X. The following 
conditions are equivalent: 

(a) Ais an w-accretive operator, 

(b) Wax -Jayll < zozllx -ylb for alla € (0,1/w), and x,y ¢ R(I + AA). 


Proposition 3.11.2. Let X be a Banach space and let A be an w-accretive operator in X xX. 

Then: 

(a) Aj, is w-accretive and Lipschitz continuous with Lipschitz constant not greater than 
rag in RU + AA), A € (0,1/w). 

(b) A,x € AJ,x, for allx € RU + AA), A € (0,1/w). 

(c) (1—Aw)||A)xIl < [Axl 

(d) lim,_,9J,x = x, for all x € D(A) pete R(I + AA). 


3.12 Bibliographical remarks 


The basic references that we have used in the development of this chapter are [32, 48, 
64, 178]. Moreover, if the reader is interested in monotone operators on Hilbert spaces, 
a good reference is [45]. The results of Section 3.8 appear in [110]. In Section 3.9 we have 
followed [31]. For an exhaustive study of quasiaccretive operators, we refer to [32]. 


4 Abstract Cauchy problem 


4.1 Introduction 


Let X be a real Banach space and let A : D(A) > 2* be a quasiaccretive operator and 
f € Lig¢(0, 00; X). In this chapter we shall present some results about the existence and 
uniqueness of the solution to Cauchy problems in the form 


fe +A(u(t)) > f(t), (4.1) 


u(0) = x € D(A). 
When -A is a generator of a Cy-semigroup and, in problem (4.1), f = 0, Theorem 3.1.1 
guarantees that this problem admits a unique classical solution. Let us see that, when A 
is a nonlinear operator, the evolution equation (4.1), even for easy examples with f = 0, 


does not admit any classical solution. 
Consider the quasilinear equation 


0 0 
5p lle») + 5; (P(ultx))) =0, xeRt>0, (4.2) 


where @ : R — Ris strictly increasing, onto, continuous, and @(0) = 0. This type of 
equations are called scalar conservation laws’ equations. 

We will see that Eq. (4.2) may be governed by an accretive operator. Let A be the 
operator in L1(IR) defined by 


ie = ¢(u)', forue€ D(A), 
D(A) = {ue L(R) : 6(u) € AC,¢(R), o(u)’ € L(R)}, 
where AC,,,(IR) denotes the set of absolutely continuous functions on bounded intervals 


of R. 
If we denote v(t) := u(t,-) € L(R), one may rewrite Eq. (4.2) as v' (t) + A(v(t)) = 0. 


Proposition 4.1.1. The operator A is accretive in L(R). 


Proof. To show that A is an accretive operator, we have to check that if u, v € D(A) there 
exists y € J(u-v), ie. y € L°(R) with y(x) € |lu— v||sign(u(x) — v(x)) a.e., such that 


(A(u) - Av), y) = | rea(ow’ ~ p(v)’)(x) dx > 0. 
R 
In this sense, we have 
| reo(@ou' — @(v)')00 dx = | rco(ow ~ ov)! 00 ax. 
R R 
Since @ is strictly increasing, it follows that 
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sign(u(x) — v(x)) = sign(@(u(x)) — 6(v(X))), 
and then 


4 (6(u0) - 9(v00)| = -”°-_ (uo) - g(v09))' ae on 


ju — vil, 


Therefore, for every R > 0, we have 


| yx)(@(u(x)) — (v(x) dx = [lu — vily(|6(UCB)) - @(V(R))| - |G(u(-R)) - 6(V(-R)))). 


Since u,v € D(A), we have @(u), d(v) € AC,,.(R). This means that @(u(x)) and @(v(x)) 
have limits as x — +oo and the value of these limits must be the value of @ at zero 
because u,v € LR). Thus, we can conclude that 


R 


(Aw) -AW),y) = Lim | y9(G(uCo) - (ved) ade = 0. 


-R 


Now we will give an example which shows that scalar conservation laws’ equations, 
in general, do not admit classical solutions. 


Example 4.1.1 (Burgers’s equation). Consider the following partial differential equation: 
) a (uw 
—u+ —|(—}=0. 4.3 
at s al 2 ) G3) 
Notice that equation (4.3) is a scalar conservation laws’ equation for the particular case 
where @(X) = a It can also be written in the following form: 


) 0 
= —u=0. 44 
dt ax oe 
Suppose that (4.3) has a classical solution, say w, satisfying the initial condition 
w(0,x) = f(x). For all real numbers ty, X with ty > 0, let x(t) be the solution of 


d 

—x=w(t,x), X(t) = Xp. (4.5) 
dt 

Such paths are called characteristic paths. Using the chain rule, we obtain that the solu- 
tions of (4.4) are constant on the characteristic paths. Indeed, 

re) 


d o Ula 0 0 
qx) = x atk * rad = wo wt rad =0, 


hence w(t, x(t)) = const. Moreover, these characteristics paths are straight lines (because 
by (4.5) they have constant slopes). 


4.2 Strong solutions for the Cauchy problem —— 131 


Let x(t), y(t) be two characteristic lines, and suppose that x(0) = z, y(0) = v. This 
means that, for all t > 0, w(t, x(t)) = f(z) and w(t, y(t)) = f(v). Thus 


x(t)=f(z)t+z and y(t)=f(v)t+v. 


If f(z) # f(v), then the characteristic lines intersect at one point, namely (t,, x,). 
Consider the problem 


d 

—x=w(t,x), x(t) =X. 

at (tx), x(t) =% 

By the above argument, this problem has two solutions which are the characteristic lines 
x(t), y(t), but this is a contradiction since this problem has a unique solution. Conse- 
quently, Burgers’s equation does not have classical solutions. 


4.2 Strong solutions for the Cauchy problem 


Let X be a real Banach space, A : D(A) —> 2* a quasiaccretive operator, and f « 
Lige(0, 00; X). Consider the Cauchy problem 


Le +A(u(t)) > f(t), (4.6) 


u(0) = x € D(A). 


As we have seen in the introduction, when A is a nonlinear operator, the concept of 
classical solution does not always make sense. Thus, we introduce the notion of a strong 
solution to (4.6). 


Definition 4.2.1. A function u : [0,-+oo[ — X is a strong solution of problem (4.6) if: 
(a) wis absolutely continuous on every compact subset of [0, +co[, 

(b) wis differentiable a.e. in [0, +cof, 

(c) u(0) =x, 

(d) f(t) € £u(t) + Au(t) a.e. in [0, +oof. 


Lemma 4.2.1 (Kato). Let X be a Banach space and let f : R — X be a function satisfying: 
(a) t — |If (|| is differentiable a.e. in R, 
(b) the weak derivative of f (say, f ') exists a.e. in R. 
Then 
d Z ‘ . 
Vol rol =(x",f'(0) vx" es(f() ae inR. 


Proof. For every t,s € Rand x* ¢€ J(f(t)), we have 


FO) =fFOP, OOF) < FOLFO| 


2 


> 
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and therefore, 


(x f(9) FO) < FOMMO|-OL = LOMO -LOD. 


Consider t ¢ R and suppose that f is weakly differentiable at ¢ and ||f(t)|| is differen- 
tiable. For each x* ¢ J(f(t)), we know that 


* gl _ 4." =f) 
(0) = Jim (x h 
f(t + All - IFO 
< fim [reo 
d 
= Ol Ol. 
The same argument yields 
* gl _ ER ent) 
(x f'0) = jim (x FLO 


If(t+ A -Wfol _ d 
> im fo AE vols vo 


> 


and so the proof of the lemma is complete. 


Proposition 4.2.1. Let A ¢ X x X be an w-accretive operator and f,g € L'(0,T,X). 
(i) Ifuandvare strong solutions of u' + Au > f and v' + Av > g on (0,T], respectively, 
then 


t 
||u(t) - v(t)|[ — |lu(s) - v(s)||° <2w fcc) = v(r)|f dt 


s 


t 
+2 [vo ~g(t),u(t)-v(t)), dt, (4.7) 


Ss 


for0<s<t<T. 
(ii) The initial value problem u' + Au > f, u(0) = x, has at most one strong solution. 


Proof. By Lemma 4.2.1, for each x* ¢€ J(u(t) — v(t)), we have 
d » d 
\|u(t) — v(t)|| —||u(t) — v(t)|| = ( x", —(u(t) - v(t)) ) ace. (4.8) 
dt dt 
Since u and v are strong solutions of (4.6), we have 


d d 
fo- qu e€Au(t) and g(t)- a) e€Av(t) ae, 
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and therefore 


g(t) v0 (0 TU(t)) € Av(e) — AUC) a.e. 


Since A is quasiaccretive, there exist w € R andj € J(u(t) — v(t)) such that 


Gifo — g(t) - (ule = wo)) > -wl|lu(t) - v(t)|’. (4.9) 


Now combining (4.8) and (4.9), we get 


> 


wfuco vO? < GF ~@(0) - Juco — wo] 4 Juco — ve 


and consequently, 


||u(t) - veo] Zuo — v(t)|] < wllu(t) - v(t)|/ + GU f(t) -g(t)). (4.10) 


Integration over [s, t] yields 


t t 
luce v(t) ||u(s) v(s)||") <w Jece) - v(z)|" dt + [go ~ g(t), u(t) — v(t), de. 


Ss Ss 
To obtain (ii), we note that (4.10) implies 


(em uto) ~v(2)") < 26-2" (f(z) — g(x), u(t) - v7), 


and so by integration we get 


t 
lju(t) — vie)|f° < e”“Ju(o) — v(o) |” +2 | oO (F(z) — g(r), u(t) — v(t), dt. (4.11) 
0 


Now, according to (4.11), it is clear that if f = g and u(0) = v(0), then strong solution 
(when it exists) is unique. 


4.3 The homogeneous problem for accretive operators 


In this section we will study the existence of a strong solution to the problem 


{" (t) + A(u(t)) > 0, (4.12) 


u(0) = x € D(A). 


where X is a Banach space and A : D(A) — 2* is an accretive operator in X. 
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Lemma 4.3.1. Let A : D(A) — 2* be an accretive operator satisfying the range condition 
(see Definition 3.10.1) and let (S(t))139 be the semigroup generated by Crandall-Liggett’s 
exponential formula. Then, for each x € D(A) and (Xq,Ug) € A, the following estimate 
holds true: 

lim sup S(t)xX — xX 


t0* 


x9) < (Ug; Xq — X)4- 
+ 


Proof. LetA > 0 andn < N. According to Proposition 3.4.1(a), we have Aj’ ‘x € AJ}x. 
Since A is accretive and uy € AX, (by hypothesis), there exists x* € J(Xq — J}'x) such 
that 


(x*, Uy — Ay’ 'x) > 0. (4.13) 


a+ 


pb? 
5, we 


By the definition of the Yosida approximant of A and using the inequality ab < 
get 


(AU) = 5 Oe) 


1) + Ls dis 2 
= ris »Xo Tax) + 34x Ih "x — Xo) 


= 5 (G0 — Ih) ~ "49 TIX) 


1 2 7 
> (x0 — EX = bo 2M x0 — 2x1) 


> (Io — Ix Io -JP x1): 
We know from (4.13) that (x*, uo) > (x*, Ay} “x). So, the previous estimate yields 
[ix — xo]! ~ Peo —JE XY? < 2A(X% ty). (4.14) 
Set 
f&Y) = WX), 


Inequality (4.14) can be written as 


(n+1)A 


2 = 2 
Ux xl? ~ Io xP <2 | FG - Fx. 09) ds 
na 


Hence, by induction, for each n € IN we get 
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n 


2 2 & 2 
ix - xo!” - xo - x1? = ¥ (Wx -x0ll” = bo SEXY) 
k=1 
(n+1)A 


<2 | f (Xo — J!" "x, up) ds. 
A 


Next, applying Corollary 3.10.1 to the above inequality, we obtain 


t 
||S(t)x — Xo] — Ix — x0ll” <2 | fq = SGN, ds: (4.15) 
0 


Finally, we notice that (cf. Example 1.11.1), for every x* ¢ J(x — Xo) = a(s lx — Xqll"), we 
have 


(0°22) < 5(llz~ Xoll~ be — x0l?), 


and therefore, 


1 1 * 
5 lIS(t)x Xo” 5x Xoll” = (x ,S(t)x — x). 


Now, applying (4.15), we derive 


t 


1 
(x", S(t)x — x) < [fe — S(s)xX, Ug) ds = | tf (Xp — S(tT)xX, Ug) dt, Vx" € J (x — Xp). 
0 0 


Next using the fact that f is upper semicontinuous (see Proposition 1.10.1(c)) and since, 
by Remark 3.10.1, the function t +> S(t)x is continuous, we conclude 


lim x SOX) <f (Xp —XUp), Wx" €J(X — Xp). 
t—0t 


Theorem 4.3.1. Let X be a Banach space, let A : D(A) > 2* be a closed accretive oper- 
ator satisfying the range condition, and denote by (S(t)),s9 the semigroup generated by 
Crandall-Liggett’s exponential formula. If x € D(A) and the function t +> S(t)x is differ- 
entiable a. e. in [0, +oo[, then u(t) := S(t)x is the strong solution of problem (4.12). 


Proof. Let x € D(A). We know that the function t + S(t)x is absolutely continuous on 
the compact intervals of [0, oo) (see Remark 3.10.1). Thus, condition (a) of Definition 4.2.1 
is fulfilled. Since t +» S(t)x is differentiable a.e., condition (b) in the definition of a 
strong solution is also satisfied. It is also clear that S(0)x = x, and so condition (c) of 
Definition 4.2.1 is satisfied. The only thing that we have to show is 


Oe S'(t)x+AS(t)x ae. (4.16) 
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To establish (4.16), it is equivalent to check that 
(S(t)x,-S'(t)x)€ A ae. (4.17) 


Let ty => 0 be such that the function t + S(t)x is differentiable at ty. Then there exists a 
function r(-, tg) : R — X such that lim,_,9 r(A, to) = 0, and 


S(t = A)x _ S(to)x = AS! (tg) x ap Ar(A, to), 
where 0 < A < ty. Since S(ty — A)x € D(A) and A satisfies the range condition, we have 


S(ty - A)x € D(A) ¢ [ | RU + AA). 
A>0 


This means that there exists (x,, y,) € A with 
X, + Ay, = S(t —A)X = S(ty)x — AS! (ty)x + AFCA, ty). (4.18) 
Applying Lemma 4.3.1 to S(tg)x € D(A) and (x,,y,) € A, we obtain 
(S' (tg) x, S(to)X — X,), < WX - S(ty)X) ,- (4.19) 


Since J (xq — S(to)x) is weakly” compact in X*, the supremum in (4.19) is achieved, that 
is, for all x* € J(S(ty)x — X,), there exists x; € J(x, — S(to)x) such that 


(xi Ya) = x", S" (to) x) 


From the above —x; € J(S(to)x — X,), and then (xj, y,) > (-xj, S’(to)x). In particular, we 
have 


(=XG.Yq + S'(ty)x) < 0. 
Now, using (4.18), we conclude that 


(-<, Seo +r(A, t)) <0 
whenever 0 < A < ty. Since x; € J(x, — S(to)x), we derive 


1 * 
A YStx~ a4)? < (xf, 7, t)) < |SCto)x—rallr@, 6) 


Hence So) < |r(A, to) |], and therefore 
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Accordingly, limy_,9+ X, = S(ty)x. Bearing in mind (4.18), we conclude that 


: a [ Slto)X- Xa ot )-- ! 
dim ya = lim ( 7 S'(ty)x +7r(A, to) | = -S (to)x. 


Next, since A is closed, we conclude that (S(tg)x, —S' (tg)x) € A, which ends the proof. 


Corollary 4.3.1. Let X be areflexive Banach space and let A : D(A) > 2* be anm-accretive 
operator. Then, for each x € D(A), problem (4.1) has a unique strong solution, which is 
given by 


—n 


s(x = lim (1+ <a) x, forallt > 0. 
n—+00 n 


Proof. Since A is m-accretive by Proposition 3.5.1, A satisfies the range condition. More- 
over, Proposition 3.5.1 guarantees that A is maximal accretive, and the use of Proposi- 
tion 3.7.1 shows that A is closed. On the other hand, Remark 3.10.1 says that the function 
t + S(t)x is absolutely continuous on compact intervals of [0, +oo[, and then, by Theo- 
rem 1.14.6, such a function is differentiable a. e. in [0, +co[. Now applying Theorem 4.3.1, 
we conclude the existence of strong solutions. The uniqueness follows from Proposi- 
tion 4.2.1. 


Definition 4.3.1. A Banach space X has Radon—Nikodym property (RN, for short) if every 
absolutely continuous mapping h : [0, T] — X is differentiable a.e. 


Remark 4.3.1. In Corollary 4.3.1 we have used the reflexivity of X to show that the func- 
tion t — S(t)x is differentiable a. e. because it is absolutely continuous. This fact can be 
generalized to Banach spaces with Radon—Nikodym property. Thus, Corollary 4.3.1 holds 
if we replace “X is reflexive” by “X has Radon—Nikodym property.” At this point, we refer 
to [79] where the reader will find a deep study of Banach spaces with Radon—Nikodym 
property. We mention, in particular, two very important classes of Banach spaces which 
enjoy this property: reflexive and separable dual Banach spaces. 


Recall that BV (0, T; X) is the subspace of L'(0, T;X) consisting of those functions f 
which satisfy 


V(f, T) = limsup | Iic+h) = fol dt < oo, 
ALO 


h 


and, if f ¢ BV(0,T;X), then it is essentially bounded and it has an essential limit from 
the right denoted by f(t+) at every t € [0, T). We will also use the notation 


t 


Vf, t+) = lim sup | Iie +h) FO" dt for0<t<T. 
Alo h 
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4.4 Integral solutions 


Let X be the Banach space C([{-1,1]). In [178, Example 4.7] an m-accretive operator A ¢ 
X x X is given such that its associated semigroup by Crandall—Liggett’s exponential for- 
mula is not differentiable a.e. and then the corresponding Cauchy problem does not 
have any strong solution (evidently, X does not satisfy Radon—Nikodym property). In or- 
der to solve this problem, we should give a more general concept of a solution for the 
Cauchy problem (4.12). 


Definition 4.4.1. Let X be a Banach space. A function wu : [0,+00) — X is called an inte- 
gral solution of the Cauchy problem (4.12) with initial data x) € D(A) if u is continuous, 
u(0) = X9, and 


t 
||u(t) - x — |lu(s) - x <2 fo u(t) — x), dt, 


for every (x,y) € A,0<S<t<-+00. 


Remark 4.4.1. Let A be an accretive operator satisfying the range condition. Let x) € 
D(A). If the function u(t) is a strong solution of the homogeneous problem, then it is also 
an integral solution of such a problem. To see this, assume that u is a strong solution to 
the Cauchy problem (4.12), thus we have 


u'(t)+A(u(t)) 30 a.e.and u(0) = Xp. 


Then, —u’(t) ¢ A(u(t)) a.e. Therefore, for (x,y) ¢ A, we have (-u’(t)—y, u(t)—x), > Oa.e. 
This means that there exists j(t) € J(u(t) — x) such that 


(u'() - 0,j(0) < (~y, u(t) - x),. 
Now by Kato’s differentiation rule, we obtain 


ld 


5 qld - all” < yu) -x),, 


and hence, by integration, 
t 
||u(t) - xf — |lu(s) - xf <2 fo u(t) — xX), dt. 
s 
This proves our claim. 


Theorem 4.4.1. Let X be a Banach space and let A : D(A) — 2* be an accretive operator 
satisfying the range condition. Then, for the Cauchy problem 
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{! (t) + A(u(t)) 3 0, (4.20) 


u(0) = Xq € D(A), 


the function u(t) := S(t)(Xo) = limy_,,,.,(I + SA) "(X9) is an integral solution. 


Proof. Let A > 0,n € N, and (x,y) € A. By Proposition 3.4.1(a), Ajj ‘Xp € AJj'Xo- Since A 
is an accretive operator, there exists x* € J(x —J/Xq) such that 


(x,y - At Xp) > 0. (4.21) 


Using the definition of the Yosida approximant A, and the estimate ab < * sz 


, we get 


- = ee 12... Di Sn 
(x*, Au’ Xo) = rics Jt Xo -JiXo) = rics x —JiXo) + 5K Jt Xp -X) 


2 (Oo Fito) SOCE 0G) 


- : 
> 5 (Ix Fol — x —allbe El) 


1 = 2 
a lx Fixe - x - TT xol) 


From the above estimate and (4.21), we obtain 
2 4. 42 : 
Lixo - xP - Ie FP x0l) < 2A¢x*, y). (4.22) 


Set f(x,y) := (y, X),. Inequality (4.22) can be written as 


(n+1)a 


2 1, 472 
Uixo— xf — Pe J%of* <2 [fx —J8P xo») 


na 


Consequently, 


2 7 2 442 
Lixo - xP = Ie —x0ll” = Y (Wao — xl = x Exo) 
k=1 
(n+1)A 


s2 [fej xy) as 


A 
Applying Corollary 3.10.1 to the latter inequality, we derive 


t 


|S(t)x9 - xf — |X - x? <2 [re — S(s)Xo,y) ds. (4.23) 
0 


Finally, if 0 <s < t < oo and u(t) = S(t)(X), it follows from (4.23) that 
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t 


t 
||u(t) - x — |lu(s) - xf <2 [re —u(t),y) dt =2 Ke: u(t) - X), de. 


s 


To establish the uniqueness of integral solutions, we will use the following result. 


Lemma 4.4.1. Let K be a nonempty, convex, and closed subset of a Banach space X and 
let T : K — K be anonexpansive mapping. Then for every x € K, the equation 


(4.24) 


u(t) + I - T)(u(t)) = 0, 
u(0) = x, 


has a unique classical solution u € C1(0, co; X) such that u(t) € K for allt = 0and 


u(n) — T"(x)|| < vallx - Txl, neN. 


Proof. Set v(t) = e'u(t), then v'(t) = eu(t) + e'u'(t) = e‘(u(t) + u’(t)), and therefore, 
equation (4.24) can be written in the form 


v(t) = e'T(u(t)) = e'T(e ‘v(t)), 


Thus, it is clear that problem (4.24) is equivalent to the integral equation 
t t 
u(t) =e 'x+e' | e°T(u(s)) ds =e ‘x + | e* ‘T(u(s)) ds. (4.25) 
0 0 


To establish the existence and uniqueness of the solution of problem (4.24), we are going 
to apply the Banach contraction principle. Let T > 0 and consider the Banach space 
(C(0, T;X), Il Iloo) Where lull, = sup{llu(o)|| : ¢  [0, T]}. 

Let S := {u € C(0,T;X) : u(t) € K Vt € [0, T]}. Clearly, S is closed and convex. Denote 
by Q the operator defined on S by 


t 
Qu(t) = e'x + f e* ‘T(u(s)) ds. 
0 


We first check that Q is well defined. To do this, we only have to see that the function 
t +» T(u(t)) is Bochner integrable. Since this function is continuous, it is measurable. 
Moreover, the map s +> ||T(u(t))|| is Lebesgue integrable, and hence, by Theorem 1.14.3, 
we conclude that the map t + T(u(t)) is Bochner integrable. 

Let us see now that Q(S) ¢ S. Let P = {Sp,...,S,} be a partition of [0, t], then 


foes'T(u(s)) ds _ fm wet MSS = 8-1 


f n at 
is est ds Plo Yi_g "(Sj — $4) 
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Since, for each i, i =1,...,n, T(u(s;)) € K, and K is convex, we have 
n esit 
m(S; 
FPG) usp eX 
za 1 oe 1 e%"(S; — $4) 


Using the closedness of K, we conclude that 


Le T(w(s)) ds 
(; es-t ds 


and hence, 
t 
| e*T(u(s)) ds € (1-e")K. 
0 
Again the convexity of K implies that 
t 
Qu(t) = e'x + | e° 'T(u(s)) ds € K. 
0 
Next, for any u,v € S, we have 


|Qu— Qvl|,, = sup 
te[0,T] 


t 
[en (Tu(s) — Tv(s)) ds 
0 


t 
sup |e ‘\|u(s) — v(s)|| ds 
0, nd 


<(1-e*)u- vo. 


This shows that Q is (1 - e 7)-contractive. Hence, by the Banach contraction principle, 
equation (4.25) has a unique solution u € S. Since T > 0 is arbitrary, the first part of the 
lemma is proved. 

To show the second part of the lemma, we note that, because T is a nonexpansive 
mapping, we have 


(x - Tx - (y- Ty), x -y), = Ix yl? - (Ty - Tx x -y), 


> [Ix -yll’ - Tx - Tyllllx — yl 
>0. 


This shows that the operator J — T is accretive. If u is a solution of equation (4.24), by 
Kato’s differentiation rule, we have 
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||u(t) - x] Z Juco -x||>x",(T-Du(t)) for allt > 0 and x” € J(u(t) - x). 
Since I — T is accretive, there exists x* € J(u(t) — x) such that 
d P 
||u(t) ~ x] leo -x||< x", (T-Dx) vt2>0, 

and therefore, 

d 

qe -x|| < ITx-xl| vt>0. 
So, by integration we obtain 

u(t) - xl] < tTx-xl| Vt>0. (4.26) 


Since u is a solution of equation (4.25), we have 
t 

u(t) — T"x = e *(x — T"x) + | e* *(Tu(s) — T"x) ds. 
0 


Next, because ||x — T”x|| < ||x — Tx|| + Tx - T?x|| + --- + ||7"1x — T"x|| and using the 
fact that T is nonexpansive, we get ||x — T”x|| < nlx — Tx||. This, together with the latter 
equation, gives 


t 
lju(t) — T"x|| < nex — Tx|] + | e*‘lu(s) — T"*x| ds. 
0 


Now, if, for every n € N, we denote 9,,(t) := |lu(t) - T"x||, then 


t 
on(t) <ne*9y(0) + | "oy 4(8) ds. 
0 


Moreover, by (4.26), we know that @)(t) < @,(0)t. 
We claim that, for alln € IN and t = 0, the inequality 


On(t) < (0) Ve +(n-t)? (4.27) 


holds. 
We will prove inequality (4.27) by induction. For n = 0, @9(t) < t,(0) < 9,(0) Vt + t?, 
t > 0, hence (4.27) is true. Suppose it is satisfied for n — 1. In this case, we can write 


t 
p(t) < ne ‘,(0) + | ets +(n-1-s)*@,(0) ds. 
0 
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Next, set d,(t) = n+ (; eS\/s + (n-1—s)2 ds. Then we have 
Pn(t) < 9,0) 'd,,(t). 


To show (4.27), it suffices to observe that 


On(t) <e'yt+(n-t, vt>0. 


since £(et t+ (n— 0) = et yt + (n— 02 + ef} —n +) Lit is clear that 


Vt+(n-t?’ 
t d t 
eyt+(n-1-t)*< an yt+(n-t)*), 


and therefore 


gi (t)=e'\t+(n-1-t? < eye +(n-t)2). 


Finally, by integration over [0, t], we conclude that 


o,(t) < eye +(n—t)*. 


Corollary 4.4.1. Assume that the conditions of Lemma 4.4.1 hold true and let u be the 
solution of problem (4.24). Then, for every A > 0, the function u,(t) := u(+) is the solution 
of the problem 


(4.28) 
u(0) = x, 


oe 
Moreover, for allA > 0 andn € N, we have 
lJua(na) - T"x|] < vallx - Tx1l. 


Lemma 4.4.2. Let X bea Banach space and let A ¢ X x X be anm-accretive operator. For 
every x € D(A) and A > 0, the problem 


TA + Aju, = 0, 
u,(0) = x, 


has a unique classical solution and 
lim u,(t) = S(O) 
A>0* 


uniformly on compacts subsets of [0, +00). 
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Proof: Applying Corollary 4.4.1 to equation (4.28) and taking T := J,, we obtain the first 
part of the result, and for each n € N, we have 


Juana) — 78x] < val —Jy)x] = AVAIA AL. 
Moreover, applying Proposition 3.4.1(c), we get 
||u,(nA) —Jz'x|| < Avn|Axl. 
According to Kato’s differentiation rule, we have 
||, (t) ~ x] FJ —x\| = (x",-A,u(t)), for any x" € J(u,(t) -— x). 
Since A, is an accretive operator (cf. Corollary 3.4.2), it follows that 
||u,(t) — x| Sato —x\| < (x",-A)x), for some x* € J(u,(t) - x), 
and consequently (use again Proposition 3.4.1(c)), 
d 
qlao ~ x|| < JAjxll < |AXI. 
So, by integration, we obtain the estimate 
||u,(t) — x|| < tlAxl. 
Following the same argument, for any x* € J(u,(t + h) — u,(t)), we have 
|u,(t + A) - uy(OI-S ent +h) —u,(t)|| < (x", A,uy(t) - Ajuy(t + h)) < 0. 


Since the map t+ }“|lu,(t +h) - u,(t)|I’ is negative, the function t + Siu,(¢ +h) - 


u,(t)II7 is decreasing, and therefore 
||u,(t + h) — ug(t)|| < |]u,(h) - xl] < hIAXt. (4.29) 
For t > 0, let n € N be such that t = nA + y, with 0 < y < A. Then, by (4.29), we have 
\|u,(t) — ug(nd)|| < ylAx\. 
Now, by Remark 3.10.1, we know that 
|S()0d) -— S(nA)x|| < 2y Axl, 


and the use of Proposition 3.10.1 implies that 
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2na 
|S(na)x — J7x|| < a = 2AVn|Ax|. 


Finally, making use of the above inequalities, we can write 


lualt) — Se00)|| < Jug) — uy(nd)]] + |ua(ra) —JZ00| 
+ CO = S00] + [Sra0d - 5,00] 
< plAx| + Vna|Ax| + 2A-Vn|Ax| + 2y|Ax| 
< (y+ Vnd + 2AVn + 2y)|Ax| 


and, since 0 < y < A, we obtain the result. 


Remark 4.4.2. The above lemma also holds for accretive operators A : D(A) > 2* sat- 
isfying the condition co(D(A)) ¢ (,,9 RU + AA). 


Lemma 4.4.3. Let g : [a,b] x [a,b] — R be a continuous function. If for every s, t, a, B 


satisfyinga<s<t<banda<a<fB <b, the estimate 


t 


(g(a, t) — p(0,s)) da < (ora T) — @(B, t)) dt 


s 


RS 


holds, then the function t + g(t, t) is monotone decreasing on [a, b]. 


Proof. We define F(t, s, B, a) := Man (t, €)dé) drt for t,s, B, a € [a,b]. Since 


B B 
re) re) 
<F(ts,B,0) + <F(t5,4,B) = J oe: t) ag - | 0 s) dé 


a 
and 


a 


t t 
0 
apt S, B, @) + Saf (SB: Qa) = | oe t) dt - | oe T) dt, 


it follows from the assumptions, for s, t,a, B witha<s<t<banda<a< <b, that 


a 
op 
Now, choose arbitrary s, tsuch that a < s <t <b,andset G(h) := F(t+h,st+h,t+h,s+h) 


with 0 < h < b-t. Then Gis continuous on (0, b — t] and differentiable on (0, b — t), and 
we have 


SF (Ls.f, a)+ LazG s,B,a) + —Fi(t,s, B,a) + oC, s,a, B) <0. 


G'(h) = Sr ethsthtrhsth+ Sr erhs+ht+hs+h) 
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a 
ap 


+—F(t+hs+htt+h,s+h)+ SFerhstht+hs+h) 


<0. 


Hence G is monotone decreasing on [0, b — t] and therefore, for every h € (0,b - t), we 
have G(h) < G(0), that is, 


t,t t,t 


[(Joes he eh tr) dé < [(Jo 0 tr) ae. 


Dividing both sides by (t — s)’, passing to the limit as s > t”, applying l’Hépital’s rule, 
and bearing in mind that @ is continuous, we obtain 


o(t+h,t+h)<o(tt), foral0<h<b-t. 


This means that the function t +» (t,t) is monotone decreasing, which completes the 
proof. 


Theorem 4.4.2. Let X be a Banach space and let A : D(A) — 2* be an accretive operator 
satisfying CO(D(A)) © (js RU + AA). Then the unique integral solution of the problem 


u’(t) + A(u(t)) > 0, 
u(0) = Xo € D(A). 


is the function u(t) := S(t)(X9) = lim 


N—-+00 


(I+ £A)"(%). 


Proof. By Theorem 4.4.1, we know that u(t) := S(t)(x,) is an integral solution. Assume, 
toward a contradiction, that v : [0, co) > D(A) is also an integral solution. 

We claim that, for 0 < s < t < oo, the inequality ||u(t) — v(t)\|? < |Ju(s) - v(s)||” holds. 
Indeed, since v is an integral solution, it satisfies 


t 
|| v(t) - xf < |\V(s) - xf +2 | (w v(t) — x), dt, (4.30) 


s 


for (x,u)<¢ Aand0<s<t<o. 
Let u, be the unique classic solution to the problem 


{2 + Ayu, = 0, 
u,(0) = Xo, 


(the existence of u, follows from Lemma 4.4.2 and Remark 4.4.2). Set w(t) := J,u,(t). 
Then 
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lim w,(t) = u(t), 
A-0t 
uniformly on compact subsets of [0, oo). It is an easy consequence of the following fact: 
|wa(0 — UC) < Pay ~fpulO| + Paulo) — UCOl < ftg(O — uO + Yau - WO]. 


Taking in (4.30) x = w,(o) and u = -u}(0) = Aju,(0) € AJ,uy(a) = Aw,(o), we obtain 


t 
|v(t) - w,(o)||" < ||v(s) - w,(a)||" +2 Jao v(t) — w,(o)) , de. 


s 


On the other hand, by Kato’s differentiation rule, we have 


se luto) -v(0)|) = ( “wio), u,(a) - we) 
Moreover, since w,(t) — u,(t) = AA,u,(t), it is clear that 
Jim [in —w,(t)|]=0 uniformly on compact subsets of [0, co). 


Thus, since the function (-,-),, is upper semicontinuous, we get 


Bt 
lim sup | [(Zwo.we) - w,(0) ) dt da 
A>0t es do a 


Bt 
1d 2 
< lim sup | | -~=—||u,(0) - v(t)|| dt do 
JJ 2da 


t 


=-2 fu wo — feo —vef) a, 


Ss 


for all0 < a < B. Now, foro,t = 0, define g(a, T) := Sllu(o)—v(t)|?. ASA — 0*, the above 
inequalities yield 
B t 
Jo, t) — g(a, s))do < [oc T) — @(B, 7)) dt. 
Ss 


a 


Next, applying Lemma 4.4.3 to the latter inequality, we prove the claim. 
Finally, because u(0) = Xq = v(0), we conclude that u = v. 


Remark 4.4.3. Suppose that A : D(A) — X is an accretive operator satisfying the range 
condition. Theorem 4.4.1 shows that u(t) = S(t)(Xp) is an integral solution for the prob- 
lem 
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oe +A(u(t)) > 0, 
Xo € D(A). 


On the other hand, in Theorem 4.4.2, we see that if co(D(A)) © (],,)RU + AA), then 
u(t) = S(t)(xXq) is the unique integral solution for the above problem. Later, in Theo- 
rem 4.6.2, we will see that in order to obtain the existence and uniqueness of an integral 
solution, it is sufficient to assume that A is an accretive operator satisfying the range 
condition. 


We close this subsection by showing that a single-valued accretive operator with the 
domain being the whole space is m-accretive whenever it is continuous. 


Theorem 4.4.3. Let X be a Banach space and let A : D(A) = X — X bea continuous 
accretive operator. Then A is m-accretive. 


Proof. To prove that A is an m-accretive operator, we must show that for any y € X there 
exists x € X such that y = x + Ax. Without loss of generality, we may assume that y = 0. 
Otherwise we could shift the range of A, i.e., we would use the operator A := A — y. 

To get the result, let uy be an arbitrary, but fixed, element of X, and consider the 
differential equation 


A (t) + Au(t) = 0, (4.31) 


u(0) = Up. 


This initial value problem has a unique classic solution in C1(0, co; X). Indeed, if we sup- 
pose that problem (4.31) has a unique classical solution whenever A : D(A) = X — X is 
continuous and accretive, then the problem 


\ (t) + (I + A)u(t) = 0, (4.32) 


u(0) = Uy 
has a unique classical solution, namely u(-) € C0; co; X). Hence, 
u(t +h) —u'(t) = -Au(t +h) + Au(t) - u(t +h) +u(t), Vt>0, 


and therefore, by Kato’s differential rule and the fact that A is accretive, 


- Vt > 0. 


u(t +h) - uo 5 uc +h) —u(d)] < —fuce +h) - uc] 


By integration on [0, t], we obtain 


u(t + h) - u(t)|| < euch) - ul, Vth > 0. 


Analogously, since u’(t) = —Au(t) — u(t), we have 
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||u(t) - uo 5 fete = Up|| = (x",-Au(t) - u(t)), Vt>0andx* €J(u(t) - ug), 


that is, 


d 
uo) — ual] 5 luo - uoll < —luo Ug! + [uCt) — Uo (Awol + lull). 
Thus, by Gronwall’s inequality, 
||u(t) - ugl| < A - e')(||Aup|| + llupll). 


Hence 


(1—e ")(JAwoll + uoll) _ 


h e “(Aull + Iuoll)> 


ju’) < elim 
h-0 

and therefore lim,_,,,, u’(t) = 0. Since 
u(t +h) — u(t)|| < e‘|u(h) - up|] < e*(1-e")(|Aup| + Ilupll), Veh = 0, 


we know that there exists x € X such that x = lim,_,,,, u(t). Finally, letting t — +oo in 
u'(t) + (I+ A)u(t) = 0, u(0) = Up, we obtain x + Ax = 0, as needed. 

Let us see that problem (4.31) has a unique classical solution. The uniqueness is a 
consequence of Proposition 4.2.1. For the existence, by the continuity of A, we can con- 
sider a ball B,(ug) such that ||Ay|| < M for ally € B,(ug) for some given M > 0. Let T > 0 
be such that MT < rand consider a sequence of positive numbers (€,)nen Such that 
€, | 0. We will show that, for every n € N, we can build a partition (e of the interval 


[0, T], and a function u, defined on the partition Gaur by the recursive formula 
Un(t;) = Un(th 4) — (t7 — ty )AUn(te 1), Un(0) = Up, 1=1,2,..., ky (4.33) 
such that 
[y — un(tiia) ll s MCG ~ ty) = [Ay — Unltd S En: (4.34) 


Indeed, define tj = 0 and u,(0) = ug; since A is continuous, there exists 65 > 0 such 
that 


Ay - Au, (to) || < €, whenever lly — u,(t>)|| < 69. 
Define t} = tj + 5 UA) = te) 5 au, (th). Then there exists 5/' > 0 such that 


ly - u(t?) || < 61 = Ay -Au,(t)I| < en. 


150 —— 4 Abstract Cauchy problem 


Define again t} = t} + = and u,(t}) = Hh) & au, (th), and continue the process. We 
can suppose that at ae step the number ° is maximal with respect to property (4.34). 
Let us see that after a finite number of steps the point T is achieved. Suppose to the 
contrary. Then lim;_,,, t}' = s < T. Notice that u,(t}}) = Ug- 5 A(ug), then u,(t}') € B,(Ug). 


Moreover, since Un((th)) = Up - 5 Au, - & Au, (th), one has 
| (t") | z (32 oy *) 
u -u —+— |M <r, 
ne ‘ M M 


which proves that u,(t?) € B,(Ug). 
Finally, if we assume that u, (tt 4) € B,(ug), then the relation 


yields 
i gn 
net) wh (3 Jas <r 
Consequently, u,,(t!") ¢ B,(ug). Now from (4.33) we obtain 
jun (t”) —up(t?,) | <6", i=12,... 


Therefore the limit limj_,,..5 Un(t}’) exists and is, say, v. 
by. the maximality of the numbers a there is y; « X such that 67, < |ly;-Up(tj.,)Il < 
on, +; and 


Ay; - Au,(t;",)|| = (4.35) 
However, lim;_,,..5. ¥j = liMj_,409 Un(t!) = v. Since A is continuous, we conclude that 


lim Ay; = Jim Au,(t;') = Av. 


i>+00 +00 


This contradicts (4.35). 
Define the function u, : [0, T) — X by 


u,(t) = Un(ti-1) 2, (t a fr a\Au tts); for t € [ti ti’. 


Then u, is continuous on [0, T) and u} (t) + Au, (tt “,) = 0, fort ¢ (tt - t?). Using the fact 
that ||u,(t) — u,(t},)|| < 67, it follows from (4.34) that 
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ui(t)+Aun(t)=Zy(t), t€ (ty, ¢7)» 


where g,, satisfies ||2,(t)Il < €n- 


Analogously, for every m,n ¢ Nandt € Aj := (th. tP) n (te 


Hae t;"), it is clear that 
Uj (t) — Uy(t) = AUm (ty) — AUn(ti4)- 


Since ||u,(t) — Up(t},)I| < 67, and |lu,(t) - Un(t_)ll < Os forallte A 
derive 


i> from (4.34) we 


Un(t) — Uy (t) = AUm(t) — AUn(t) + Smn(t), Ve € Ay, 


with |l2mn(O)Il < Em + En. Kato’s differential rule yields 


[a 


Jen) — Un (Ol = (Atl (O) — Aun(t)) + OC Smal)» X* €J(Up(t) - Un (O))- 


NieR 
Qa 


t 


Since A is accretive, (x*, Au,,(t) — Au,(t)) < 0, and hence 


lun (t) a Un(t)|| s Jun (C) = Un (t)| Smn(t)| » teA 


d 
al i 


DIR 


Since (0, T) = U,; Ay, by integration we obtain 
|un(t) -— Un(t)|| < (Em +en)T, Ve € [0,7]. 
This means that u(t) := lim,_,,,, U,(t) exists uniformly in [0, T]. 


Let us prove that u is a solution. Indeed, since ut (t) + Au,(t) = g,(t), we have 


t t 
Uy (t) — Up = - | Aunts) ds + | gn(s) ds. 
0 0 


Since u, — u uniformly on [0,T] and g,, — 0 uniformly on [0,T] as n — oo, we infer 
that 


t 
u(t) = Ug - | aus ds, Wt [0,T). 
0 


Hence u is a solution to problem (4.31) on [0, T). Now, let [0, T,) be the largest interval 
of existence of u and suppose that Ty < +oo. Since u is a solution of the problem u’(t) + 
Au(t) = 0, u(0) = Up, and A is accretive, then lim,.7, u(t) = u(To) and, by the continuity 
of A, we obtain 


és ! __} Sas, 
aad u (t) = ue) Au(T). 
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Now, we can consider the initial value problem 


bes +T)) + Au(t + Ty) = 0, 


u(Ty) = Up. 


Proceeding as above, we may prove that there exists T’ > 0 such that the above equa- 
tion has a solution on [0, T’), and so u can be extended at the right of Tp, which is a 
contradiction. This proves that Ty = co and the proof of the theorem is complete. 


4.5 The inhomogeneous problem for accretive operators 


Let X be a Banach space and let A c X x X be an m-accretive operator on X. In this 
section we will study the concept of a solution (called integral solution) of the following 
problem: 


u’+Ausf a.ete[0,T], 


u(0) = Xp, (4.36) 
0<T<+0, 


f €L'((0,T),X) 


Integral solutions were introduced by Ph. Bénilan [36] and they allow solving prob- 
lems of type (4.36) in very general contexts. Although, integral solutions cannot be inter- 
preted as solutions of problem (4.36) in a pointwise sense, we will see that every strong 
solution is an integral solution and, moreover, under certain additional assumptions, it 
is possible to obtain a regularization of such solutions. 


Definition 4.5.1. A function u : [0,T] — X is called an integral solution of (4.36) if u is 
continuous, u(0) = Xp, and 


t 
u(t) — x\|° — ju(s) - x]? <2 [vo —y, u(t) — x), dt, 


for every (x,y)<¢ AandO0<s<t<T. 


Remark 4.5.1. Let A be an accretive operator satisfying the range condition and let xy € 
D(A). If u(t) is a strong solution of the inhomogeneous problem (4.36), then it is also an 
integral solution of such a problem. Indeed, if u is a strong solution to problem (4.36), 
then u satisfies 


u'(t)+A(u(t)) > f(t) a.e.and u(0) = Xp. 


Hence, f(t) — u’(t) ¢ A(u(t)) a.e. Therefore, given (x, y) ¢ A, we have 
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(f(t) -u'(t)-y,u(t)-x), >0 ae. 
This means that there exists j(t) ¢ J(u(t) — x) such that 
(u'(t) - 0,j() < (f(O) -y, u(t) - x). 


Now, it follows from Kato’s differentiation rule that 


& ute -x|) < F@ -y, u(t) -x),. 


Nike 


By integration, we get 


t 
||u(t) - xf — |lu(s) - xf <2 [vo —y, u(t) — x), dr. 


This proves that u is an integral solution of the inhomogeneous problem (4.36). 


Remark 4.5.2. Let A be an m-accretive operator and f € L'(0, T;X). Then, for A > 0, the 
problem 


Uy t+ Aga =f, 
u,(0) = x 


has a unique classical solution for every x € X. This fact can be established using the 
Banach contraction principle as in the proof of Lemma 4.4.2. 


Theorem 4.5.1. Let A c X xX beanm-accretive operator on a Banach space X. Then, for 
each f <€ L'((0,T),X) and, for every Xq € D(A), there exists a unique integral solution of 
problem (4.36) such that u(t) € D(A), for every t € [0, T]. Moreover, ifu, v are two integral 
solutions of the problems 


u'+Ausf, v'+Avagae.te [0,T], 
u(0) = v(0) = Xo, 

f.g €L'((0,T),X), 

0<T < +00, 


then the inequality 


t 


seco v(t) < sluts) ~v(s)|? + i) ~ g(t),u(t)-v(t)), at (4.37) 


s 


is satisfied for all reals s andt such that0 <s<t<T. 
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Proof. For the sake of clarify, the proof will be divided into three steps. 

Step 1. We first show the existence of an integral solution u. 

(i) Assume that f(t) = yo on [0, T]. It is easy to see that Ay = A — yg is an m-accretive 
operator, and so it generates a semigroup 


So = {S(t) : D(A) > D(A)} 
defined by the Crandall—Liggett’s exponential formula. Moreover, by Theorems 4.4.1 
and 4.4.2, Ug(t) = S(t)xX, will be the unique integral solution of the differential inclusion 


Hult +Au(t) > yo, Uu(0) = Xp. 


The Yosida approximants of Ay are Ap,(x) = A,(x + Ayo) — Yo, X € X. It follows from 
Lemma 4.4.2 that the problem 


dug) 


Rate —Agaloa = —Ag(Uoa +AVo) + Yo. Upa(O) = Xo, 


exists uniformly in [0, T]. Now, consider the classical solution of the problem 


du 
aE =-AjU,+Yo, Uy(0) = Xp; 


and therefore 


d 

qa — Upg(t)) = Agua + Ay(Uoa + AYo). 

Hence, using Kato’s differentiation rule and the fact that the Yosida approximants are 
accretive operators, we infer that there exists x* € J(u,(t) — v(t) — Ayo) such that 


d & 
ua) — Uo, - Avo at lua) — Ua) — Ayoll = (x7, -Aguy(t) + A (Uo,(t) + AYo)) <0, 
and then 
d 
qlee = Uga(t) —Ayo|| <0 a.e. on [0, 7]. 
By integration, we have 
|| u,(t) — Uga(t) - Ayp|| SAllyoll, t € [0, T], 


thus, the limit 
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li t)= li t)= t 
Jig aC = Ji oi) = 240 


exists uniformly on [0, T]. 
(ii) Suppose that f is a simple function on [0, T], namely, f(t) = y; for t;,_, < t < t,, 
with i = 1,...,n where t) = 0 and t, = T. Then the solutions u, of the equation 


a +Aju, =f, u,(0) = Xp, t€ [0,T], 


are given by 
u(t) =ui(t-t.4) fort, <t< t, 
where ul, 1<is<vn,are the solutions of the problems 


du, 


a 
. “AU, + Yp OSES ty- tea, UA(0) = Wha) = Uy (ti - G4) 


Thus, applying (i), we conclude that lim,_,9+ u,(t) = u(t) exists uniformly on [0, T]. Since 
u(t) is an integral solution on every interval [t;_,, t;], itis possible to verify that u(t) is an 
integral solution of the initial value problem. 

(iii) Finally, let f € L((0, T),X). In this case, there exists a sequence of simple func- 
tions (f;,) new Which converges to f. Let u? be the solutions of the Cauchy problem 


du; n n 
ae -Ayu,+fy t<€[0,T], uy(0) =x, 


and let u, be the solution of the equation 


a +AU, =f, u,(0) =X, t € [0,T], 


and consequently, 


d 
aa — Uj) = -Ayu, + f + Aguy - fy. 


Hence, for some x* € J(u, — U4), 
n d n * n * 
Ju - uy Lalu — Uy] = x", Agu + Aug) + ODF - fad 
< lua - uF - fall 


This implies that 


Su, — ull s [FO -fy(0| ae.on (0,71, 
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and therefore, 


Va 


u(t) - ur] < fir ~ f(t)| at. 


0 


Let A, y > 0. Then 
||, (t) - uy (t)|| < |lu(t) -— uf] + Juz @ - uy (t)| + ue) (0) = u,(t)}. 


Notice that the first and last terms on the right-hand side of the above expression con- 
verge to zero as n — oo. According to the previous point, for each fixed integer n, u" := 
lim,_,o+ u} exists uniformly on [0, T]. Hence, we may affirm that u(t) := lim)_,9+ u(t) 
exists. 

Now we will check that u(-) is an integral solution of problem (4.36) which we are 
looking for. To this end, we first note that each u"(-) is an integral solution of the corre- 
sponding problem and thus they have to verify 


t 
u(t) — x" — Ju"(s) — x" <2 | (nce) —u,u"(t) -u), dt, 


s 


for all (x,u) ¢€ A,0 < s <t < T. Since the limit lim,,_,,,, u"(t) = u(t) exists uniformly on 
[0, T], and uj (t) € D(A), for all t € [0,7], we conclude that u"(t) ¢ D(A). Consequently, 
u(t) € D(A) for all t € [0,7]. Next letting n go to +o, we infer that u(.) is an integral 
solution. 

Step 2. Let us see that inequality (4.37) is satisfied. Suppose that u and v are integral 
solutions of problem (4.36). In this case 


t 
vt) — x] < |Jv(s) — x]? +2 [ew —u, V(t) —X), dt, (4.38) 


s 


for (x,u) ¢€A,0O<s<t<T. 
Consider the solutions u, of the problem 


U,+Au, =f, Uy(0) = Xp, 
and set w,(t) = J,u,(t). Hence 
ny w,(t) = u(t) 
uniformly on (0, T]. In equation (4.38) we take x = w,(a) and 


u = f(a) - £ w(o) = A,u,(0) € AJ,u,(a) = Aw,(a); 
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thus, we have 


t 
||v(t) - w,(0)||" < |[v(s) - w,(0)||" +2 f(s -f(o)+ £ wo), v(T) - w,(0) ) dt. 


On the one hand, Kato’s differentiation rule guarantees that 
1d 2 d 
5 gg alo) wef = ( s-us(o),u4(0) ~ ve) ) 
Since w,(t) — u,(t) = AA,u, (0), it is clear that 


Him ta) —w,(t)|| =0 uniformly on [0, 7]. 


On the other hand, the upper semicontinuity of the function (¢-,-), (cf Proposi- 
tion 1.10.1(c)) implies that 


A>0* 


Bt 
lim sup | f(s -f(o)+ £ wo), v0) - w,(0) ) dt do 


t 
< Jim [ew -f(G), V(t) - wy(a)) , dt do 


| 
a 
= 5 | (hae) v(0) | ||, (a) v(z)||") dz, 


and this holds for every0 <a<f<T. 
Now, for o,T € [0, T], set 


(0,2) = sIu(o) - vo)? 
and 


(9,7) = (f (0) - g(t), Ua) - v(z)),. 


According the above inequalities, if A tends to 0+, then we obtain 


B Bt t 
(oe. t)- p(0,s)) da < | | W(o,T) dtda + [oc T) — (8, T)) dt. (4.39) 


Let 9, and y, be the regularizations of the functions @ and y, respectively, that is, 
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Oy (t, 8) = Py(t - 0,8 -— T)p(0,T) dt do, 


Y,(t,$) = p,(t - 0,8 — T)W(a,T) dt do, 


o— 4 os 43 


| 
| 


where 
Pn(t,s) =n’p(nt)p(ns), p< D(R), p>, 


the support of p is contained in the interval [-1, 1], [i p(t) dt = 1, and p(t) = p(t) for 
every t € R (see, for example, [46, Chapter IV]). 
Let - <a<fB<Tand i <s<t<T. It follows from (4.39) that 


B t B t 
| onto, t) - 0,(0,8) do + | (on. T) -@,(a,T)) < | da | ~, (0, T) at, 
and therefore 


0 0 
57 Onto T) + 59 On T) ss Pn(O, T), 


whenever + < o, 7 < T. By integration, this yields 
n 


t 
Q(t t) < On(S,8) + | Yate, adr 


whenever 1 <s<t<T. Letting nto +co, we obtain 


t 
p(t, 0) < (s,s) + | vec T) dt 


for 0 < s <t < T. This shows (4.37). 

Step 3. The uniqueness of the integral solution is an easy consequence of (4.38) since 
(4.37) implies that the function t + ||u(t) —v(t)|| is decreasing in [0, T], and we know that 
u(0) = v(0). 
Corollary 4.5.1. Let A c X x X be an m-accretive operator on X. Then for, each f «€ 
LEG, co), X) and for, any Xp € D(A), there exists a unique integral solution of the problem 


Ul 
i +Ausf aete [0,+co[, (4.40) 


u(0) = Xo 


such that u(t) € D(A), for every t ¢€ [0,T]. 
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Proof: Given n ¢€ N, consider the unique integral solution u,, of the problem 


ree af a.e.te[0,n], 


u(0) = Xo 


and define the mapping u : [0,co[ — D(A) such that if t < n, then u(t) = u,(t). By 
Theorem 4.5.1, we know that u is the unique integral solution of problem (4.40). 


Corollary 4.5.2. Let X beareal Banach space and let A : D(A) < X > 2* beanm-accretive 
operator on X. If B: X — X is ak-Lipschitz mapping, then the problem 


{ (t) + A(u(t)) > B(u(t)),  t € (0,+00), (4.41) 


u(0) = Xp € D(A) 
has a unique integral solution. 


The proof of this corollary is taken from [111]. 


Proof. Let T > 0 bea fixed real number. Consider the set K := {u € C(0,T;X) : u(O) = Xo}. 
Given v € K, the problem 


i +A(u(t)) > B(v(t)), tt € (0,7), eis 


u(0) = Xo; 


has a unique integral solution, namely S(v) € kK. Hence, we can introduce a mapping 
S : K — K which assigns to each v € K the unique integral solution S(v) of the above 
problem. From the definition of integral solution, it follows that 


t 
|S(v)(t) - S(w)(0)|| < | kive) — w(t)|| dt < kt max{|v(s) - w(s)|| : s € (0, t]}. 
0 


An inductive process gives that, for each n € IN, 
kt)" 
|S"(v)(t) - S"(w)(t)]] < a max{||v(s) — w(s)|| : s € [0, t]}, 


and therefore, 


(kT)" 


Is"w -s"],, < 
n: 


Iv — Wlloo- 


Hence, there exists my € IN such that S” is a contraction on K. Since K is a closed set of 
the Banach space C(0, T; X), the Banach contraction principle says that S has a unique 
fixed point in K. This fixed point is the unique integral solution of problem (4.42). 
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Finally, we may define, given t > 0, u(t) := u;(t) where ur is the unique integral 
solution of (4.42) with T > t. Consequently, u is the unique integral solution of problem 
(4.41). 


4.5.1 Linear case 


Let X be a Banach space and let A : D(A) ¢ X — X bea single-valued linear operator. If 
—A is the generator of a contraction C)-semigroup, then Lumer-—Phillips theorem (The- 
orem 2.4.2) shows that A is an m-accretive operator with dense domain and therefore 
Theorem 4.5.1 guarantees that problem (4.36) has a unique integral solution for every 
initial data. 

The main goal of this subsection is to prove that, when —A is the generator of a 
contraction Cy-semigroup, the integral solution of (4.36) has a special form. 

Let (S(t)) be the Cy-semigroup generated by —A, if we assume that problem (4.36) 
has a classical solution, namely u. Then the function g(s) := S(t - s)u(s) if differentiable 
for 0 < s < t (see Proposition 2.1.4) and 


g'(s) = AS(t — s)u(s) + S(t — s)u'(s) 
= AS(t — s)u(s) — S(t — s)(Au(s)) + S(t - s)f(s) 
= S(t = sf (s), 


Since f € L'(0,T;X), S(t — s)f(s) is integrable, integrating the above equality g'(s) = 
S(t — s)f(s) from 0 to t yields 


t 
u(t) = S(t)Xx9 + sc — s)f(s) ds. (4.43) 
0 


Definition 4.5.2. Let X be a Banach space and let A : D(A) ¢ X — X bea linear operator 
such that —A is the generator of a Cp-semigroup of contractions (S(t)),.9. Let Xp ¢ X and 
f € L'(0,T;X). The function u € C(0, T;X) given by 


t 
u(t) = S(t)Xx9 + se -s)f(s)ds, O<t<T 
0 


is called a mild solution of problem (4.36) on [0, T]. 


The definition of a mild solution of problem (4.36) coincides, when f = 0, with the 
corresponding integral solution for the homogeneous problem. 


Theorem 4.5.2. Let X be a Banach space and let A : D(A) ¢ X — X be a linear operator 
such that —A is the generator of a Co-semigroup of contractions (S(t)) so. Iff € c1(0, T;X), 
then problem (4.36) has a classic solution for every x € D(A). 
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Proof. Define the function v(t) := if S(t—s)f(s) ds = (k S(s)f(t— s) ds. It is clear that v is 
differentiable for t > 0 and 


t t 
v'(t) = S(t)f(0) + scoy'e — s) ds = S(t)f (0) + sc - s)f"(s) ds. 
0 0 


Hence v is continuously differentiable on (0, T). 
Now, for h > 0, it is not hard to check the identity 
(t) 


S(t) =I _ vet h)- vO) 1‘f" 
h = h 


-> | S(t +h—s)f(s)ds. (4.44) 


t 
From the continuity of f, we have that 


t+h 


lim | S(t +h —s)f(s) ds = f(t). 


t 


Since v is continuously differentiable on (0, T), it follows from (4.44) that v(t) € D(A) for 
0 <t < T and —Av(t) = v'(t) — f(t). Bearing in mind that v(0) = 0, we may conclude that 
u(t) = T(t)x + v(t) is a classic solution of problem (4.36). 


For f € L(0, T; X), the initial value problem (4.36) has, by Definition 4.5.2, a unique 
mild solution. Now we are interested in showing that this mild solution coincides with 
the integral solution of (4.36). 

We start with the following technical result, which is a variation of Gronwall’s 
lemma. 


Lemma 4.5.1. Let  € C((0,T]) andy € L'([0,T]) be such that 9, > 0. For every s,t € 
[0,T] with s < t, the following conditions are equivalent: 

(a) p(t) -9(s) < f. x(x) dr, 

(b) p(t)? - g7(s) <2 [. o(a)y(a) ae. 


Proof. (a) = (b) We define the functions f : R — [0,+oo) andg: R — Ras follows: 


7 is if t € [0, T], ee i if t € [0, T], 
0 ifr ¢ [0,7], “lo ifr ¢ [0,7]. 


Choose a nonnegative, infinitely differentiable function p : R — [0,0o) such that 
p(t) = Oif|z| > 1 and | tes p(t) dt = 1and, for each ¢ > 0, define 


+00 +00 


p,(T) := ~0(£), f-(T) = | pa)f(t-a)do, and g,(t)= | p,(a)g(t — 0) do, 


—co —0o 
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where 7 € R. It is well known (see, for instance, [46, Chapter IV]) that f,, g. € C° (IR) and 
dim f.(t) = f() = 9), Tt € (0,7). 


Let 0 < 2e < Tande<s<t<T-e.Thenby (a) we have 


t 
o(t-8 -9ls-< xc Jaae 


for any € with |é| < e. Multiplying both sides of the above inequality by p, and integrating 
with respect to ¢ on [—€, €], we obtain 


t 
f-(t) -f,(s) < | sete) dt. 


Dividing both sides by t — s and letting s — t , we infer that f(t) < g,(t). Hence, we 
obtain 


Ay < 2f,(Og-(t), t¢[e,T-e]. 


Integrating the latter equation over [s, t], we get 


t 
f(t) —f2(s) <2 | feleigete) dt, e<s<t<T-e. 


s 


Now, since |f,(7)| < M := sup{|g(z)| : tT € [0, T]} and 


t t 
| (Ce) -g2()) de ~ | festa) de 


Ss Ss 


1 t 
< | vcr | If-(7)(g(t — €0) — g(7)I) tr) do 
“4 Ss 
t 


1 
<M | pir fet - €0) — g(7)| tr) do. 


“4 s 


Letting ¢ — 0*, the above expression yields 
t t 
[fetergte)ae > | foergte) ar. 
Ss Ss 
Accordingly, 


t 
Prt) —f2(s) <2 | f(og(Ddt, 0<s<te<T. 


s 
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So, we conclude that 
t 
Q’(t) - 0"(s) <2 | o(t)y(t)dt, O<ss<t<T. 
Ss 


Here if we let s > 0* and t — T’, the inequality holds for every s,t ¢ [0,T] withs < t. 

(b) = (a) Consider the additional functional Y(t) := 59°(s) + [, o@)y(x) dt. By (b), 
it is clear that 59° (t) < W(t), and therefore g(t) < /2W(). Bearing in mind the definition 
of w, we have 


Y(t) = x(t) < x(O\2v0), 
and therefore 


dp wt) _ x(t) 
— vo ATO h ea 


Integrating over [s, t], we get 


1 


t 
WoO- wo < = | x dr. 


Since y(s) = 59°(s), we conclude 


t 
o(t) < \2H(0 < 91s) + | (0) dr. 


Theorem 4.5.3. Let X be a Banach space and let A : D(A) ¢ X — X bea linear operator 
such that —A is the generator of a Co-semigroup of contractions (S(t)),9. The mild and 
integral solutions of problem (4.36) coincide. 


Proof: Since D(A) is dense in X, let (X,) nen be a sequence of elements in D(A) such that 
sr 
Xn — Xo. Because C1(0,T;X) = L‘(0,7;X), we take a sequence of functions (f,) new in 
c1(0, T;X) such that f, > f in L'(0, T;X). 
Now, consider the problems 


{i +Au, =f, te [0,7], (4.45) 


u(0) = Xp, 0<T < +00. 


By Theorem 4.5.2, we know that, for each n € N, problem (4.45) has a classical solution, 
namely u,. Hence u, is the mild and integral solution of that problem, we have 
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t 
U,(t) = S(t)X, + [se — s)f,(s) ds (4.46) 
0 
and 
t 
lJun(t) — x" — jup(s) — x] < 2 | (nce) — A(x),U,(t) - x), dt, Vxe D(A). (447) 


The relationship between solutions u, and u,, is given in Theorem 4.5.1. This theorem, 
together with Lemma 4.5.1, yields 


t 
[un (t) — Ua (t)|) < Xn — Xiall + xo ~ fin(s)|| ds. 
0 


The conditions on (X;)nen and (f,)nen imply that there exists u € C(0,T;X) such that 
Uu, — u. Finally, taking limits as n — oo in (4.46) and (4.47), we easily see that u is the 
mild and integral solution of problem (4.36). 


4.5.2 Regularization of solutions 


As we have seen in Theorem 4.5.1, the inhomogeneous Cauchy problem admits an inte- 
gral solution in a very general framework. Next, we will show that this integral solution 
becomes a strong solution under special conditions. 


Theorem 4.5.4. Let X be a reflexive Banach space and let A c X x X be an m-accretive 
operator on X. If Ug € D(A), then the problem 
u'+Ausf aete[0,T], 
u(0) = Up, 
(4.48) 
f ¢w"((0,T),X), 


0<T<+0 


has a unique strong solution u such that u(t) € D(A) ae. t € ]0, TI. 


Proof. By Theorem 4.5.1, problem (4.48) has a unique integral solution, namely u. We 
will prove that u is a strong solution of this problem. 

First, we will check that u is an absolutely continuous function on [0,T], and u’ ¢ 
L™(0,T,X), ie, u€ W>(0,T, X). 
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Take y € Aug. According to the definition of an integral solution, u satisfies 


h 


1 
slutty — ol? < [fC —yluCe) - uo a 
0 


On the other hand, if we take g(t) = f(t + h) in (4.37), then 


t 


AC +h)- u(t)||" < sect = u(0)||" + fire +h) -f(a)|||u(c + h) - u(a)|| dc, 
0 


and so, applying Lemma 4.5.1 to the above two expressions, we conclude that 


h 


||u(h) — ug|| < firs -yl|ds, O<h<T. 
0 


Respectively, 
h t 
u(t +h) — u(t) < fir ~ yl| ds + fir +h)-f(s)|| ds. (4.49) 
0 0 


Since f € w((0, T),X), it is absolutely continuous on [0,T]. This, together with the 
latter inequality, implies that u is also absolutely continuous on [0, T]. Now, since X is 
reflexive, the use Komura’s theorem (Theorem 1.14.6) shows that u is differentiable a. e. 
on [0, T]. Hence, taking into account of the fact that (4.49) holds for every y € Aug, di- 
viding by h, applying the mean value theorem for integrals, and passing to the limit as 
h — 0, we get 


d 


< [Aug + | f(0)]| + (| £ Fs) 
0 


ds, a.e.]0,T[. 
as Is, a.e. ]0, T[ 


d 
| suo 


This proves that u € w?™(0, T,X). To end the proof, it remains to show that u satisfies 
equation (4.48) a.e. 

Let ty) € ]0,T[ be such that “Ulty) exists. By the definition of an integral solution 
and since 


1 
(U-x%x—V), <5 (Iu vi? - xv), Vunx,v eX, 


we have 


t 
t) —u(t 1 
t 


0 
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where the right-hand side of the above inequality is an upper semicontinuous function 
and hence integrable. Thus, letting t — ty, we obtain 


(u' (tg), U(tp) — x), < Uf (ty) -y, U(tp) - X),. (4.50) 


To get (4.50), we have assumed that t, is a Lebesgue point of the function t + (f(t) - 
y, u(t) — x),; however, this is without loss of generality because almost every point is a 
Lebesgue point (cf. Remark 1.14.1). From (4.50), we can guarantee the existence of some 
fo €J(u(to) — x) such that 


(u' (to) + -f (to)»fo) < 0. (4.51) 
On the other hand, for each 0 <h < to, 


U(ty — h) = U(ty) — hu'(to) + g(h), 


where lim)_,o igh = 0. Since A is an m-accretive operator, i.e.. X = R( + hA), there 
exists (X;,y;,) € A such that u(t) — h) + hf(to) = Xp, + hyp. Taking x = x, andy = y, in 


(4.51), we obtain 


(u(to) — Xp + (hh), fo) < 0, 


or 


lU(to) = Xall — Ie 
~ Rh 


h >0 ash—O, 


and consequently, lim), 9 ¥, = —U’ (to) +f (to). Moreover, since A is m-accretive, it follows 
from Proposition 3.7.1 that A is closed and therefore 


-u' (ty) +f (ty) € AU(to), 


which concludes the proof. 


Remark 4.5.3. Note that, in Theorem 4.5.4, we used the reflexivity of X to show that the 
function t + u(t) is differentiable a. e. because it is absolutely continuous. This fact can 
be generalized to Banach spaces with Radon—Nikodym property. Thus, Theorem 4.5.4 
holds true also for Banach spaces X with Radon-Nikodym property. 


Recall that BV (0, T;X) is the subspace of L*(0, T;X) consisting of those functions f 
which satisfy 


V(f, T) = limsup | dt < ©, 
ho 9 


If(c +h) -fOl 
h 
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and, if f ¢ BV(0,T;X), then it is essentially bounded and has an essential limit from the 
right denoted by f(t+) at every t € [0, T). We will also use the notation 


t 


V(f, t+) := limsup | 
ho» 


Vee Ol ae trp ePer 
! <tc. 


Next, we shall prove that, if we replace the hypothesis f « W(0,7,X) byf « 
BV(0,T;X), Theorem 4.5.4 remains valid. 


Lemma 4.5.2. Let A be an m-accretive operator on a Banach space X, f € BV(0,T;X), 
Ug € D(A), and u an integral solution of problem (4.48). Then u is Lipschitz continuous. 
More precisely, if 


u(t + h) - uo 


p(t) = lim sup 
ALO h 


andy € AUg, then 


p(t) < |f(0+) — yl] + VF, t+). (4.52) 


Proof. The Lipschitz continuity of u will be seen once (4.52) is established because a 
bound on p(t) is a Lipschitz constant for u. First, we estimate p(0). Bearing in mind that 
uis an integral solution of (4.48) and v(t) = Ug is a constant integral solution to v’+Av 5 y, 
by Theorem 4.5.1 (inequality (4.37)) and Lemma 4.5.1, we have 


h 


|u(h) — ull < fir@ — yl ac. 


0 


Dividing in the previous inequality by h > 0 and taking the limit as h — 0, we obtain 


p(0) < ||f(0+) —yI]. 


To estimate p(t), fix h > 0, put s = 0, and let v(t) = u(t + h), g(t) = f(t +h). Then 


t 


u(t +h) — u(e)]] < uch) — uo) + fire +h)-f@lac. 


0 


Dividing the latter inequality by h > 0 and taking the limit as h > 0, we conclude 


p(t) < f+) - ull + Vf, t+). 
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Theorem 4.5.5. Let X be a Banach space with Radon—Nikodym property. Let A be an 
m-accretive operator, f ¢ BV(0,T;X), Ug € D(A), and u an integral solution of prob- 
lem (4.48). Then u is a strong solution. 


Proof. Since f ¢ BV(0,T;X), it belongs to L'(0, T;X). According to Theorem 4.5.1, prob- 
lem (4.48) has a unique integral solution u. By Lemma 4.5.2, we know that u is Lipschitz 
continuous and so it is absolutely continuous, i.e., u ¢ W?1(0, T, X), hence we can apply 
Remark 4.5.3 to conclude that u is a strong solution. 


4.6 The abstract Cauchy problem for quasiaccretive operators 


In this section X denotes a Banach space, A ¢ X x X is an m-quasiaccretive operator, 
that is, there exists w > 0 such that A + wI is m-accretive, and we consider the Cauchy 
problem (4.6). Proposition 4.2.1 shows that, as far as the uniqueness and continuous de- 
pendence of solution on data are concerned, the class of quasiaccretive operators gives 
a suitable framework for the Cauchy problem. However, for the existence we have to 
extend the notion of the solution for the Cauchy problem (4.6) from differentiable to 
continuous functions. 

A particular choice of v and g for which vis a strong solution of v’+Av > g on (0, T] is 
g(t) = yand v(t) = x for allt € [0, T], where (x,y) € A. Bearing in mind Proposition 4.2.1 
and using inequality (4.7), we find that a strong solution u of u’ + Au > f on [0, T] must 
satisfy 


t t 
u(t) — x||° — |Ju(s) - x]? < 2w J ece) ~x| dr +2 [vo -y,u(t)-x),dt, (4.53) 
Ss Ss 
Further, arguing as in the proof of Proposition 4.2.1, we get 
t 
elu(t) - xf — eS llu(s) — x <2 | e (F(t) —y, u(t) — x), dt, 
Ss 


for allO < s < t < T andall (x,y) € A. This inequality, which holds for strong solutions 
of u' + Au > f, allows us to introduce the following concept of a solution. 


Definition 4.6.1. A function u : [0, +00) > D(A) is said to be an integral solution of (4.6) 
if it satisfies 

(i) u(0) = Xp, 

(ii) wis continuous, 

(iii) for every 0 <r < t < T and for every (x,y) € A, 


t 
eM Nu(t) - Xo" = e™ lu(r) = xo) <2 | e "" (F(T) — yo, u(T) - Xo), aT. 
r 
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Definition 4.6.2. Let f < L'(0,T;X) and > 0 be given. An e-discretization on [0, T] of 
the equation y’ + Ay > f consists of a partition 0 = ty < t, < t, <--- < t, of the interval 
[0, tp] and a finite sequence (f;)/!, such that 


ti-ti4<¢, fori=1,....n T-e<t, <T, (4.54) 
t; 
n a 


as | If(s) —f;l| ds < e. (4.55) 


i=1 
tia 


We denote by D4(0 = to, ty,...,tnsf,--->fy) this e-discretization. 

An e-discretization D4(0 = to, ty,..., tasfi»---»fn) solution to (4.6) is a piecewise con- 
stant function z : [0,t,] — X whose values z; on (t;_;,t;] satisfy the finite difference 
equation 


Zi Zi-4 


+AZ;>f;, t=1,2,...,n. (4.56) 
ti- U4 

Such a function z = (z;)? 

ther satisfies 


, is called an €-approximate solution to problem (4.6) if it fur- 


|z(0) — x|| <e. (4.57) 


Definition 4.6.3. A mild solution of problem (4.6) is a continuous function u € C(0, T;X) 
with the property that, for eache > 0, there exists an e-approximate solution z of y’+Ay 3 
f on [0, T] such that ||u(t) - z(0)|| < ¢ for allt € (0, T] and u(0) = x. 


Remark 4.6.1. Note that every strong solution u of problem (4.6) is a mild solution. In- 
deed, let 0 = ty < t, <--- < t, be an e-discretization of [0, T] such that 


u(t;) — u(t,_4) 


! 
u (t) - 
t;— tia 


<&, t;-t,<6,1=12,...,n, 


and taking t;,i = 1,2,...,n, to be Lebesgue points of f, 


ti 


| I(t) — f(t) dt < e(t; — ty). 


tia 
Then the simple function z : [0, T] — X defined by 
th z(t) = u(t;) on (ty_1 ti] 


is a Di (to, ty,...,tysf».--.fy) Solution, and if we choose (t;) so that ||u(t) - u(s)|| < € for 
t,s € (t;_1,t;), we have that ||u(t) — z(t)|| < ¢ for all t € [0,7], as claimed. 


170 —— 4 Abstract Cauchy problem 


In the sequel, D’(0, T) denotes the space of distributions on (0, T) (see Section 1.16) 
and D(0, T)* denotes the space of nonnegative, infinitely differentiable functions with 
compact support on (0, T). 


Theorem 4.6.1. Let A be an w-accretive operator on a Banach space X and f,g ¢€ 
L\(0, T;X). If v is an integral solution of v' + Av > g on [0,T] and u is a mild solution of 
u+Au>f on [0,T], then 


7 a lue = v(t) |? < wllu(t) - v(t) |? + (f(t) - g(t), u(t) - v(t)) , (4.58) 


in D'(0, T). 
Writing expression (4.58), we mean that 


t t 
u(t) — v(t)|" — u(s) — v(s)|° < 20 [luce —v(z)|? dr +2 [vo ~ g(t), u(t) - v(t)), dr. 


Proof. Let ux, k = 1,2,...,N,, be a solution of the ¢,-discretization 


En 
Dy (0 = 075.5 ty fio -- ody.) 


of u' + Au > f on [0,T]. Set te - tr_, = hy and let 0 < a < b < T. Since vis an integral 
solution of v’ + Av > g, we have 


b 
|v(d) - uel? = Jv(@) = up? < 2a | Jo(o) - wel? deo 


a 


f uy — uy 
+2 [(g@ | i kK-A  y(a) ut) da 
k 


b 
< 2a | Iya) - Ux *40+2 | (eo — fe VC) — Ug) , do 


a 


a 
b 
2 
+ Fe | (luo) — ue al = Ivo) ~ up) [v(o) - ug ao. 4.59) 
k a 
Multiplying (4.59) by hy and summing over k = j + 1,j+2,...,i, we obtain 


3 hy,(\|v(b) - ull - |v@ - url) 
k=j+1 
b 


< oa hy2 [(elvo) - ul + (g(0) — fg, V(o) — uz) ,) da 


k=j+1 a 
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: b 
+ Y 2] (uo) ual = |uCo) wel) fue) - uf ae. (4.60) 
k=j+1 q@ 


Now we assume that €, | 0 and the €,-approximate solutions uj of u' + Au > f converge 
uniformly to the mild solution u on [0, T]. Set 9,,(n, T) = |lv() - ul? forO<n<T,th,< 
T < ty. Then 9, (n, T) > ||v(n) - u(t)|| uniformly on compact subsets of [0, T) x [0, T). If 
we choose i, j depending on n such that tj — cand t! > dasn — +oo, then 


: d 
U 
Y nglvin) - ul” > five u(t) de for n € (0, T] (4.61) 
k=j+1 c 
and, moreover, 
b b b b 
flr - uf? = [Ir(o) -we|Pae and [leo — uh? 2s [ beco) - way ao. (4.62) 
a a a a 


These relations will help us take the limit in (4.60). To this end, we introduce the piece- 
wise constant function 


b 
F,(t) = Ke) fe VO) - uy), do, forty <T< thy. 


a 


Using the definition of e-approximate solutions, we conclude that 


i th b 
» ( xFn(T) - | [(e(0)-F10, wo) -0f), doar 
k=j+1 “a 
; be 
< ¥ | J M-seolivoy— ut aoac 
k=j+1q tt 
s Me,(b = a), 
and consequently, 
i i th b 
limsup )) AyF,(t) =limsup > | | - f(0),v(a)—uk) dodr. (4.63) 
n—+0o0 k=j+1 n—+co k=f+1 pi J 
k-1 


Since uz > u(t) andt; > Tasn — co, using the fact that (-,-) , is upper semicontinuous 
(cf. Proposition 1.10.1(c)), it follows from (4.58) that 
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n 


i b fi 
lim sup > he Ke) — fg V(O) — UR), da = lim sup | Fr) dt 


N>+00 Rd Es 
y 


db 
< | [00 -F@.(0)- we), doar. 
(4.64) 


Thus, by (4.61), (4.62), and (4.64), if we pass to the limit in (4.60), we obtain 


d 


[ve —u(t)||” — ju(a) - u(z)||°) ae 


Cc 


ab ab 
< 2w | fm) = u(t) || dodr +2 | Ka) ~ f(t), v(a) - u(t), do dt 
b 


+2 | (ioco) — u(o)|| - |v(o) - u(@)|)) |(o) — u(@]] ao. 


a 


Set o(s, t) = |lv(s)- u(t)||" and y(s, t) = (g(s)-f(t), v(s) —u(t)),. Let R be the rectangle 
a<s<b,c<t<dand denote by oR its boundary. Let n be the outward pointing normal 
to OR, and @ = (@, @) be the vector field on R each of whose components is g. We may 
rewrite the above inequality in the form 


| @-ndi < 2W) [J odode +2 [fx do dt, (4.65) 
aR R R 


where dl is the element of arc length on the boundary. To end the proof, we will show, 
using (4.65), that 


t t 
o(t,t) — p(s, 8) < 2u | o(T,T) dt +2 | xc, T) at, (4.66) 


for 0 <s <t < T, whichis one of the equivalences of (4.58). 

First, we assume that g and y are in c'(B) where B := [0,T] x [0, T]. If (4.65) holds 
for every subrectangle of B with sides parallel to the coordinate axes, then the use of 
Green’s formula gives 


| ¢-ndi - Nee + 2 oo.) do at 


oR 


for every subrectangle R of B. This, together with (4.65), yields 
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S46, T) + £90, T) < 2woa(a, T) + 2x(G, T). 
This implies 
d 
Fae t) < 2w(t, t) + 2y(t, 0), 
and so, by integration over [s, t], we obtain (4.66). 

Now, we assume that g and y are not in C1(B), let p € Cp? UR x R) be a nonnegative 
function, supported in [-1, 1] x [-1, 1], (sancti p(s, t) dsdt = 1. For € > 0, set p,(0,T) = 
€ *p(a/e,T/€) and denote by 9,, x, the convolutions of g and y with p,, respectively, 
which are smooth. A simple computation shows that (4.65) holds replacing 9,, y, by 9 


and y if R is a subrectangle of the region € < s < t < T — ¢. Hence, the result in the case 
of smooth functions discussed above gives 


t t 
,(t, t) — (Ss, 8) < 20 | @,(T, T) dt +2 | xele T) dt, (4.67) 
Ss Ss 


fore <s<t<T-e. Since g is continuous, 
lim 9,(t, t) = g(t, t) 
€l0 


holds uniformly on compacts subsets of (0, T) x (0, T). Fore <a<B < T -—€, we get 


B B 
Jat t) dt = I p(o, T) |x — €0,t — et) dt do dt. (4.68) 


By the definitions of y and (-,-),, and by (4.68), we have 


p p 
lim sup | x,(t,t) < | y(t.t) dt. (4.69) 
elo 1 


a 


Finally, inequality (4.66) follows from inequalities (4.67), (4.68), and (4.69). 


Theorem 4.6.2. Let A be a w-accretive operator on a Banach space X and f € L\(0,T;X). 

Then: 

(i) Every mild solution of the problem u' + Au > f on [0,T] is also an integral solution 
on (0, T]. 

(ii) The initial value problem u'+Au > f,u(0) = x, has at most one mild solution on [0, T}. 

(iii) If the initial value problem u' + Au > f,u(0) = x on [0,T] has a mild solution u, then 
u is also the unique integral solution of this problem. 
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Proof. Let ube a mild solution of u' + Au > f on (0, T]. If (x,y) € A, v(t) = x, and g(t) =y 
for allt ¢ (0, T], then v is a strong solution and hence an integral solution of v' + Av > g. 
Substituting v = x and g = y in (4.58), we infer that u is an integral solution. 

To show that (ii) holds, we may use (4.58). This inequality is valid if v is an integral 
solution and u is a mild solution. By (i), that inequality holds when u and v are mild 
solutions. But putting s = 0, f = g, and u(0) = v(0) = x, we obtain the uniqueness. The 
same arguments prove (iii), since v could have been an arbitrary integral solution. 


Theorem 4.6.3. Let A be an m-w-accretive operator on a Banach space X andf «€ 

L'(0, T;X). Then: 

(i) For every x € D(A), the initial value problem u' + Au 5 f,u(0) = x has a unique mild 
solution on [0, T]. 

(ii) For every x € D(A), the initial value problem u' + Au > f,u(0) = x has a unique 
integral solution on [0, T]. Furthermore, this integral solution is the mild solution. 

(iii) An integral solution of u' + Au > f on (0, T] is a mild solution of the same problem. 


Proof. The uniqueness asserted in (i) comes from Theorem 4.6.2(ii), and the existence 
follows from Theorem 4.5.1 if we take w = 0. The general case can be found, for instance, 
in [47, 32, 178]. 

(ii) This assertion follows from (i) and Theorem 4.6.2(iii). 

(iii) We will do the proof for w > 0. It suffices to show that if wis an integral solution 
of u’ + Au > f, then u(0) € D(A). 

Choose 0 <A < 4 and put x, = J,u(0) € D(A). We will show that x, — u(0) as 
A — 0°. By the definition of integral solutions, we know that 


t 
*™"|u(t) xf’ — Juco) — x4)? <2 | er (f(0) 0 iG) =) dt 
0 + 


fee MO Xj 


t 
<2 | ee ||u(t) — xal| ac. 
0 


Now, applying Lemma 4.5.1, the above inequality is equivalent to 


yee _ u(0) — xX, 


7 dt 


t 
e-lu(t) — xl) - ju(0) - xq] < | owt 
0 


t 


2 [ho 2 ue) Xj 


t 


t 
< [feoae + = { uce) — w(o)| ~ Jute) — x4) a 
0 


0 


dt 


4.6 The abstract Cauchy problem for quasiaccretive operators —— 175 


Rearranging, it implies 


t t t 


~ {uce) - xh ar < *( Io -al+ [VO tr) += flue) - woyh ae. 
0 0 0 

Since 

t 


Jo) —x,l)dr < 
0 


1 
uo) — x = 3 


ole 


t 
{ (uCe) — xl] + Jute) ~ op) a 
0 


that is, 


t t 


fete) -u(0)|| dz < : J ce) — X,|| dz, 
0 0 


1 
Ju(o) - x -* 


we may conclude that, for every 0 <A < t, 


t t 
A A 2 
(1 * leo ral <5 [ol ae + = [ fucey - wo] a. 
0 0 


It follows immediately from above inequality that 


t 
: 2 
lim sup||u(0) - x,|| < = fue u(0)|| dz. 
A>0* 
0 


Because u is assumed to be continuous, the right-hand side of the above inequality tends 
to zero as t > 0, which completes the proof. 


4.6.1 Regularization 


We know, invoking Theorem 4.6.3, that (4.6) has an integral solution whenever A is an 
m-quasiaccretive operator and x ¢ D(A). In general, integral solutions cannot be in- 
terpreted in a pointwise sense since the integral solutions are continuous but are not 
necessarily differentiable. In this section we are going to investigate a question of great 
interest, namely that of circumstances under which mild or integral solutions are strong 
solutions. 


Definition 4.6.4. Let X be a Banach space and let u € C(0, T;X). For 0 < t < T, we define 
D*u(t) as follows: 


D'u(t) := fz € X: 56, | 0 such that w- vim mer Oy) WO) = zt. 
02 n 
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That is, D* u(t) is the set of weak limits of right difference quotients of u at t. In particular, 
if u is either weakly or strongly differentiable from the right at t with derivative u/.(t), 
then D'u(t) = {u}.(O}. 


In Remark 1.14.1 we introduced the notion of Lebesgue’s points. Now we will need 
the concept of a right Lebesgue point s of f, that is, a point s at which 


in 2, fro - - f(s)|| ae = 0. 


Proposition 4.6.1. Let A be an w-accretive operator on a Banach space X, f € L'(0,T;X), 
and u a mild solution of u' + Au 3 f on [0,T]. Let s € [0,T) and C := Co(D‘u(s)). Ifs is a 
right Lebesgue point of f, then 


Gr(A) U {(u(s), f(s) — z) :z € C} 


is also an w-accretive operator. Moreover, ifz € C, v € X andGr(A)u{(u(s), f(s)—z) : z € C} 
is w-accretive, then ||z|| < ||v||. 


Proof. Since u is an integral solution, for every (x,y) ¢ Aand 0 <s <t < T we have 


t t 
||u(t) - xf — |lu(s) - xf < 2w fluc = x +2 [yo -y, u(t) —x), dt. (4.70) 


Ss Ss 


Moreover, for all x* € J(u(s) — x), we have 


llu(t) — x\? — Ju(s) — x1? 


(x", u(t) - u(s)) < |u(t) - x|||u(s) - x|] - |Ju(s) xf < ; . (A702 
The definition of an integral solution, along with inequality (4.70), yields 
| 1 t 
(9 ual WO) < ; Jee x||° dt irae [go y,u(t)-x), dt. (4.72) 
Ss 


If z ¢ D*u(s) and letting 6, > 0 be such that 


eRe lim u(s + 6,) - us): 
n 


we can take t = s+ 6, in (4.72). Taking limits, since (-,-), is upper semicontinuous and s 
is a right Lebesgue point of f, we have 


(x",Z) < wl|x - u(s)||” + (f(s) —y,u(s) —x),. (4.73) 
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The set of points z for which (4.73) holds is closed and convex, thus the same is also true 
for z € C. Since (4.73) is satisfied for every x* € J(u(s) — x), itis clear that 


-wllu(s) ~ x| < (f(s) —y,u(s) -— x), — (x",z) for (Gy) € A, 
or again 
-wl|u(s) - x < (f(s)-z-y,u(s)-x), for (x,y) € A. 


This means that Gr(A) U {(u(s), f(s) — z) : z € C} is w-accretive and the first part of the 
proposition is established. 

Finally, let A := Gr(A) U {(u(s), f(s) — v)}. Then w is clearly an integral solution of 
u' + Au > f. By assumption, A is w-accretive, so (4.70) is satisfied with x = u(s) and 
y =f(s) — v. Substituting these values in (4.70) and estimating the last integral, we get 


t t 


||u(t) - u(s)|° < 2w [luce - u(s)| +2 ir — f(s) + v||u(z) - u(s)|| dr. 


Ss Ss 


By Lemma 4.5.1, we have 


t 
||u(t) - u(s)|] < | (ofuce - u(s)|| + f(z) - f(s) + v]]) ac, 


and consequently, 


u(t) — u(s) 
t-s 


t t 
1 
< = Juce) u(s)|| de + — fir ~ f(s) +u|| dr. (4.74) 


Ss s 


Putting t = s +6, in (4.74), since the norm is weakly lower semicontinuous, taking limits 
as n — oo, we conclude that ||z|| < ||v|| for z ¢ D*u(s) and then for z € C. 


Proposition 4.6.1 shows that if a mild or integral solution u of u’ + Au > f hasa 
weak right derivative u/,, at some point s which is a right Lebesgue point of f, then 
(u(s), f(s) - ul, (S)) e X x X extends A as an w-accretive operator. Therefore, if A 
is an m-quasiaccretive operator, then A does not admit any extension, and therefore 


(u(s), f(s) — uj,,-(s)) € Gr(A). 


Theorem 4.6.4. Let X be a Banach space and let A be an m-w-accretive operator in X and 

f €L'(0,T;X). Then the following conditions are equivalent: 

(a) wis astrong solution of u' + Au > f on [0,T], 

(b) wis amild solution on [0,T] of u' + Au 3 f and u is absolutely continuous and differ- 
entiable a. e. 
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Proof. Since almost every point of [0, T] is a Lebesgue point (see Remark 1.14.1) of f € 
L(0, T; X), if wis a mild solution of the initial value problem 


u(t) + A(u(t)) > f(t), t € (0, T], 
u(0) = x € D(A), 


which is absolutely continuous and differentiable almost everywhere on (0, T], then, 
according to Proposition 4.6.1, if s is a right Lebesgue point of f such that u is differen- 
tiable at s, then u(s) € D(A), Ul, (S) + Au(s) > f(s), which was the only new thing to 
establish. 


Arefinement of Lemma 4.5.2 yields: 


Lemma 4.6.1. Let A be an m-w-accretive operator on a Banach space X, f ¢ BV(0,T;X), 
Ug € D(A), and u an integral solution of problem (4.48). Then u is Lipschitz continuous. 
More precisely, if 


p(t) = limsup luce +h) - ull 
ho h 


andy € Aug, then 


t 
p(t) < e““If(0+) — yl] + Vf. t4) + | OVP, TH), 
0 


As a consequence of this lemma, we have. 


Theorem 4.6.5. Let X bea Banach space with Radon—Nikodym property. Let A be an m-w- 
accretive operator, f ¢ BV(0,T;X), x € D(A), and u an integral solution of problem (4.48). 
Then u is a strong solution 


Proof. By Lemma 4.6.1, we know that u is Lipschitz continuous, and so it is absolutely 
continuous. Hence f « W*1(0, T,X) and therefore we can apply Theorem 4.6.4 to derive 
that u is a strong solution. 


An important concept of solution to the following problem: 


{: (t)+Au(t) a f(t), O<t<T, (4.75) 


u(0) = Xo 
can be found in [31, p. 134]. 


Definition 4.6.5. Let X be a Banach space. A function u € C([0,T],X) is said to bea 
weak solution of problem (4.75) if there exist sequences (U,)nen ¢ W(0, T,X) and 
(fnew ¢ L(0, T,X) satisfying 
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(a) Su,(t) + Au,(t) > fy(t) a.e.t € ]0,T[,n=1,2,..., 
(b) limy_.4¢9 Un(t) = u(t) uniformly on [0, T], 
(c) u(0) = xX, and lim, ,,.,f, =f in L'(0,T,X). 
It is not hard to see that if u is a weak solution, then it is an integral solution. 


Corollary 4.6.1. Let X bea Banach space with Radon-Nikodym property and let A c XxX 
be an m-w-accretive operator. Then problem (4.36) has a unique weak solution for any 
Xo € D(A). 


Proof. Consider a sequence of simple functions (f,) nen Converging in L'(0, T, X) to the 
function f. For each n € N, consider the Cauchy problem 


ul (t)+Au,(t) > f,(t), U,(0) =X, O<t<T, 


where (X,,) nen 1S a Sequence in D(A) which converges to xq. Since every simple function 
is of bounded variation, Theorem 4.6.5 allows us to say that there exists a unique strong 
solution u,, € w*~(0, T,X). Furthermore, by (4.11), we have that 


t 
ey (t) — Ug (t)|{° < e°lftg(0) — Up (0) |? +2 | e274 (T) — Uyp(T)sfy(T) —fn(T)) , AC. 
0 


Next, applying Lemma 4.5.1, we get 


T 
Jun(t) — Un (t) |] < CP IXp — Xmll + 87 lnc — fin(T)|| ae. 
0 


From the latter inequality, we may infer that the sequence (U,,) nen is uniformly conver- 
gent to a function, namely u, so that u must be the solution that we were looking for. 


4.6.2 Lipschitz perturbations of m-quasiaccretive operators 


Lemma 4.6.2. Let X be a Banach space and let B : X — X beax-Lipschitz mapping. Then, 
for allx,y € X andj € J(x —y), we have 


(Bx — By, j) > -Kl|x — yl. 


Proof. Letj € J(x—y). By definition of (-,-) and bearing in mind that B is x-Lipschitz, we 
obtain that 


(Bx - By, j) = -I|Bx - Byllllx —yll = -Klx — yl? 
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Note that Lemma 4.6.2 implies that if B is a x-Lipschitz mapping, then B is a quasi- 
accretive operator. Furthermore, B has the following additional property: 


inf{ (Bx — By, j) :j €J(x-—y)} > -Kllx yl. 


Theorem 4.6.6. Let X be a Banach space and let A: D(A) ¢ X — 2* be an m-quasiaccre- 
tive operator. Let B: X — X be a x-Lipschitz mapping. Then A + B is an m-quasiaccretive 
operator on X. 


Proof: Since A is m-quasiaccretive, there exists w > 0 such that A + wl is m-accretive. 
Applying Lemma 4.6.2, we infer that A + B is (w + k)-accretive, that is, A + B is a quasi- 
accretive operator. On the one hand, by Lemma 4.6.2, we know that B+ KI : X ~ X 
is a continuous accretive operator, and then, the use of Theorem 4.4.3, together with a 
simple calculation, shows that B + «I is a 2x-Lipschitz m-accretive operator. 

Now, if we denote A := A+ wl and B := B + KI, by the above comments, A and B are 
two m-accretive operators. Moreover, from Lemma 4.6.2, it is easy to see that A + ¢B is 
an accretive operator for0<t<1. 

Finally, we will show that there exists a 6 > 0 such that if A + tB is m-accretive and 
0 <t<1,then A+B is also m-accretive provided that s € [0,1] and |t-s| < 6. Once this 
is obtained, we can reach the value t = 1 by a finite number of steps of length g, starting 
at t = 0, and thus A + B is m-accretive. 

Let t € [0,1) and suppose that A + tB is m-accretive. Given z € X, consider the 
equation 


Z=X+y+(t+T)Bx, ye Ax. 
If we denote w = x +y + tBx and J := (I+ A + tB) 1, the above equation becomes 
w + TBJw =z. 
If we define P, : X — X by P,(v) = z — TBJ(v), since J is nonexpansive and B is 
2x-Lipschitz, the operator P, is a contraction whenever 0 < 7 < x hence, by the 
Banach contraction principle (Theorem 6.2.1), there exists a unique w, € X such that 


w, = P,(w,), i.e., A+ (t + T)B is m-accretive whenever |z| < 5. This completes the proof 
of the theorem. 


4.6.3 Local Lipschitz perturbations 
Consider the initial value problem 


p (t)+Ay(t) + Fy(t) af (0), t € [0,7], (4.76) 


(0) = yo, 
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where A is an m-quasiaccretive operator in X and F : X — X isa locally Lipschitz 
mapping, that is, 


Fu —Fv|| < Lpllu-vi, VWu,v ¢ Br, VR>0. 


Theorem 4.6.7. Let X be a Banach space with Radon—Nikodym property and let A be an 
m-quasiaccretive operator inX.Letf ¢ BV(0,T;X)andletF : X — X bea locally Lipschitz 
operator on X. Then for each yy € D(A) there is T(yg) € (0,T) such that problem (4.76) 
has a strong solution y in [0, T(yo)]. If moreover, 


(FO) -FO.v) = -rilyOl +r WTO). 
then the strong solution y is global in [0, T]. 


Proof: We truncate F as follows: consider the operator Fp : X — X defined by 


Fly) ifyl<2 


F(®) iffy >. 


FR(y) = | 
DY 


It is not hard to see that Fp is 2Lp-Lipschitz on X. Therefore, applying Theorem 4.6.6, we 
conclude that A + Fp is an m-quasiaccretive operator on X. Hence, by Theorem 4.6.5, for 
each R > 0 there is a unique strong solution yp to 


ne + Ayg(t) + Fava) 3), t¢ [0,7], (4.77) 


(0) = yo. 


Since yp is a strong solution to (4.77), there is s(t) € Ayp(t) such that p(t) = f(t) - s(t) - 
Fpyp(t) a.e. Now, if we apply Lemma 4.2.1, given v(t) € J(yp(t)), then we have 


bel Wall = FO -s() ~FaQvx(0).v(O) a.e.in (0,7 


Next, using the fact that A is w-accretive, we get (without loss of generality, we may 
assume that 0 € A(0) ) 


bel bacol < |fOlllyeOl] + (0 -s©,v) - Fe(ve(f)),v) a.e. in [0,7], 
and therefore 
d 
Rll < FOL + [FeO] + @ + Le) [ye]. 


Since f € BV(0, T; X), it is bounded, and so, by Gronwall’s inequality (differential form), 
for all t « (0, T), we have 
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t 
bya serge + [ Mp] + HCO) as 
0 


< eet | a (e@bar ot - 1). 


2D p+ W 


This implies that |lyp(t)| < R for 0 < t < Tp and R > 0 large enough if Tp > 0 is 
suitably chosen. Hence, on [0, Tp], llyg(t)|| < R, and so equation (4.77) reduces on this 
interval to (4.77). Therefore (4.77) has a unique strong solution on [0, Tp]. 

On the other hand, if (F(y(t)) —f(0), v) = -yally(t) + Yo, Vv € J(y(t)), then we have 


1d 2 2 ; 
5 PRO <yllye(t) +y2 a-e. in (0, 7). 
Consequently, using Gronwall’s inequality (differential form), we get 


val? < 2” llyoll? + naa -1)<R fort (0,TI, 
1 


if R is large enough. Hence, for such R, yp is the strong solution to (4.76) on [0, T]. 


4.7 Bibliographical remarks 


The main references that we have followed in Sections 4.2 and 4.3 are [31, 64]. Sec- 
tion 4.5.1 comes from [195]. Sections 4.6 and 4.6.2 have been obtained from [32, 37]. The 
readers interested in the existence of mild solutions to abstract Cauchy problems can 
check the book [234], where the author gives a detailed exposition of the compactness 
methods developed and used to deal with the existence of mild solutions of abstract 
evolution equations governed by perturbations of m-accretive operators. 


5 Solvability of nonlinear evolution equations 


This chapter aims to present some examples of nonlinear evolution equations to illus- 
trate the field of applications of the results presented in Chapters 3 and 4. We shall dis- 
cuss the existence and uniqueness of solutions to some evolution equations arising in the 
dynamic of populations and neutron transport theory. Examples constituting this chap- 
ter are recent. For equations derived from models arising in population dynamics, it is 
natural to suppose that the boundary conditions are modeled by nonlinear reproduc- 
tion laws. Hence, in Sections 5.1-5.2, the boundary conditions are modeled by nonlinear 
operators. Moreover, we discuss both local and nonlocal boundary conditions. 


5.1 Lebowitz—-Rubinow model 


In a proliferating population of cells, mother cells undergo fission to form two new 
daughter cells. The time between cell birth and division is called the cell cycle length. In 
1974, J. L. Lebowitz and S. I. Rubinow [161] presented a model for growing cell population 
in which individual cells are distinguished by age a and cell cycle length /. In their view- 
point, the cell cycle length of individual cells is an inherent characteristic determined 
at birth. Let f(t, a, I) be the density of the population with respect to age a and cell cycle 
length | at time t. The age of cells a is defined so that a cell is born at a = 0 (daughter 
cells) and divided at a = | (mother cells). The equations of the model are 


{* (t,a,0) = -L(t,a,)) - oa, Df (tad, aay 


(0, a,l) = f(a, D), 


fort >0,0<a<é,and0 < & <I < &) < +00, where fp stands for the initial data. The 
constant ¢, > 0 (resp. @)) denotes the minimum cycle length (resp. the maximum cycle 
length) of cells. The function o(., -) is the rate of cell mortality or loss due to causes other 
than division. Problem (5.1) is complemented with a biological reproduction rule given 


by 
f(t,0,0 = [Rf(t,.)]O, (5.2) 


where R stands for an operator defined on suitable trace spaces, called the transition 
operator. 

Problem (5.1) was considered later by G. F. Webb in [239, 240] in the case where (5.2) 
has the form 


1 
f(t,0,0 = 2r(l) | F(tUU) dl! +2cf(th), 0<1<1t>0. (5.3) 
0 


https://doi.org/10.1515/9783111031811-005 
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The latter equation has the form f(t, 0,1) = 2 if K(LU)f(t,U,U) dl’ with the transition 
probability kernel x(l,l') = r(l) + cd(I— I) (here 5(-) stands for Dirac’s measure). The 
fraction of cells born from mother cells with cycle length I’, which will have cycle length 
between | and 1 + dl, is k(I,l’) dl. Since every daughter cell of a mother cell with cycle 
length /’ must have some cycle length J, the kernel x satisfies J k(Ll') dl = 1. Ifc = 0, then 
there is no correlation between cycle lengths of mother and daughter cells. If r(l) = 0 
and c = 1, then there is perfect inheritance of cycle lengths. In [154], K. Latrach and M. 
Mokthar-Karroubi provided a detailed analysis of the solution to problem (5.1)-(5.2) in 
the case where R is an abstract bounded linear operator which covers all linear biologi- 
cal laws of the transition for distribution of mother cells with cycle length / to daughter 
cells with cycle length / considered previously in the literature. We note that several 
mathematical aspects concerning the linear Cauchy problem (5.1)—(5.2) (that is, the op- 
erator R is linear): well-posedness (generation results), spectral analysis, time asymp- 
totic behavior of solution (when it exists) were discussed in many papers (we refer, for 
example, to the works [13, 39, 40, 154, 166, 217, 239, 240] and the references therein). 

It was observed by R. Rotenberg [205] that the linear model seems not adequate. 
Indeed, the cells under consideration are in contact with a nutrient environment which 
is not part of the mathematical formulation. Fluctuations in nutrient concentration and 
other density-dependent effects such as contact inhibition of growth make the transi- 
tion rates functions of the population density, thus creating a nonlinear problem. On the 
other hand, the biological boundary of ¢, and @, are fixed and tightly coupled through- 
out mitosis. The conditions present at the boundaries are felt throughout the system 
and cannot be remote. This phenomenon suggests that at mitosis the daughter and par- 
ent cells are related by a nonlinear reproduction rule. Hence, at mitosis, daughter and 
mother cells are related by a nonlinear rule which describes the boundary conditions. 
It is written in the shape f(t, 0, 1) = [Rf(t,-,-)](D where R denotes a nonlinear operator 
on suitable trace spaces and is intended to model the transition from mother cells with 
cycle length / to daughter cells with cycle length 1 (cf. [12, 100]). 


5.1.1 Lebowitz-Rubinow model for finite maximum cell cycle length 


In this section we shall discuss the existence and uniqueness of solutions to an initial 
boundary value problem which models a nonlinear age structured cell population dy- 
namics of the form 


L(t,a,l) =-L(t,a,) +o(aL f(t), 
f(0,a,D = fola D, (5.4) 
f(t 0, ») = [Rf (t, ) 10, 


wheret >0,0<a<lLand0<I,<I<l. 
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Next, we introduce the functional framework which will be used in order to discuss 
the existence and uniqueness of solutions to problem (5.4). 

Let 1 < p < +oo and set 

Xp = L,(Q, da dl) 
where Q := {(a,I):0<a<L& <I < )}with0 < & << & < oo. The space X, endowed 
with its natural norm is a Banach space and, for any u € X,, by ||ull, we denote the norm 
of u. We denote by Xs and xX the boundary spaces 
1 2 
Xy = LT, dl), Xy = Ly To; dl), 

where 


T, = {(0, 1) : l € (€,, ey)} and YT, = {(L 1) : l (S (€, e5)}. 


Let W, be the partial Sobolev space defined by 


of 
wp = {rex 2 ext, 


which equipped with the norm 


Uflw, = [Wie + 


x" 
0allp 
is a Banach space. 
Now let us recall that iff < W,,, since Q is bounded, we can define the traces of f as 
follows: 


a I 
fir = Flat) - | oft Dag and fir) = flat + | ft 1) dé. 
0 


a 
This allows us to identify f(0, 1) = fir, and f(1, 1) = fir,(D). 
Lemma 5.1.1. Let f < W,. Iffir, € nee then fir, € ee and vice versa. 


Proof: Let f € W, such that fir, € Xs We have 


a 


l 
FLD =f(0,) + | Fa 1) da. (5.5) 
0 


Applying Holder inequality, we get 
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l af D 1/p 
pe} < po.5}+A( {| Zea] ta) 
0 


where gq is the conjugate exponent of p. And consequently, 


' p 
IF(LD|P < 2| ro DP + eb/4 {Zea y ta} 
0 


This yields 
e, e &, 1 3 p 
fra. DP dl <2 ic Dp dt + e/4 | [Ze 7 da a 
& e, £, 0 


<2] i, +" 
Dp 


Pp 
| Stes: 
0a |p 


Writing (5.5) in the form (0,1) = f(LD - ie (a, 1) da and arguing as above, we derive 
the converse. 


Let W, denote the space 
7 1 
Wp = {f € W, such that fir, € X)}. 
By Lemma 5.1.1, we also have 
a 2 
Wp = tf € W, such that fir, € X,}. 


Hence, any function f ¢€ W, has traces fi, and fir, belonging to the boundary spaces Xx 
and X;,, respectively. 
Remark 5.1.1. For simplicity, we identify x, and X, with the space Y, := Lp([é, €)], dl). 


As indicated in the introduction, the boundary conditions are modeled by an op- 
erator R defined from Y, into Y,. It is a nonlinear reproduction rule relating mother to 
daughter cells. We suppose that R satisfies the following condition: 

(H1) there exists x > 0 such that, for all u,v € Yp» we have 


|R(u) — R(v)| y, s k||u— vlly, 
Let Sp be the operator defined by 


Sp: D(Sp) © Xy — Xp» 
fo (Sofa) = Lad, 
D(Sp) = {f € W, ‘fr, = R(fir,)}- 
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We shall now discuss the m-accretivity of the operator Sp on the spaces X,, 1 < p < 
+00. 


Lemma 5.1.2. Assume that the transition operator R is x-contractive (x € [0,1)), and 
€, = 0. Then Sp is m-accretive on Xp. 


Proof: Bearing in mind that Sp is an accretive operator if and only if, for every @,, 0, € 
D(Tp), we have 


[4 — Qo; Sp(Q) - Sr(2)], > 0. 


We consider first the case p = 1. For @,, 0, € D(Sp), we have 


[91 — Pr, Sp(1) — Sp(H2)], (5.6) 
&, 1 3 
> |( | <(o1(a.0 - x(a.) seno(os(a.1) - 9:(a,1)) aa Jat 
2, SO 
&, 1 
= (| = (lou 1) - 9,(a,))) aa) dl (6.7) 
2, ‘0 


Because trace mappings are linear and continuous, the last term of inequality (5.7) is 
greater than or equal to 
ey 
| (oar, ~ Py! - 1Par, - Pryr,!) al. 6.8) 
& 


Since (1, @2 € D(Sp), we obtain that expression (5.8) is greater than or equal to 


€y 
| (oar, — Pyp,| — [R@zyr,) -— R@rr,)|) al. (5.9) 


& 


Finally, the x-contractivity of R yields that 


[P1 — Pr» Sp(P1) — Sa(P2)], = Pair, - Pryr, ll - IR@yr,) - R@yp, Il 
2 (1— kK) Pair, - Py, ll 2 9. (5.10) 
The latter inequality implies that Sp is an accretive operator on X;,. 


We now prove that Sp is an accretive operator on X, with p € (1, +00). Let 91, p2 € 
D(Sp) and put f = @, — dz. Then we have 
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£1 
e 1 0 
[Y. Ser) - Se(@2)]5 > Wlp” | Iwi?! 2 (a,b) seng(p) dad 
& 
fy, 1 5 
= wip? (| wr? (((a, D)) ta) dl 
& 0 
1f/ta 
& 1-p= fas P 
= wit l( = (\y0a,0) aa dl. 6.11) 


Since 1, 2 € D(Sp), the right-hand side of (5.11) is greater than or equal to 


wie? ; ; 
; J (len, — G21, JOP ~ RO, 1 ~ RG, OP) al 


0 


Using the fact that R is x-contractive, we conclude that 


(1—K? Jp, ? 


[W, Sp(P1) — Sp(@2)], = lPrr, — P2ir, ly, 20. 
This proves that Sp is accretive on X,. 

To complete the proof, it suffices to establish that RU + Sp) = Xp where R(I + Sp) 
denotes the range of the operator (I + Sp) and p € [1,+00). To this end, for a given 
function g € X,, we seek for a function g € D(Sp) such that g + Sp = g. Thus, we look 
for the solution to the equation 


p(a,l) + 2(a,) = gia. (5.12) 


Since Eq. (5.12) is linear with respect to the variable a, we obtain the following solution: 


a 


g(a, l) = e “y(D + | se, De** ds. (5.13) 
0 


We claim that, ify < Y,, then 9 « W’. 
Indeed, the use of the estimate (|a + b|)? < 2?(\a\? + |b\?), together with Hélder 
inequality, yields 


& 1 a Pp 

lol <2 | [feo + (| e“Ie(s, D| is) | dadl 
£, 0 0 
& l a I 


<2? | focor dadl +2? | {[fertes D| is] da dl 


2,0 040 


5.1 Lebowitz-Rubinow model —— 189 


& 1 


<a +2 ||| (Je nfs) if dadl 


& 0 


s 2? ellxly, + 2P origi. 
Hence 
1 
lll, < 2e? Illy, + 2cllgllp. 
Moreover, the use of (5.12) gives 


0p 


dal, ~ I~ le < lel + Hol 


The last two inequalities imply that g € Wp: which proves our claim. 
Hence, to end the proof, it suffices to check that functions belonging to D(Sp) are in 
the form (5.13) where Pir, =X € Yo: To do so, set 


v(a,D = | sis aje “ds. 
0 


The following condition should be satisfied: 
Pr, =(@X)n, + Yr, (5.14) 
Since g ¢ D(Sp), we have gr, = R(@jr,) and, consequently, 
ir, () = € Rp, D + jr, )O. (5.15) 
Now define the operator P : Y, — Y, by 
P(u)() = e RUD. 
It is clear that 
\|P(u,) — P(up)ly, <e “x|lu, — Uplly, (5.16) 
for any Uy, U, € Y,. Since ex < 1, for u,v € Y,, we have 
| -Pyu-d- Pyv|y, > (1- ek) lu - vlly,. 


Hence the operator I — P is injective. Next, putting y, = (J - P)uand y, = (I - P)v, we 
get 
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x e 1 
a -P)'y, - (I -P) ‘Yall, < jae wee! -Jally,» 


which proves the continuity of the mapping (I - P)t. 

Now, we shall check that the operator (J — P) is surjective. Indeed, letting g be a 
function in Yp, We have to prove that there exists u € Yp such that (I — P)u = g. To this 
end, define the operator II: Y, — Y, by 


Tl(u) = e 'R(u)(I) +g. 
It is easy to see that 
II) — M(uy)|hy, < @-“ lhe — ually, 


for any uy, U, € Y,. Hence IT is e “x-contractive. Applying the Banach contraction prin- 
ciple (Theorem 6.2.1), we infer that the equation (I - P)u = g has a unique solution, 
which proves the surjectivity of (I - P). 

Summarizing the previous steps, we can write 


(al) = (I+ Sp) (g) = & RU P)"(Hr,)O + Wad € Wy. 


This yields that RU + Sp) = X, and completes the proof. 


Remark 5.1.2. 

(a) It follows from (5.16) that the result of Lemma 5.1.2 is valid even if 1, = 0. The con- 
dition 1, = 0 means that there are cells which are born as mothers and daughters 
simultaneously. This presents a biological pathology. 

(b) If é, > 0, then Lemma 5.1.2 holds even if k = 1. 

(c) Following the proof of Lemma 5.1.2, it is clear that if > 1, then we cannot guarantee 
the accretivity of Sp on Xp. 


In the structured population dynamics framework, we have in general a prolifera- 
tion of the population, thus it is more appropriate to consider multiplying boundary con- 
ditions (\|R(u)|| = ||u|| for all u ¢ Y,) than dissipative ones (||R(u) < ||ul| for all u € Y,). That 
is the reason to study the boundary value problem (5.4) when the operator R : Y, > Y, 
is k-Lipschiz with x > 1. According to Remark 5.1.2(c), if k > 1, then we cannot guarantee 
the accretivity of Sp, so we introduce the following spaces. 

Let w be an arbitrary real number satisfying 


W > max( 0, a In(x)), 
ey 


where x is the constant appearing in the hypothesis (H1) and define the weighted space 
xX” by 
p 
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X, = L,(@,h° dadl), 


where the weight function h“(., -) is given by 
h(a, se. 


The space XS is endowed with the norm 


Ifllw = (| if|Pn®(a,l) da a) = ( 
Q 


1/p 
(| iflPn’(a, ta) a) 


is a Banach space. 


Lemma 5.1.3. Let1< p < too. Iff € Xp, thenf « XS and conversely. In particular, we 
have 


( Wfllpo < Wfllp $¢? Ut lpes 


a we. G-e £ 
Gi) Mf se *(437) Mh lp» 


where q denotes the conjugate exponent of p. 


Proof. Let f € Xp. Since | > a, we have 


& 1 £, 1 
Vw = | fee padp dad < | [\fa.n/ aaa = Wf, 
& 0 €, 0 


hence f € X. 
Conversely, let f < X,’. We can write 


£1 2) 


Ile 7 | [eteees If(a, pl da dl < ee | 
2 


l 
| 9 F(a, DI dadl 
2,0 0 


1 


e. 
= eMIf I 


This proves (i). 
(ii) It is clear that 


f, 1 


Illa = | [ira D|dadl < e” (| | e' Fa,1)| da a 


& 0 0 


Applying Holder inequality, we obtain 
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& 


hse” “(254 ay (J 


1 


i 1/p 2 
fee" °\panp daar <e! “(254 LY Wipe 
0 


which ends the proof. 


The above lemma, among other things, proves that the Banach spaces X, and Xx are 
equivalent. 
Let W,, be the space defined by 


pera: exe 
WP eM a | 


equipped with the norm 


I/we = Wie. + 


lel 
It is clear that W, is a Banach space. 
We shall now prove a result similar to that of Lemma 5.1.1 for the space Xe 


Lemma 5.1.4. Let f ¢ W>: Tf fir, € Yp, then fir, € Yp, and vice versa. 


Proof. Let f € W,’ such that fir, < Yp. We have 


I 
7 of 
FLD =f(0,) + | (a1) da. (5.17) 


Now observe that 


w(I-a) 2 w(I- a) 2 wy(I- a) Lw(I- a 


1<e e 4 e?P < ee > 


where gq is the exponent conjugate of p. Then, applying Holder inequality, we get 


a Ue 
(a, i ta) 


l 
If D| < |f(0,D| + ewe | en wl-a) of 
0 


and consequently, 


f p 
IF(LD|° < 2 (Io. DP + eP20 @b!4 | eo Fa i ta) 
0 
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This yields 


ey 


L € 1 D 
ire nPa< 2( irc. DP dl + ero pla | | gte@ Fa i da a) 
2,0 


& 4 


re) 
x 2 (Win i, + ero a 


p 
Vee 
pw 


Writing (5.17) in the form f(0,1) = f(LD - i 2 (a, 1) da and arguing as above, we derive 
the converse assertion. 


Next, define the space 
W, = tf € W, such that fir, € Yp}- (5.18) 
Clearly, by Lemma 5.1.4, we have 
W, = {f € Wy such that fir, € Y>}- 


Accordingly, any function f ¢ Wp has traces fir, and fir, belonging to the boundary 
spaces. 
Let Sp be the operator defined by 


SR : DSR’) C Xp — Xp> 
fosgpad= Lad, 
D(Sp) = ff € Wy : fir, = RGfr,)} 


We shall now discuss the w-m-accretivity of Sz on the space X,’ where 1 < p < +00. 


Lemma 5.1.5. Assume that the hypothesis (H1) is satisfied. Then SR is an W-m-accretive 
operator on Xp. 


Proof. We first prove that, for every u > 0, R(u(SR’ + wl) +I) = X; with p « [1, too). 
This fact is equivalent to proving that, given A € (0,1/w), for each g ¢€ Xx the equation 
9 +ASp(9) = g hasa solution g € D(S;). Arguing as in the proof of Lemma 5.1.2, we look 
for a function @ satisfying 


a 


| se, Der ds. (5.19) 
0 


wad =e Fx) +5 
We break the argument into two steps. 


Step 1. Assume that y ¢ Y,. We shall show that necessarily  « W- As in the previous 
lemma, the use of the estimate (|a + b|)? < 2?(\a|? + |b|?) and Hélder inequality leads to 
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ey I 1 a Dp 
Jol. = | fee hun (F [eFac04s) dadl 
2,0 0 
& 1 
<2 | Je eX et r(Ql dadl 
& 0 
& 1 1 p 
+2? | | ual] ke eF |g(s,D| is) dadl 
2,0 
= 2PT +277, 
where 
£1 
iz | | o-) oF)? dadl 
2,0 
and 
£1 1 p 
j= {| oe of Je e7 |g(s, bas da dl 
2,0 
It is clear that 
ey 1 e 1 1 
r= | [er™e?i nf dadt < | | ef dadl < “Wx, 
& 0 £0 


Moreover, simple calculations using the fact that w(I-s) => w(a—s) and Holder inequality 
show that 
l ; p 
fe eta (G | eI os. ts) dadl 
0 


=) 

f) I 1 : l > P 
ffewto(S(fenr is) (Gae py) ts) ) da dl 
& 0 0 0 

t 


7) 


IA 


Pp 
2 


1 

ei 

all ees, DP is) dl 
0 


é,\P 
-(2) lth. 


where g denotes the conjugate exponent of p. Hence, 


1 
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1 
lolly < 2max( Ib + lethal. (6.20) 
W 


It follows from the equality A oe = g-o that 
lz 

oa 
Accordingly, o belongs to Wy whenever y belongs to Y,. 


Step 2. Let be a function in D(S;’). Now we will prove that, if @ satisfies (5.19), then 
Pir, =X. To this end, put 


1 1 
= 7 lg Pllpw s 7 (lsllnw + IPllpa)- (5.21) 


Pw 


y,(a, 1) = ec ajet ds. 
0 


The following condition should be satisfied: 


_a 1 
Pir, = (Xin, + 7 air: (5.22) 


Since g ¢ D(Sg), we have gr, = K(gyr,) and, consequently, 


on) = "ROP, + (Far, JO: 6.23) 
Let P, be the operator defined by 
Py:Yp > Yp UH Pu) =e FRW(D. 
It is clear that, for any u,,U, € Y,, we have 


L 
|Px(us) - Pa), < eF K|luy — Uylly,. (5.24) 


Since et < 1, we have 
4 
|¢-Pyu- Pauly, > (1-2 * x) lu vlly, Viv € Vp, 


and therefore the operator I — P, is injective. Next, for u,v € Y,, putting y, = (I — P,)u 
and y, = (I — P,)v, we derive 


; : 1 
| — Pay ys - © - Py) Yolly, < ——z-1 Wally, 
l-e aK 


which proves the continuity of (I - P,)~*. 
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Let us now check that (I —P,) is surjective. To do so, let g € Yo: We seek for a function 
u € Y, such that (I — P,)u = 78. Let Il, : Y, — Y, be defined by I,(u) = e7 R(u)(l) + 58. 
Let Uy, Uy € Y,,. The use of (H1) shows that IT, is a contraction. By the Banach contraction 
principle (Theorem 6.2.1), we infer that II, has a unique fixed point in Y, which is the 
solution of the equation (I — P,)u = g. Hence the operator (J — P)) is surjective. 
Summarizing the steps above, we get 


(aD = (C+ ASE) Ww) =e ERE — Py) (D + FHalad € WE. 


Accordingly, R(UI + ASp’) = Xx for all A € (0,1/w). 

To complete the are we have to prove that the operator Sp’ is w-accretive (via 
Proposition 3.11.1). We first consider the spaces x with p € (1, +00). Let A € (0, 1/w) and 
consider g1, 25 € Xp. Using the result of the first part of the proof, there exist two function 
o, and 9, belonging to D(S#) such that 9, = (I + AS®)“(g,) and g, = (I + AS’) *(g,). 

Putting w = 0, — @2, we can write 


[llpo = N+ ASB) Gr) - 1+ ASE) rw 


zs em 10 
< ~Alwipe | Rca Dib?" seng(p) daa 
Q 
+ IWlh,2 | h(a, DWP (g1 - 82) sgng(p) da dl 
Q 


lvls (| (! de uae ia) a) 
lvls wet (( wr ( an’ (a, we) aaa) 
+ Wipe if (rr Dip "is sla) 


_ tls ae 
p 


& 
PR, —R@2p,)O|) al 
fo, 1 
+ AullWlly.d (| h®(a, D\wl? aa) dl 
e, ‘0 
ey 1 
+ Wwe? (| n(a, DvP lg, — ge aa) dl 
0 


& 


Seen ar 


IA 


(|Our, (0) - Por, (|? 
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eer 
40 — p 1 
< ere wp KP ~ 1)llOur, 3 Pairylly, + All. Pl 


Ll 


+ ldo rd h°(a, DWP “Igy - Bal ta) dl. 


& \0 


—£,0 


Because w > max(0, a In(k)), we have e “x —1 < 0, and therefore 
1 


31 


Wllnw SAMllpa + IWlhye ( h°(a, DIV? “Ig, - Bal aa) dl. 
0 


£ 


Using Holder inequality gives |lPllp. < AW Wllpw + 81 — Sally. and then 


= 2 1 
(I + ASR) @) — (I +AS7) ‘dlp. < Too | — Sally 


This proves that S;’ is w-accretive (via Proposition 3.11.1), which ends the proof for p € 
(1, +00). 

Now we consider the space Xj’. Let A € (0,1/w) and consider g,,g» € X;’. It follows 
from the result of the first part of the proof that there exist 1,9, € D(S,;’) such that 
@, = (I+ AS®)*(g,) and g = (I + AS#®)*(g,). Hence 


-1 =I 
lor - Gall = 7+ ASR) i) - F+ASR) CVhro 
e, 2) 


l 
O os 
a | | sen (1 - o)h,, PL 2) dadl + | h, (a, D\gy(a.) — g9(a,D| da al 
0 


& & 


IA 


£1 Ll 
a 
| |S lru(or- 92)| daat+20 | |lhutos~ 92)] deat 
& 0 i, 0 
£1 
: | | h,,(a,D)|gi(a,) - g(a, D| da dl 
& 


IA 


0 
2) 


= a( [tenon — R(yp,))| - |r, - en) dl 


e, 
+ A191 — Palla + AWN1 - alli 
<A(e 4K — 1)(Pyp, — Par, )lhy, + ANP - Palla + lr - Sallie 
SAWP, - Palla + 181 - allie. 


From this inequality we conclude that 
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a a 1 
(I + ASR’) “(e) - (I + ASR) ‘Cdlhw s re — Sallie 


which completes the proof. 


x? 
Lemma 5.1.6. Let p € [1, +00) andw > 0. Then we have D(Sj) ’ = x where Se = Sp and 
Xp, =X (ie, w = 0). 


—_ oy 
Proof. It is enough to prove that Cp°(Q) ¢ D(S#) ”. Let g be an element of Cy°. For each 
n € NN, define the function 


@he g(a, 1), (a,l) « Qwitha > 4, 
ie R@LD), al Qwithd<a< 4. 


It is clear that |u,,(a, J)| < max{|g(a, D)|,|R(g(L D)|} and both functions belong to L?(Q). It 
is also clear that h,,u, — h,g a.e. in Q. Thus, by the dominated convergence theorem, 
we have that |lu, — ll pw > Oasn tends to +oo. On the other hand, 


00 , 
Olina fy 5(40, (a) ¢Q, az 4, 
da 0, (a,l) €Q,0<a< 4. 


Since uy, € Wp> un(LD = o(LD € Yp» u, (0,1) = (0,1) € Yp» and u, (1,0) = Ru, (1D), we 
conclude that u,, € DSR); which completes the proof. 


We next introduce the following hypothesis: 
(H2) The function 0 : 2 x R — Risa Carathéodory function such that there exists 
¢ € L™®(Q) such that 


|o(a, 1, 21) - o(4,L 22)| < |F(a, D|lzy - zal, 
where Z,,Z, € R, and a(-, 0) € L?(Q). 


Lemma 5.1.7. If the hypothesis (H2) is satisfied, then N, maps X, into itself and there 
exists a constant C > 0 such that 


INoG) -Nodlly < Clif -fallp for all fy, fa € Xp» 


where N,, is the Nemytskii operator associated to the function o(.,-,-). 


Proof. Since a(.,-,-) is a Carathéodory function, we can define the Nemytskii operator 
Nog : Xp > Xp by 


Xp 2f 2 (NofIGD) = o(aLf(aD). 
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It follows from Corollary 1.15.1 that \V, is continuous and maps bounded sets into 
bounded sets. 

For fi, f, € Xp, we have NG(f,) - No(f) = o(a,Lf;) - o(a L f2). It follows from (H2) 
that 


£1 
Io) -No(Adll, = | [votive I) -Ng(f)(a,D/? dadl 
e. 


1 0 
l 


[loa L f(a.) — o(a,bf,(a,D))? da al 
0 
l 


ie, DP iG a) —fy(a, DI? dadl 


< 


Soe go Soe os 
o 


< ICRI - All. 


Hence, 


Io) —No(fllp <I lloollfi —fallp 


where C = ||¢||,,. This ends the proof. 


Remark 5.1.3. Since X, and Xp are equivalent Banach spaces, it is clear that VV, maps 
Xp into itself and there exists a constant C, such that .V, is C,-Lipschitz on X>. 


5.1.1.1 Existence and uniqueness results 

In this section, we will discuss existence and uniqueness results for problem (5.4) when 
the initial data fy « Xp: We may consider the Banach space Xp = L?(Q) and u(t) := 
f(t,+-) € Xp and define the operator VV, : X, — X, by Ng()(a, )) := o(a, 1, p(a, 0). 


Theorem 5.1.1. Assume that the hypotheses (H1) and (H2) are satisfied and the transition 

operator R is x-contractive (k € [0,1)) and €, = 0. Then the problem 

"(t) + Sp(u(t)) = Nj (u(t)), 

{ (t) + Sp(u(t)) = Ng (u(t) (5.25) 
u(0) = fo € Xp 


has a unique mild solution. Moreover, ifp € (1, +co) and fo € D(Sp), then this mild solution 
is, in fact, a strong solution. 


Proof. According to Lemma 5.1.2, the operator Sp is m-accretive on X,. By Lemma 5.1.7, 
Ng is lICll,o-Lipschitz on X,. According to Lemma 5.1.6, we have fy € D(Sp). By Corol- 
lary 4.5.2, we conclude that problem (5.25) has a unique integral solution and, by The- 
orem 4.6.3(ii), it is the unique mild solution. On the other hand, for p € (1, +00), Xp is 


200 —— 5 Solvability of nonlinear evolution equations 


a Banach space with Radon—-Nikodym property, so, if f9 ¢ D(Sp), then the use of Theo- 
rem 4.6.5 implies that this solution is a strong solution. 


We note that Theorem 5.1.1 remains valid whenever R is a nonexpansive mapping 
and l, > 0. 


Theorem 5.1.2. If the hypotheses (H1) and (H2) are satisfied and €, > 0, then the problem 
Pe + Seu) = No(Uu(d), (S56) 
u(0) = fo € Xp 


has a unique mild solution. Moreover, if p > 1 and fy € D(S,’), then this mild solution is, 
in fact, a strong solution. 


Proof. If Ris x-contractive (x € [0,1)), then the result follows from Theorem 5.1.1. Thus 
we may assume that k > 1. In this case, we fix w > z, Ink) and we shall consider the 
problem on the Banach space X,. By Lemma 5.1.5, the operator Sp is w-m-accretive in 
X}- It follows from Remark 5.1.3 that NV, : X} — X, is Lipschitz on X;’. Hence, according 
to Theorem 4.6.6, the operator S} — NV, is m-quasiaccretive on ae The first part of the 
theorem follows from Theorem 4.6.3, definition of mild solution and the fact that Xp and 
x are equivalent Banach spaces. The second part is a consequence of Theorem 4.6.5, 
the definition of a strong solution, and the fact that X, and x are equivalent Banach 
spaces. 


5.1.2 Lebowitz-Rubinow model for infinite maximum cell cycle length 


This section deals with the existence and uniqueness results for the Lebowitz—Rubinow 
model where the cycle length / is allowed to be arbitrarily large (from a biological point 
of view, this could mean that there are cells that never reach the division). This case 
is treated separately because it presents supplementary difficulties and works only on 
L}-spaces. Note that an examination of the proofs of Lemmas 5.1.2 and 5.1.5 shows that 
Theorems 5.1.1 and 5.1.2 are not valid for an infinite maximum cycle length (€, = +00). 


Let Q be the subset of IR” defined by 
Q := {(a,l) such that0 <a<l & <1 <-+oo} 


and consider the Banach space L1(Q) = L'(Q,dadl) equipped with its natural norm. 
For i = 1,2, let L'(;, dl) denote the boundary spaces, where I’, := {(0,1) : 1 > @&} and 
T, := {(L]) : l > €,}. As in Section 5.1, we identify L(I;, dl), i = 1,2, with the space 


Y = L'([€, +00), dl). 
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Let w > 0 be an arbitrary real number and define the weighted space X” by 
X” = 11(Q, h” dadl), 
where the weight function h“(.,-) is given by 
Maher. (5.27) 


The space X” is equipped with the norm 


too, I 


lle = flon*\ca 1) dadl = | (fi D|h(a, D én) dl. 


Q & *0 


Proposition 5.1.1. The space X° is complete. 


Proof. Let (fn)nen be a Cauchy sequence in X”. Then, (fh) ney is a Cauchy sequence in 
L\(Q). By the completeness of L*(Q), there exists g ¢ L'(Q) such that ||f,h® - gl, > 0. 
It is easy to check that lf, — gh llxw = |f,h° — gl, for alln ¢ N. Thus, we have |f, — 
gh lly — 0. Moreover, gh ¢ X”. Therefore (f,,)nen is convergent in X”. 


Lemma 5.1.8. Let u > 0 and let w be a fixed real number of (0, u). If f : Q > R* isa 
continuous function in the first variable, then 


l,a 


( f(s, Dewees) ise das : - | fade’ da (5.28) 
0 ‘0 0 


foralll > &. 


Proof. Note that 


a la 


I 
I( | f(s Dewees) ise da =e! I( | f(s, Det ts wns da. (5.29) 
0 


0 0 ‘0 


Using integration by parts (and the first fundamental theorem of calculus) with 
[ 1 
u(a) = | f(s,De“Sds and v(a) = mu 
0 


we see that (5.29) is equal to 


202 — 5 Solvability of nonlinear evolution equations 


i l 


eat | =! e H-w)a [fs Des | ip ic Dev" ta) 
0 


u-w ao How} 


l 
1 ee 7 
= io [re I(e (Fa) _ ou ) da 
0 


1 
uae [fave da, 


u-o J 


which ends the proof. 


Proposition 5.1.2. Let u and w be as in Lemma 5.18. If f : 2 — R* belongs to X”, then f 
satisfies (5.28). 


Proof. Just apply Lemma 5.1.8 and the well-known fact that continuous functions (with 
compact support) are dense in L'(Q). 


Let us notice that L'(Q) is a proper subspace of X”. Indeed, consider, for instance, 
the function g(a, 1) = I". It is clear that g does not belong to L1(Q) but g € X”. 
For a given real r > 0, we denote by B, the closed ball 


B, := {f € X° such that [flo < r}. 


Now we introduce the weighted partial Sobolev space 
Wy := lo € X” such that <e € xl 


endowed with the norm 


zl 


lol, = elke +} 55 


We note that, ify « W,, and pyr, € Y, then wip, € Y. To see this, we take f = y- h®. 
It is clear that f and & belong to L'(Q, dadl) because y ¢ W,, and & = %n® + wyph®. 
Accordingly, we have 


l 


fn =so.d+ | Ltanaa, 
0 


a 


and therefore 


I I 
wed =vO.de + { Hea, nK%(a, da+o f Yad Ca,D da. 
0 0 
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Hence, 


CO 


Willy < | (0, De“ dl + 


1 


7) 0 
SE] fale < Min r+ [SE] | + ote. 


For the converse, we shall give a counterexample. Consider the function y(a,!) = 
e“* In this case we have 


ew i} aw 
yo = é ry 
Whe = —(4. +=) 


oa 


—we. 

~we, 1 ect 

=e" &+— and = — 

ai A (4 ~) Ilr, lly aa 


but Pr, = 1 ¢ Y. 
So, in this section we shall consider the following subspace of W,,: 


W, = {~¢W,, such that py, € YI. 
Remark 5.1.4. Note that the space W7) is dense in L\(Q) and any function belonging to 


W_, possesses traces Wj, and yr, belonging to Y. 


5.1.2.1 Local boundary conditions 
We are concerned here with the existence and uniqueness of solutions to the following 
initial boundary value problem: 


L(t,ad+X(ta) =-olabf(tad), 
f(0,a,)) = fola, D, (5.30) 
f(t,0,D = [RF 10. 


In the sequel, the following hypotheses are required: 

(H3) There exists a > 0 such that ||R(u) — R(v)|ly < allu — vlly, for allu,v € Y. 

(H4) 0: 2x R — Ris a Carathéodory function and there exists B, ¢ L™(Q, da dl) such 
that 


|a(a,1,x) - o(a,Ly)| < |B,(a.D|Ix-y| forall (a, 1) ¢ Qandx,y € R. 
(H5) The function dp : 2 — R, given by (a, 1) := a(a,1, 0), belongs to X”. 


(H6) The constant w satisfies w > max{0, In(a)/é,}, where a is the constant appearing in 
the hypothesis (H3) and @, > 0. 


We define the nonlinear operator F : X° — X” by 
F(w)(a,)) := -o(a,, W(a,)). (5.31) 


The operator F is well defined. Indeed, we have 
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|FW)(a, D| < |o(a,L W@ D) - (4,1, 0) + |ao(a, | 
< |B(a, D||W(a, D| + |oo(a, DI, 


and therefore, 


IFW) |hx0 < WBolloollPllxe + lIoollxe. 
Let Sp be the operator defined by 


Sp: D(Sp) ¢ X® 3 X”, 
P > (Spb)(a,D = La), 
D(Sp) = { € W;, such that pp, = R(yyp,)}- 


Taking u(t) := (t,-,-) ¢ X° and assuming that fy « X”, we can rewrite problem 
(5.30) as follows: 


Be + Sp(u(t)) = F(u(d)), is 


u(0) = fy € X”. 


To establish the well-posedness of problem (5.32), we shall first prove some prepara- 
tory results. Before going further, we first introduce the following linear operators: 


a 


ur (B,u)(a,l) = u(De 2, 


l 


A,:Y—Y, B,:Y — X®, 
ur (Aju)(1) := u(De 2, 
nee poets 
[st sa 
gH (QE) = } foe? (sD ds, gr (Dg)(a,l) := ¢ foe = g(s,)) ds, 
where A is a real number, A «€ (0, *). 
It is clear that the operators A, and B, are bounded and their norms satisfy the 
estimates 


ma 
lAallea se 7, (5.33) 
Ball cox) <A. (5.34) 


Next, bearing in mind that A € (0, +), for any g € X”, we can write 


too il +00 | 
ICyelly < | xfer les D|dsal = 7 | [eFem™eM Ig, | dal 
& 0 2, 0 


+00 


l 
2 ; | allw-7) [ere |g(s, D| ds dl 


rm 0 
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< ; | ello) | elG-) p-a(l-8) lg(s, )| ds dl = slathe. 


and therefore 


as 
ICallccxe,x) S75 (5.35) 


In the same way we can write 


I 
Dist = | | 
0 


e 9 da dl 


a 
| e* 7 g(s, 1) ds 
0 


lya 
I(f- eF |g(s, bas Je w-® aa dl 
0 ‘0 


But, according to Lemma 5.1.8, for each u > w, we have 


l,a l 

Sal —w(l-a) —w(l-a) 
I(e e* |g(s, base da < eb — | (a De 
0 ‘0 0 


Because ; > w, the above inequality yields 

+00 1 l 1 

IPashe = 3 | 5 flea, Dee da dt < lathe, 
1_w 0) 

e 0 

and consequently, 
1 
Dalle) $ +: (5.36) 


1-Aw 
Lemma 5.1.9. Ifthe hypothesis (H6) is satisfied, then the operator Sp is m-quasiaccretive 
on X”, 


Proof. Let A € (0, +) (for convenience, if w = 0, < means +00). 

First we shall see that R([ + ASp) = X°”. In order to do this, given g € X”, we have 
to find a function w € D(Sp) such that p + ASpw = g. Thus, we seek the solution of the 
following differential equation: 


Y(a,1) +A ap (al) = g(a). (5.37) 


The above equation is linear with respect to the variable a, so the general solution is 
formally given by 
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a 
ec De 9 gg. 
0 


W(a,l) = 6(De*” + ; 
where 6 : [€;,+co) — Ris an unknown function. By using the linear operators intro- 
duced above, the latter equation may be written as 


(a, 1) = (B,5)(a, D) + (Dyg)(@ D. 
Hence, for a = 1, we have 
Pl 1) = (A,6)(D + (9g). 
Let H, : Y > Y be the operator defined by 
Fy Q(D) = (Ay(R(Q))) + (Cg). 


Note that H, is well defined because R maps Y into itself. Furthermore, for all @,, @2 € Y, 
we have 


|H,(1) - Hy(2)|ly < eI R(Q,) - R(Q»)|ly < ae, — Olly. 


The operator H, is then ae~“/4-contractive (the conditions w > In(a)/é; and A « (0, +) 


imply ae/4 < 1). Hence, by the Banach contraction principle (Theorem 6.2.1), there 
exists a unique function u in Y such that 


u(l) = (Ay(R(W)))() + (Cyg)(D. 
Now, define the function ~ : 2 — R by 
W(a, 1) := (By(Ru))(a, 1) + (Dyg)(a, I). 


It is clear that w satisfies equation (5.37) and that  ¢ X”. Furthermore, oe < X” because 


w satisfies (5.37), that is, oe = 7(g-), and g, w < X”. Therefore, w ¢ W,,. Bearing in mind 
the definition of y, it is clear that wr, ¢ Y and R(jp,) = Yjr,. Accordingly, p ¢ D(Sp) and 
therefore, R(I + ASp) = X”. 

Finally, we are going to apply Proposition 3.11.1 to see that Sp is w-accretive. We 
shall prove that the resolvent operator J, := (I + ASp) + : X” > D(S,) is a single-valued 


ry Lipschitz mapping. We have to check that, for all g,, , € X”, 


1 
1-Aw 


a1 - Sa Palle < 191 - Pally. 


Let 1, @2 € X”. Since X® = R(I + ASp), there exist p; € D(Spg), i = 1,2, such that (I + 
ASp) ‘0; = Wj that is, 9; = Wj + ASp;. Thus, we have 


Then, 


Since ae 
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au, a 
Py — Pallyo = 101 - Po a( Ps wt) 
+oo | 
OW, — Oy 
=-A (o SEN (W, — W2)h,, da dl 
Tlee-3 
+oo | 
+ | fo — D_)SENg(H, — W2)h,, da dl 
& 0 
too | 3 +00 | 
ned {= ly - Wolk) dadl + wa | [Ii valhy daa 
& 0 €, 0 
+oo | 
| | ~ 92)88Ng (Wy — W2)h, da dl 
& 
< rae (|P(1 D - Wo(l, D| - e& |p4(0, D - Y(0, D|) al 
& 
+ WALD, — Wallxe + 101 — Pallye 
=A | (© (KUED) - K(¥200.D)] ~ [PD - Yet.) a 
& 
+ WAP, — Wallye + 101 — Pallye 
< A(ae —1) | |dy(L,D - Wp (L, DI dl 
& 


+ WAP, — Wally + 1101 — Pallye 
= A(ae" — 1) Wap, — Pap, lly + CAI, — Wallye + 101 — Palle. 


(1 = WA) — Walle < A(ae 4 — 1) yp, — Papp, ly + 191 - Pallye. 


—Wwe; 


—1< 0, we obtain (1 — wA)|lP, — Wallxe < 101 — Pally. 


Remark 5.1.5. If the transition operator R is nonexpansive (k < 1) and w = 0, then Sp is 


m-accretive on L'(Q, da dl). 


—— 
Lemma 5.1.10. D(Sp) = 


Proof. Let Co°(Q) be the set of all C°-functions with compact support. We first show that 
C§°(Q) is dense in X”. Let f € X”. Notice that fh € L'(Q). Bearing in mind that C$°(Q) is 
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dense in L'(Q), there exists (Up) neq Of Co? (Q) such that lu, —fh® ||, > 0. asn — +00. For 
eachn € N,u,h® € C5°(Q) and 


If — Uh Ipo = [ira 1) — un(a, De e-- ada al 
0 


Sg S$ 


I 
[rca De _ y (a,D|dadl 
0 


= |fr® — ual. 


Then f can be approximated by C™(Q) SUCH ON which proves our claim. 


Secondly, let us see that C° (Q) ¢ DSp . Let v € C™(Q). For each n € N, we define 
the function 


v(a,l) if (a,l) € Q, witha > 4%, 
Un (4, l) = ane 
RVD) if(a,l) <Q, withO<a< > 


OUn W 
is on € X* because 


Note that u 


a ; ; t 
Ong ) = 5, (a, 1) if (a,l) € Q, witha > 2, ; 
0 if (a, 1) € Q, withO<a< 7. 


Therefore u, € W,,. Moreover, since R : Y — Y, we have u, € W,,. Using the fact that 
Unir, = R(v(L, D) = R(Unr,), we obtain that u, € D(Sp). 

We now define a map f : 2 — Rby f(a,l) = max{v(a, 1), R(v(L, D)}. Thus, |u,h,| < f 
a.e.inQ and f € X”, because v € X” and 


+oo | +oo +00 
tie epee 1 
J Rea, ))h,(a,1) dadl = | RLD)—(1-e) dl < = | R(v(I,1)) dl < 0. 
€; 0 ey ey 


Since u,h,, — vh, a.e. in Q, by the Lebesgue dominated convergence theorem, we get 


Un — Vilyw ~O0 as n— +00, 


which concludes the proof. 


Lemma 5.1.11. If the hypotheses (H3)—(H6) are satisfied, then there exists a constant 
Lz > 0 such that, for all p,, p, € X”, we have 


|F 1) - Fb) lwo $ LellYy - Yallyo. 


where F is defined in (5.31) and Lz = ||Bgll,o: 
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Proof. Let #,, , € X”. For each (a, 1) € Q, we have 


|F(p1)(a, D -— F(p2)(a, D| < lo(a, boy (a, D) - o(a,L, pa, D)| 
< |Bo(a, D||di(a, D - (a, D), 


which implies that ||F(Y1) - F(W2)Ilxe < WBallcoll1 - Palle. 


Now we are ready to prove 


Theorem 5.1.3. Ifthe hypotheses (H3)—(H6) are satisfied, then problem (5.32) has a unique 
mild solution in X° for each initial data f, € X°. 


Proof. By Lemma 5.1.9, we know that the operator Sp is m-quasiaccretive on X”. Because 
F is globally Lipschitz (cf. Lemma 5.1.11), the use of Theorem 4.6.6 shows that Sp — F is 
also m-quasiaccretive on X”. Moreover, by Lemma 5.1.10, the domain of Sp, is dense in 
X®, hence the domain of Sp — F is also dense in X”. Now, the use of Theorem 4.6.3 allows 
us to conclude that, for each initial data fy < X”, problem (5.32) admits a unique mild 
solution. 


5.1.2.2 Nonlocal boundary conditions 
In the sequel we shall discuss the existence and uniqueness of solutions to the following 
initial boundary value problem: 


Piad+ H(ta) =-o(a,l )vta,d, 
P(0, a, 1) = Po, (5.38) 
YEO) = f° SLU, (P), PUI) al’ + op(L (), PLD), 


where 


+oo I 


() := | [veo Dh(a,) da dl. 


& & 


The function o,(-,-,-) is a nonlinear function of (w) while ¢(.,-,-,-) and 0,(-,-,-) are 
nonlinear functions of both the density of population w and (w). Here W, denotes the 
initial data. 

We shall now introduce the following hypotheses: 

(H7) The function o;(-, -,-) is measurable and for any r > 0, there exists 8, € L°(Q, da dl) 
such that 


|o,(a, L, uy) — o,(a, Ll, Uy)| < B(a, Duy - Ugl, 


for all (a, 1) € Q, UW, Uy € [-r,r]. 
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Furthermore, we suppose that o,(-,-,0) ¢ L°(Q,dlda) and there exists g, = 
|o;(a, 1, u)| for a.e. (a, 1) € Qand |u| <r. 


(H8) The functions ¢(.,-, -,-) and 0,(-, -,-) are measurable and there exist a constant C and 
four functions y,(-), y2(-), y3(-), ya(-) belonging to Y such that 


IS (1, I',Uy.V4) — (LU, up, V»)| s iD ||y2(0’)|leer — Uy| + ly3(D|IY4 - V9 
and 
|o(L,n, T) — 02(1,9,T)| < ya(DIn - HI + Cle - TI, 


for all 1,1’ € [@,,00) and , , 7,T € R. 
Suppose further that ¢(-,-,0, 0) € L'([@, +00) x [2,, +00)) and o;(-,0, 0) € Y. 


We now define the operator £ by 
tt XY — X®, 
(Lu)(a, |) = -o,(a, l, (W))W(a, D. 
Hence, problem (5.38) may be written in the form 
Piah+ *(tal =uwtad, 


W(0, -s-) = Wol-s-) € X®, (5.39) 
w(t, 0, 1) = [Rp (t ‘); W(t, > ‘))] ()), 


where R : Y x X° — Y denotes the following nonlocal boundary operator: 


+00 


Rv, p)(1) = | C(LU, (p), v(U')) dl’ + 0, (1, (), v(D). 


& 
Evidently, the space Y x X° is equipped with the norm 
|v. PI, = Ivlly + Wl, VV.) € YX X®, 


Let us first check that the operator { is well defined on X”. Indeed, for f <¢ X°, we have 


+oo I 
[MP [xe = | I-o(at f(a die“ dadl 
£0 
+oo | 
: | [lox(a, L(f)) - (a, L 0)|IF(a, Die dadl 
& 0 
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+oo I 
+ | flex Lolita. die e dadl 
& 0 
+00 


| 


1 


l 
[iPro d|KrIyea dle"? daa 
0 


+00 


‘| 


1 


l 
0,(a, 1, 0)||f(a, D e 4) da dl 
| 1 

0 


< WBrlloollf jo + Jor 0)]] olifllxe < +00. 


This proves that {{ maps X® into itself. 
The operator F is also well defined on Y x X”. To see this, let (v, w) € Y x X”. The use 
of the hypothesis (H8) allows us to write 


+00 +00 +00 


yrowwhes ff earscwvteyyarars f fox co, dyhat 
& & & 
< | fer. wv) - ct.0,0)] au at | [ 1g(e110,0)| au" a 
& by & & 
+ | \o,(1, (w), v(1)) — o4(1, 0, 0)| dl + | \9,(1, 0, 0)| dl 
ey & 


< WvalyllyellylPllxe + llysilylvlly 

+ ZC -0,0)]] + IyallylPllxe + Clivlly + jo2(-, 0, 0)| 
< max(\lyslly +C, llyillyllyelly + IIyally)|l (v, 7) 

+ [(.-s0,0)] + flan, 0, 0) < +00. 


Therefore FR is well defined. 
Taking u(t) := W(t,-) ¢ X”, problem (5.39) can be expressed as 


be + Sp(u(t)) = U(u(t)), (eda) 


U(0) = Yo, 
where Sp stands for the operator 
Sp : D(Sp) c X® > X®, 


P > Sp¥a) := 2a), 
D(Sp) = {f € Wz, such that pp, = Rp,» W}- 
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Lemma 5.1.12. Let r > 0 and assume that conditions (H7)—-(H8) are satisfied. Then there 
exist two constants C,. > 0 and 3 > 0 such that 


(i) L(y) — U(Pa)Ilxo < C-1P1 — Pally for all 0, 2 € B,, 
(i) IR(Vy, 1) — RCV, Pally < FI(Vz, G1) — (V2; Oa)Ils for all (v;, Qj) € Y x X®, i = 1,2. 


Proof: (i) For all @,, 02 € B,, we have 


1(91)(4D) — M(92)(a,D = — (41 (91)) 9a, D + 04(4 1 (92) )02(a D 
< |o,(a, 1, (9;))||91(a D — 92(a, DI 
+ |o(a, 1 (91)) - 04(a,b (2))||92(a, D| 
< G,|9,(a, 1) — 92(a, D| + B-(a D|(P1) — (P2)||@2(@, DI, 


and therefore 
+oo | 
(1) — MCP.) |] yu < O | flex l) - 9,(a, Die dadl 
& 0 
+oo0 | 
+ WBrlol 1) ~ (02)| | [loa dle"? daa 
& 0 
S G11 — Pallxe + Bello llO1 — Pallxe l@allxe 
< (G+ TUB rlloo )O1 — Pallye- 
Hence, 


|M(P1) — Lz) yw < CrllO1 — Pallyws 


where C, = 0; + TI|Brlloo- 
(ii) Now we will check the second estimate. For (v,, 1), (V,, @,) € XxX”, we can write 


IROLeD-ROxGdlys | | Kot Mod.w()) CU. (o2)vall)) al at 
& & 
+ | |o2(1, (1), V1) - G2(1, (2), v2(l))| al 
a 
=I, + Jo» 


where 


+00 +00 


a= | | bllva()IKox) ~ ¢2)| ava 


& & 
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and 


+00 


Ja= | loall (or) -04(b (02), v2(0)] al 


& 
Using assumption (H8), we may write 


+00 +00 +00 +00 


Ks | | ply )iKon— Coed ava’ + | | tys(avs(t)— v(t) ava 


& & & & 
< [lallvlyallyles - Pallxe + llysllylvs — Vally 


< max(llyrllyllYally. lvslly)|(@2. V2) - > V1)Il,- 


Similarly, using (H8), we have 


+00 


Ja= | loa(b (01.400) ~ ox(b (02). v2(0)] a 
& 


+00 


| (lya||(1) — (2)| + Clvy(D = v2(D]) al 


& 


IA 


€ [lVallyll@1 — @allye + Cllvy — vally 


< max(|lyqll,C)||(@2 V2) - (1 V1)Il,- 


Putting 3 = max((lyillyllyally, llysily) + max(llyally, C), we obtain 


[ROL Pd -— RM 92) hy < Br Pr) - Va Pa). 


In the following lemma, we will show that Sz is a quasiaccretive operator on X” 
whenever w > max{0, ay where @ is the constant appearing in Lemma 5.1.12(ii). 


Lemma 5.1.13. Let w be an arbitrary real number satisfying w = max{0, In()/é,}. If the 
hypothesis (H7) is satisfied, then there exists a constant & > 0 such that, for all g,, g, € X”, 
the inequality 


z 2 1 
| + ASRY Br) — C+ ASR)" Ba)lhw $ Tle ~ Salle 


holds for alld € (0, 3). 


Proof. Put 6 := w+1and let g),g, € R(I + AS) be such that @, = (I + ASp)(g,) and 
@y = (I+ AS) (gy). Hence we have 
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1 — Pallyo = (I+ ASQ) "(By) — (I+ ASR) "(89)]| yo 


<-A | ee Mo 92) SEN (M1 — M2) da dl 


+ | eg, — g,) sang (py - 92) da dl 


te) 


1 
0) -w(l- 
| = le w(L XC, = 9)| aa) dl 


IA 
| 
™ 
ie 
a 


é, oO 
+oo , | -(l-a) +o0, | 

+A | (| ios 9a oF )a) dl + | (Jee, - aa) dl 
é, oO é, 0 


+00 


=A | (Quy, — Pair, (D| - eR (@yr,> 1)(L) — Ry, P2)(DI) al 


& 


+ AallPy — Palys + 181 - Sallxe- 


IA 


Since 1,92 € D(Sp), applying Lemma 5.1.12(ii), it is clear that 


lr - Pollo < A(e |R@r,> P1) — R@gxr,> Pa) |x - Wrr, — Pair, lly) 
+ AwllP1 — Pallyo + [181 — Sally 
< Ade 19, — Polly + A(SE — DMP, ~ Pair 
+ Awl|l1 - Pallyo + [181 — Ballxo- 


Because de" < 1, we get 


101 — Pallyo < AW + DIO, — Pallyo + 11 - Zallye 


1 
< T- aw +18! — Sally 


1 
= T-46 $1 - Sallxe- 


This ends the proof. 


The above result yields that Sz is quasiaccretive on X”. Next, we will prove that Sz 
is in fact m-quasiaccretive. 
Indeed, let g « X” and consider the problem 


(1+ASp)f =, (5.41) 


where f must be sought in D(Sp). 
Let w be an arbitrary real number satisfying w > max{0, my. For any A € (0, +), 
the solution of problem (5.41) is given by 


5.1 Lebowitz—-Rubinow model —— 215 


| ei" g(s,1) ds. (5.42) 
0 


_a 1 
fa) =e RE pr AO + Z 
For a = l, we get 


I 


FLD = fp, =e ORG LO + ; | e* g(s,1) ds. (5.43) 
0 


Using the operators A), By, C,, and D, and the fact that f must satisfy the boundary 


conditions, equations (5.42) and (5.43) can be expressed as 


f = BR ir, f) + Dig; 
fir, =AaRG rf) + Gg. 


Accordingly, (fr,,f) is a solution to the fixed point problem F,(v,w) = (v,w) on the 
product space Y x X° where 


F,(v, w) = (F;, F;)(v, w) = (AyR(v, w) + Cg, ByR(v, w) + Dag). (5.44) 


Lemma 5.1.14. Ifthe assumption (H8) is satisfied, then there exists a constant p > 0 such 
that, for any A € (0, p) and g € X”, there exists a unique function f € D(S;) such that 


ftASp(f) =. (5.45) 


Proof. As we have seen above, in order to solve problem (5.45), it suffices to prove that 
the fixed point problem F,(u, f) = (u, f) has a unique solution in YxX” where the operator 
F, is defined by (5.44). Let p be the real number defined by 


p := sup{A > 0 such that (er +A)d < I, 


where @ is the constant given in Lemma 5.1.12(ii). 
Let (uy, f,), (Up, fo) € X x X°. Using Lemma 5.1.12(ii), together with estimates (5.33)— 
(5.36), we obtain 


[Fa(u.f) Falta.) . = ARQ fi) -ArRluy.A)|. + [BxROu, fd ~ BRU Adl 
SOF IR fi) — RU fle + RU fy) ~ Rf 


4 


<(e% +A)3)\(U.f,) - Ur fr)| 


#? 


which implies 


[Fa(us fi) — FrUaf)ll, <(@* +A Sl|Ufy) - Wah). 
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According to the definition of the real number p, it is clear that, for each A € (0, p), the 
operator F, is a contractive mapping. So, applying the Banach contraction principle, we 
conclude that, for such A, problem (5.41) has a unique solution in D(Sz). 


Remark 5.1.6. Lemma 5.1.13 shows that Sp is a quasiaccretive operator in X°. Fur- 
ther, Lemma 5.1.13, along with Lemma 5.1.14, allows us to conclude that the operator 
Sp is m-quasiaccretive on X”. Moreover, using the same ereomeut as in the proof of 


Lemma 5.1.10, we obtain the density of D(S,), that is, DS) =X", 


Theorem 5.1.4. Assume that the hypotheses (H7)—(H8) are satisfied. Then problem (5.40) 
has a local mild solution for each , € X”. Moreover, suppose 

(a) ¢(-,-,0,0) = 0 and a(-, 0,0) = 0, 

(b) there exists a positive number o such that o < o,(a,l,u) for all(a,lu) €QxR. 


Then problem (5.40) has a unique global mild solution for each Wy € X”. 


Proof. We are going to see that problem (5.40) admits a local mild solution. Let Wy ¢ X°” 
and consider a > B > 1 such that |[Wollys < B-1andT < 5 n(a/B). Define the radial 
retraction P,(-) by 


vo 
Aigo ile 2 a. 


ips ( if Ile < a, 


According to Lemma 5.1.12(i) and the estimate (1.10), the operator L(P,(-)) is 2C,- 

Lipschitz. Hence, by Theorem 4.6.6, S.2(-) — L(P,(-)) is an m-quasiaccretive operator. 

Because D(S,z) is dense in X”, Theorem 4.6.3 guarantees that the problem 

'H+S t)) = U(P,(u(t))), 

{! (t) + Sp(u(t)) = U(Py(u(t))) (si 
u(0) = Wo 


has a unique mild solution u(-). 

Next, since D(S;) is dense in X”, there exists yy € D(S,) such that |[yp — Wollyw < 5 
which means that llyolly» < @— 5. Put Zp = Sz (yo) — U(Pa(Vo)) = Sp (Yo) — UW(Vo) (because 
Pa(Vo) = Yo). Since Sz is m-quasiaccretive, it follows from the definition of integral 
solution (cf. Definition 4.6.1 and Theorem 4.6.2) that 


|U(t) —Yollpo < eb —yollgo 


t 


20" | e** (4(Pq(u(t))) ~ Zo - L(Pa(Yo)), u(t) - Yo), A. 
0 


Therefore, Lemma 4.5.1 yields 
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t 
|U(t) —Yollyo < 2 (Po — Yolo + fe 1@Pa(u(e)) — 2Zq — SM(Pa(Yo))llxe az). 
0 
Because the operator {is C,-Lipschitz on By and P,(u), Pa(¥o) € Bg, we infer that 


1 a 
lJuCt) - Yollxo < (Io —Yollxe + (2aC, + IZolhe) 5(1 =e “)), 


This implies that ||U(C)|lxo < lyollyo + ; < a,for0 <t< T, with T, > 0 suitably chosen. 
This completes the proof of the first assertion. 

Now suppose that assumptions (a) and (b) are satisfied. In this case, assumption (a) 
implies that 0 « D(S,z), and thus Sp(0) = 0. On the other hand, if we consider the 
normalized duality map on X”, then assumption (b) guarantees that, for each x* € J(), 
the inequality 


(-01(-55 (H)) Px") < -allPlko 


holds true. This means that ({(P,(W)),x") < 0. Finally, since 0 = S,(0), the integral 
solution of (5.46) satisfies 


t 
luce) |e 2 < |juco)|? +2 | er (1p, (u(z), u(t)) , at < ||u(0)| 
0 


2 
> 


and therefore 


juct)| < eB <a forallt ¢ [0,7]. 


The above fact means that u is the solution of problem (5.40). 


5.2 Rotenberg’s model 


In 1983, R. Rotenberg [205] presented a model for growing cell population in which each 
cell is distinguished by two parameters. The first is the degree of maturity w and a cell 
in the process evolution has a degree maturity w € [0,1]. Thus, during each cell mitosis, 
the degree of maturity of a mother cell is u = 1 and that of its daughter cells is u = 0. 
The second is the velocity of maturation v. The positivity of velocities comes from the 
fact that a cell may not become less mature with time and then v € (a,b) (0<a<b< 
+oo). If the function W(t, u, v) represents the density of the population with respect to the 
maturation yw and the velocity of maturation v at time t, Rotenberg derived the following 
partial differential equation: 
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3 3 _ b ! , U 
fe HV) + VE W(t Hv) = —O(H, V)P(E bv) +f, KU Vv wv!) av’, 66.47) 


Y(0, LV) = Wo(u, v). 


The kernel x(u, v, v’) is the transition rate. It specifies the transition of cells from 
the maturation velocity v’ to v while o(u,v) = ( k(u, v’,v) dv’ denotes the total tran- 
sition cross-section. It is the rate of cell mortality or cell loss due to other causes than 
division. During each cell division, it can be assumed that there is a correlation between 
the maturation velocity of mother cells v’ and that of daughter cells v. This correlation 
is governed by a transition biological rule, mathematically described by the boundary 
condition 


b 


v(t, 0,v) = B | k(v,v')W(t,1,v')v! av’, 


a 


where f is the average number of daughter cells viable at mitosis (see [205]). 

Rotenberg discussed essentially the Fokker—Planck approximation of problem (5.47) 
for which he obtained numerical solutions. Using the eigenfunction technique, C. van 
der Mee and P. Zweifel [233] obtained analytical solutions of (5.47) for a variety of bound- 
ary conditions. Using Lebowitz and Rubinow’s boundary conditions, it was established 
in [121, 3, Chapter XIII, Section 5] that the associated Cauchy problem to (5.47) is gov- 
erned by a positive Cy-semigroup and an estimate of its type was derived on the space 
L' which allowed describing the time asymptotic behavior of the solution of the Cauchy 
problem. Similar results were obtained for various boundary conditions (see, for exam- 
ple, [39, 130]). In [76] a detailed spectral analysis of problem (5.47) supplemented with 
general (linear) transition rule relating mother and daughter cells at mitosis, covering, 
in particular, all classical ones considered in [121, 153, 205, 231-233], was given. 

In the introduction of his paper, R. Rotenberg has pointed out that an adequate for- 
mulation of the model (5.47) seems to be a nonlinear one. Actually, the cells under consid- 
eration are in contact with a nutrient environment which is not part of the mathematical 
formulation. Fluctuations in nutrient concentration and other density-dependent effects 
such as contact inhibition of growth make the transition rates o(-, -) and x(.,-, -) functions 
of the population density, thus creating a nonlinear problem. On the other hand, the bi- 
ological boundaries at u = 0 and w = 1are fixed and tightly coupled throughout mitosis. 
The conditions present at the boundaries are felt throughout the system and cannot be 
removed. This phenomenon suggests that at mitosis daughter and parent cells are re- 
lated by a nonlinear nonlocal reproduction rule. 

In this section we study the initial boundary value problem 


2 y(t, uv) + VAW(t uv) = -o(U v,B(t uv) + [ KQLY, VI Y(t wv’) av’, 
(0,24, V) = Bolt) (5.48) 
w(t, 0, Vv) = [Rwp(t, 1, ‘)](v), 
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where o(.,-,-) and x(-,-,-,-) are nonlinear functions while R denotes a nonlinear oper- 
ator on suitable trace spaces modeling the transition biological rule. As in the previ- 
ous sections we shall discuss existence results for problem (5.48) for local and nonlocal 
boundary conditions. 


5.2.1 The functional setting of the problem and preliminaries 


Let a, b be two real numbers such that 0 < a < b < +oo and for each p € [1, +00) let the 
real number q denote the conjugate exponent of p, i.e., q = oa (if p = 1, then q = +00). 
Let Q be the set 


Q := {(uv) such that0 <u <1,a<v<bD}. 
For each p € [1, +00), we consider the Banach space 
Xp := L?(Q; du dv) 
with its natural norm 


a 
> 


lll, = (flow vp aud) = ({( flew vi ev) au) 
Q 0 ‘a 


We consider the partial Sobolev space 
— : d d 
Wp := ae aa heal ha VO EX, 


equipped with the norm 


LY) 
vel 


lPllw, = Ivellp + ; 
p 
which is a Banach space. Let Y, be the space 


Y, := L?([a,b], v dv) 


endowed with the norm 


} 
Weep 2= (five wv) 


It is well known (see, for example, [56, 57] or [121, Proposition 3.3, p.379]) that any 
function g ¢ W, has traces on the space Y,. Moreover, the trace mappings yp : p +> 
p(0,-) and y; : g + (1,-) are linear and continuous from W, into Y,. 
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For any 6 > 0, we introduce the weighted space 


X,,5 = L?(Q,h° du dv) 


P 


equipped with the norm 


1 


lolly = (icon) v)|? du w) = ({( [lew v) ev) au) 


Q 0 ‘a 
where h’° is given by 
nW(uv) =e °°. 


The next lemma shows that the norms || - Ilp,s and || - || pare equivalent on Xp: 


Lemma 5.2.1. Let 6 > 0 and € Xp. Then, 
By ed 6 
Wl se) pe [lps < [lly < e* Pllp6- 


Proof. Using Holder inequality, we may write 


Ih = | |ve.v)|duav 


en exp( “=” Via, )|dudv 


—5 8 


b ES 
5(1 = ' 
[exp( PO) ay wv) Isp 


( 
( sale) 1) dr) Wo 


Now, using the estimate 


k k-l 
qo ew i/(qd\ gd 1/(46 qé qé 
exp( ©) =) (£) -fyZ v gee r) 


k=1 k=1 


gives the first inequality. The second inequality is trivial. 


We denote by Xn the dual space of X, 5 and by (.,-)s the pairing between X, ; and 
Xx, s- By Fs we denote the duality map defined by 
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F5(0) = tf € Xp: Ifllxe, = 1 
and, for w # 0, 
Fs) = Uf € Xp: (fs = lly, > ifllxe, = 1. 
We recall that, if1 < p < +oo and y € X, 5, then 
Fs(p) = {Iv 5 Wl? “y}, 
and for p = 1 we have 


{sgny W} € Fs(p), 


where 
-1 ifx <0, 
sgnpX= 40 ifx=0, 
1 ifx>0. 


Now define the partial Sobolev space 


0 
Ws = |e € Xp: Fi €Xy5, VP E Xa}. 
Next, we introduce the following linear operators depending on the parameter A: 


Peas Qa Vy — Xys 

ur (P,u)(v) = u(v)e*, Ur (Q,U)(u, v) = UW)e*, 

Tl, : Xp — Ypp By Xp — Xps 

(Thg)(v) = 2 fe giu'.v) ay’, (Ege) = 2 fhe giu',v) du’. 


One checks readily that, for A > 0, the operators P, and Q, are bounded, positive (in the 
lattice sense), and satisfy 


1 
Paley, Se > (5.49) 


1 
Qall ce capv dv);£?(@)) <A?. (5.50) 
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Moreover, using Holder inequality, we obtain 


P 


| eo  g(u', v) du'| vdv 


1 , pet 1 ' 
L L 
(| ee a’ (fe ew au’) dv 


0 0 


p 
Mg. py = 


IA 
Aes RS Boe 
Z_ 
J 
<i 
LY 
s 


1 _tapa fp ze! 1 
haem] |e Leal wf du'vdv < High 
0 


which implies that II, is bounded and 


ae 
Mall care,¥,) <)>. 


Similar calculations show the boundedness of ©, and 


o 1\? 
IBalhcx,) < (=) . 


5.2.2 Local boundary conditions 


(5.51) 


(5.52) 


The aim of this subsection is to discuss the existence and uniqueness results to the fol- 


lowing initial boundary value problem: 


2U(t Lv) +VZWGuY) = -oWV, EMV) +f KQv vo wemv) av’, 


(0, U,V) = Wo(U,v), 
w(t, 0,v) = [Rp(t,1,-)](v). 


We introduce the hypotheses: 


(5.53) 


(H9) The operator R : Y, — Y, satisfies a Lipschitz condition, i.e., there exists Lp > 0 


such that 


IRA) - RO dIIc.p) $ Lalli -falle.p> 


for all f,, f2 € Yp. (In general, Lp will be considered bigger than or equal to 1). 


(H10) The function a(., -,-) is measurable and there exists A > 0 such that 


|o(u V, Ny) — O(U V, N2)| < Alny - Nol- 
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(H11) The function x(-,-, -,-) is measurable and satisfies 


k(wvv',bi(uv')) - Kv, v', bo(uv’))| < |o(u v, v’)||Yi(u v’) - W2(u, v')], 


where yj, 2. € X, and p « L°([0,1] x [a,b] x [a,b], dudvdv). 


Next, define the nonlinear operator 


b 
Bix >%, Pro | x(w vv, p(u, v')) av! 
a 


and, for all € Xp, we set 
F(p) = BY - o(:,-,¥). 
Let Tp denote the operator 


Tp : D(Tg) £ Xp > Xp» 
9+ (Tr)(uv) = VSP (uv), 
D(TR) := {9 € Wy : Yo(G) = R(Vs(9))}- 
Remark 5.2.1. We may consider the Banach space X,,5 where 6 = 0 if R is a nonexpan- 
sive mapping and 6 is a fixed number bigger than bIn(L,) if R is an Lp-Lipschitz map- 


ping with Lp > 1. Thus, in what follows we shall take 6 a fixed real number satisfying 
6 > max{0, bIn(LZp)}. 


Proposition 5.2.1. Ifthe condition (H9) is satisfied, then Tp is an m-quasiaccretive oper- 
ator on Xp 5. 


Proof: Consider g € Xp5 and A « (0, 3) (here if 5 = 0, ; means +00). We wish to prove 
that there exists a function 9 € D(Tp) such that @ + ATp(@) = g. Thus, we have to seek 
the solution of the following differential equation: 


(u,v) + a2 v) = guy). (5.54) 


Because equation (5.54) is linear with respect to the variable p, the general solution is 
given by 


u 
O(U, Vv) =e my (Vv) + = Ec vem ds. (5.55) 
0 


Using the operators Q, and &), we get 
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P(U,V) = QV) + (E,8)(U V). 


Let us show that ify ¢ Y,, then g < W, (). Indeed, Holder inequality and the estimate 
0 <A6é < 1, imply 


1b 
Ivollys = (Jee yp 
; b t 
p-1 p 
< (I(/: vix(v)| ev) au) 


1 1 ro T D pss 
< ba\lllx,p) + FT || flesw eP?> ds du dv 
400 


1 1 
< ba IXlc,p) + 7 |Sllp.s- (5.56) 


1 


a P 
dv au) 


1b t 
(| fer fe v)|Pe asaya) 
0a 


1 


HL 
e “wy(v) + — a nS view cs ds 


On the other hand, we find that 


ose] = Fe -elps < F( Its + Ivey 
alps ae Pllp.s = 9 Ellp,6 a Pllp,6 }- 
Itis clear thatify ¢ Y,, then the latter estimate, together with (5.56), implies that p < W,.5 


Now we will check that there exists a function 9 € D(TR) satisfying (5.55). In this 
case we have yo(@) = x. The following condition should be satisfied: 


al) = Va(Qa00) + Va(En(B)) = &” ol) + Vi(Ex(B))- 
Because @ € D(TR), we know that y9(@) = R(y;(@)), and therefore 
yi(P)(V) = Pa(R(Vi(9)))(Y) + Vi(En(8))). 
Let S, : Y, — Y, be the operator defined by 
S,(p)(v) = Py(R(p))(V). 


We claim that S, is ea p-contractive. Indeed, using (5.49) and the hypothesis (H9), we 
obtain 


ISx(ev) — SalPalhca,p) = IPa(R(D) - R(P2))Ihcapy < & ™ Lal — Pall«.p): 


Since 6 > bIn(Lg) and A « (0, 5) it is clear that eB Lp < 1, which proves our claim. 
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Hence the operator I - S, : Y, — Y, is bijective and (I - S,)* is continuous. 
Consequently, given y,(&,(g)) ¢€ Y, there exists a unique function p ¢ Y, such that 
(I -— S,)() = y,(&,(g)). So we can define the function 


G(UV) = C+ ATR) (8) = QR - S)"(Vi(ExB)))) ©) + XV) € Wyo: 
This yields that R(I + ATg) = Xp, whenever A « (0, 5). 
Next, we will prove that Tp is a 5-accretive operator on X, 5. In order to see this, 


we first prove this result in the space X, s. Indeed, letting 21,2 € X;,5, by the above 
arguments there exist 0), 0) € D(Tp) such that 


Q, = (I+ ATp) (By), Gq = (I + ATR) (8). 


Hence, using (5.54), (H16), and the fact that 6 > bIn(Lg), we can write 


) 
los alls | semo(os~ 92)| i - 82) - AV. (01-92) ]halunv) uy 
Q 


( 


IA 


) 
~2 | seno( or ~ 92hgv 
Q 


P1 — Y2) 
dud 
Olt oa 


+ | ssno(o1 — )Ng(81 -— 82) du dv 
Q 


IA 


b1 

0 

a| [eslastor >)| du dv + 6A [lrsto, = Q»)| du dv 
ao Q 


+ | hs(u, v)|gi(u, v) - go(u, v)| dudv 


Q 
b 
<A fe RGx(en) = R(V4(92))| = v\yi(@1) = Y1(2)]) dv 


+ OA, — Pallas + 181 - Lalla, 
7 ea - 1)lyi(@v - v(@2)| y, t OAl|P1 — Pallas + ll81 - Sallis 
< OAIP1 - Pallas + 81 - Salas. 


and therefore 


ee 


1-6A 81 — 8allis- 


| + ATR) (G1) - + ATR) “(80)[h1,5 = 91 - Pallas < 


Now, we consider the space X,,5 with p > 1. We claim that Tp is 5-accretive. To see this, 
let @;, @ be two elements of D(TR) and set — := @, — @y. Hence 
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b,1 
[V.Ta(o1) - Tr(2)], > Wh? (| HEI v= (W)seno(W) au) dv 
a ‘0 


jeo( 2 cor) a) 
oe hd ( (J(Zesw") a) tv) 
i el (| J woe( 2) au) tv) 6.57) 


Because trace mappings are linear and continuous, the last term of inequality (5.57) is 
equal to 


Iwi? ¢ i 
= | xeon — y1(92)(v)|? = &° ¥ |yo(G1)(Y) - Yo(P2)(V)|”) dv - 61Pllpng- 6.58) 


Since 1, 2 € D(TR), expression (5.58) is greater than or equal to 


Ile ( % 
S| v(baCon0w)— Condon! — &* ROAD) ~ROACD)IOP) dv — SIV Ips: 


Finally, remembering that R is Lp-Lipschitz on Y, and using the fact that 6 > bIn(Lp), we 
conclude that 


q- 
vine 


[v, Ta(1) = Tr(Q2)], 2 (1 > Lee ly (oy) = vi(2)|ly, - dll¥llp,s 
> - 61blps- 


This proves that Tp is 6-accretive, as claimed. 


Remark 5.2.2. It should be noticed that, if R is nonexpansive, i.e., Lp < 1, then we can 
take 6 = 0 and therefore we can work with the spaces X, without using any weight. 


Proposition 5.2.2. Di,” = Xp. 


ate fea y 
Proof. To obtain this result, it is enough to prove that Cp°(Q) ¢ D(Tp) ”. Let u be an 
element of C5°(Q). For each n € N, define the function 


u(U, Vv), (u,v) € Q,u € [2/n, 1], 
Un(HV) = 4 UC vu F)N+ RUC V))G— Hn, (Uv) <Q we (Fb 
R(u(1, -))(v), (u,v) € Q, we [0,1/nl. 
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It is clear that |u,,(u, v)| < |u(u, v)| + |R(u(1, v)| and both functions belong to Xp: It is also 
clear that u? — u? a.e.in Q. Thus, by the dominated convergence theorem, we have that 
|U, — ull, > Oasn tends to +oo. On the other hand, 


Su (Ub v), (u,v) € Q, w¢ [2/n,1], 
Un 


Ou 


= 1 Sw vy(u- Fn + u(uv)—mRU(Lv)), (ov) €@ we (FFL 
0, (u,v) € Q, w€ [0,1/n[. 


Since u € Co” (Q), itis an easy matter to check that u,, € W,- Moreover, Yi(U,)(v) = uC, v) 
and yo(u,)(v) = R(u(L, v)) = R(y,(u,)(v)), which means that u,, € D(Sp). 


Lemma 5.2.2. Letp € [1, +00) and assume that hypotheses (H10)-(H11) are satisfied. Then 
there exists a constant C > 0 such that, for all 1, 2 € Xp, we have 


|F@D - F.)||p < C1 - Pallp- 


That is, F is a globally Lipschitz mapping. 


Proof: For all 1, p2 € Xp, we have 


F (Wy) — F(z) = BC) — Bp) - (06, +, Wy) — OC, +5 2). 


It follows from (H18) that 


b 


FW) ~ FU.) < lle [[va(4v') - Yalov?)| av’ + A|y ~ Wedh 


a 
Using Holder inequality, we get 


1 


b Pp 
|FW) 7 F(p)| s Iplljob' (Jive - ¥(u vy av) + A\@, - »)|- 


A simple calculation using (H10) and (H11) gives 


|Fb1 -— FWally < dllpliz=lltbs — Pally + Alls — Yallp 
< Clip - Yallp, 


where C := bpp + A. 
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Remark 5.2.3. We note that the use of Lemmas 5.2.2 and 5.2.1 implies 


IF) - F@d|Ips < |F@D- F@)|lp 
< Cli - Pallp 


8 
sea Clo, = Palys» 
which means that F : X,,5 — X,5 is a globally Lipschitz mapping. 


Taking u(t) := W(t, -) € X,, we may rewrite problem (5.48) as follows: 

! = 

i. (t) + Ta(u(t)) = F(u(d)), (5.59) 
u(0) = Wo € Xp: 


Theorem 5.2.1. If assumptions (H9)—(H11) are satisfied, then 

(a) problem (5.59) has a unique mild solution, 

(b) ifp > 1, this mild solution is, in fact, a weak solution, 

(c) ifp >1and the initial data ) € D(TR), then the solution is a strong solution. 


Proof. Propositions 5.2.1 and 5.2.2 show that the operator Tp : D(Tp) © Xps > Xps 
is m-quasiaccretive. As Lemma 5.2.2 and Remark 5.2.3 yield that the operator F : 
Xn6 — Xp is globally Lipschitz, by Theorem 4.6.6, we conclude that Tp — F is also 
m-quasiaccretive on Xp,6" Thus, assertion (a) follows from Theorem 4.6.3(a). 

(b) To prove assertion (b), it suffices to observe that, for 1 < p < ov, the space Xn, 
has Radon—Nikodym property. Hence the use of Corollary 4.6.1 gives the required result. 

(c) If further ~) € D(TR), using again Corollary 4.6.1, we conclude that the weak 
solution is a strong solution. 


The next result shows that the solution depends continuously on the initial data. To 
this end, we introduce the Banach space C((0, T], Xn.) endowed with its usual norm 


[Ulloo = Sup{lu(t)||,,5 : 0 < t < T}. 


Proposition 5.2.3. Let u,,u, € C((0, T],Xp5), with p > 1, be two mild solutions of prob- 
lem (5.59). Given € > 0, there exists 6 > 0 such that if ||u,(0) —- Uz (O)Ilp,s < 6, then 
[ly - Uglleg SE 

Proof. Since Tp is a 6-m accretive operator on X, 5 and F : X,5 — X,¢ is r-Lipschitz, 


where r := er (see Remark 5.2.3), it is easy to see that Tp — F is a (6 + r)-m-accretive 
operator on X,,5 (use Theorem 4.6.6). So, if uy, uz € C([0, T], Xp,5) are two mild solutions 
of problem 


u(t) + Ta(u(t)) — F(u(t)) = 0, 
u(0) = u,(0) € Xn,6> 
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then, by equation (4.11), we conclude that 
lJur(t) - u(t)l],5 < et (0) - Up(0)||,5° 
Since the above inequality is valid for every t € [0, T], we have 


[uy ~ Uallog < e° fuy(0) — Ua (0) fp. 


To end the proof, it suffices to take 6 = ==. 
e 


5.2.3 Nonlocal boundary conditions 
In this section we are concerned with the existence and uniqueness result for problem 


2 y(t, uv) + VEW(t wv) = -c(Lv, WY + [2 eGov, v(t wv’) av’, 
W(0, LV) = Wo(U, Vv), (5.60) 
W(t, 0, v) = it K,(v, v', (hy, W(t, 1, v’)) dv’ + 0,(v, (), W(t Lv), 


where 
1b 
(W)() = | | W(t, uv) du dv. 
0a 


The quantity (~) denotes the mass of the population. 
We now introduce the following hypotheses: 
(H12) The function o;(-,-, -) is measurable and such that for any a > 0, there exists A, > 0 
such that 
|o1(us vs Ny) — O4(Hs Vs 2)| < Aalna — nal 


for a.e. (u,v) € [0,1] x [a,b], 14, M2 € [-a, a]. 
(H13) The functions 0,(.,-,-) and k,(-,-,-,-) are measurable and such that there exists a 
constant A > 0 for which 


|oo(V, My, &1) — F2(V No» &)| < A(Iny - Nal + 1& - 2), 
k2(v, v', My &) — Ko(v, V's No» &) < A(|Im — Nal + 1&1 - Sal), 


for a.e. (v, v’) € [a,b] x [a,b], 11,2 € Rand &,& ¢€ R. 
(H14) There exist two constants o, ¢ Rando, > 0 such that 


OC, < Oi (Ul, Vy n) < 071; 


for a.e. (u,v) € [0,1] x [a,b], n = 0. 
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(H15) The function x,(.,-,-,-) is measurable and satisfies 


bea viv Vi (eav") — Ki (i v4 Po(v"))] < fol vev lla — Bollea v’) 


where ¥;, € X, and p(-,-,-,) € L®((0, 1] x [a,b] x [a,b], du dv dv). 


Let B be the operator defined by 


b 
B:X, 3X» Po Exc vv’, p(u,v')) dv’ 
a 


and set 


Fv) = BD) - 9,05), PX. (5.61) 


We define the free streaming operator 7, with domain including the nonlocal boundary 
conditions 

Tr : DFR) © Xp — Xp, 

p ae TRV, v) = vse (lb Vv), 

DFR) = ti € Wp such that yo(p) = ROY, )}, 


where R denotes the boundary operator 


i : Y, x LP(Q) = Y,, 
(up) > RU, Y), 
and 


b 


R(u, W)(v) = [ ro(v v’, (w), u(v'))v' dv! + o4(v, (W), u(v)). (5.62) 


a 


It is well known that —7p (i. €., K(-,-,-) = Oando,(-, -,-) = 0) generates a Cy-semigroup 
of contractions on X, and that, for all A > 0, the operator (J + ATq)’ is positive (in the 
lattice sense). 


Lemma 5.2.3. Let p € [1, +00) and assume that the hypotheses (H12)—(H14) are satisfied. 
Then, 
(i) for each a > 0, there exists a constant C, > 0 such that 


|F@) ~ F(b2)|lp = CallY o Pally» 


Y 
for all py, p, € BE” := {UE X, 5: [lulls < as 
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(ii) there exists a constant C := C(p) such that 
RU Py) — RUy, Pokcp) S C([luy — Uallcxp) + 1 - Pally)» 


for all p,, Py € Xp and Uy, Uy € Yp. 


Proof. (i) For all (,, p») € (IB?°)?, we have 


F (1) — F(z) = By — Wo) — (G4 (-, > (1) Yr — O4(-, 5 (2) 2). 


It follows from (H14) that 


b 
Feb) - Feb] < bliss [Wa(usv') — volte v?)| av! + Jou(e vs ad) — Yo) 
+ |(O%(uL v, (4) — O1( Vs (2) Wo]: 


Using Lemma 5.2.1, one sees that |(#;)| < [Will < aes(b)é, for i = 1,2, and |Pgll, < eva, 
So, a simple calculation using (H12) and (H14) gives 


|F@) - F(p2)|lp < bllp liz llby — Pally + O11 — Yallp + age” IP — all 
< Cally -_ Pally» 


1 
where Cy := DI|p||zoo + 01 + alge: and B = aec(b)a. 
(ii) Taking into account (5.62), we may write 


[RU Py) — RU Bo) Ihc p) D) 


1 


p 
«(ff vs V', (W1), Uy(V')) — Ke (v, V's (2), Ua(v")) |v" av] va) 


1 


Pp 
: Ue V, (by), Uy(V)) ~ 02(0, (2), Uo(0)) Poa) 
+15. 


Using the hypothesis (H13), we get 


br b i 


P p 
= (| [is V', (1), Uy(v')) — Ke (v, v’, (thy), Ua(v'))|v! a va) 


1 ,b b 


< (FY (flo — (2)|v dv + | [Uy — uve 
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(2) (2 Iv, - va fm ~utva) 


It follows from Hdélder inequality that 


b 


b?\4 
[leuto) = woyoa = (5) "ty talhepy 


a 


1 


Now using Lemma 5.2.1, we get 


[er - Dally < (B) IM, - Pally- (5.63) 


Hence, we conclude that 


eye "1d, ~ Bal + (2)'u- Uae 


< C,(Ilp1 - Pally + lluy - Upll(x,p))> 


1 
where C, = max(A(2)'*» bY 4, a, 
On the other hand, assumption (H13), Eq. (5.63), and the estimate (|a|+|b|)? < 2?(\a|?+ 
|b|?) allow us to write 


1 


b Ps 
is (ic (W1)>Uy(V)) — 09 (V, (iho), Ua(v)) Pv ev) 


b 


b 1/p 
<2 a( flo - (.) Pv dv + | [Uy — uy|Pv ‘v) 


a 


a 
pb? 1/p 

<2(3-) Alyy — dal + 2A — wll. 
1/p 

a ) Ab ND, ~ Bally + 2s — Hole 


< Cy(IP1 — Wally + leer — Uallcspy)> 


2. 

pb 

a 
2 b? y1/p \pi/q ; = 

where C, = max(2A, (>) Ab’'*), Putting C = max(C,, C,), we get 


|ROd Yr) — RU, Ha)llepy S$ Cll@ r) - Ur alle pyaar 


which concludes the proof. 


Remark 5.2.4. The result (i) in Lemma 5.2.3 remains true if ||;|| psa 
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The following lemma asserts that 7 is quasiaccretive on X,; whenever 6 > 
max(0, b In(2C)), where C is the constant of Lemma 5.2.3(ii). 


Lemma 5.2.4. Let p € [1,+00) and assume that the hypotheses (H12)—(H14) are satisfied. 
Then, there exist two constants w(p) > 0 and 6 = 0 such that 


(1 + ATR) — (2 + ATR (W2))lly,s > (1-Aw(p)) IY — Vallp,s 
for alld € (0, w(p)*) and Y,, by € (Tr). 
Proof. Let #,,, € D(7z). It suffices to prove that 
(Tr 1) - Tr (W2)» P5)5 2-1 - Pally 


for some Qs € Js(; — 2) Ys stands for the duality mapping of the space X, 5). To this 
end, we assume that ¥, # W and put w(p) = 6+ ; where 6 is any nonnegative real 
number such that 6 = b(In(2C)). Let C be the constant given in Lemma 5.2.3(ii). Let us 
write p = , — YW, and 


: 5(1 - : 
water) = twip? exp(—P-E— igia, vy" seno(wcr), 
An integration by parts yields 


1b 
d(1- re) 
(Tals) ~ Tres), 95) 5 = M8 {  e(- Pee oS bp vf day 
Qa uv 


Ivins (ec pov a ; 
: ha | 0 xp(—PE— ina, vy? qu av 
ae 


Vv 


b 


b 
8 
+ | exp ivotwrivyv dv - Jrncampy tv} 


Using Lemma 5.2.3, we obtain 


lees 6 
(Tras) ~ Faz) 9s)52 ~ Slblps~ —2* fexp( -™ ) 
x [ROD Hh) — Ka WLR» — Wadi — Yabal. | 
1 
_s _ 1 fapce p 
IVllps 5 (2? exn(-5 re) nw 2 


Agoel e- 1) ilps 5 lyY1 - V1¥2lle.,p): 
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Since 2?CPe > < 1, applying Lemma 5.2.1, we conclude that 


(Try — Fr (b2)> 95)5 = -O(P)IIP1 — Yallp.s> 


which concludes the proof. 


In the following, we seek for a solution to the resolvent equation for the operator 
Tr, I+ATR)(p) = 9, where 9 is a given function of X, and the unknown y must be sought 
in D(7z). So, for A > 0, by the argument developed in the proof of Proposition 5.2.1, the 
solution is formally given by 


m 


(u,v) =e R(ys(h), W)(v) + x fe ov) du’. (5.64) 
0 
In particular, for y = 1, we get 
1 
PL V) = VP)) = & ROW), WY) + | e * g(ul,v) du’. (5.65) 
0 


Using the fact that w must satisfy the boundary conditions, Eqs. (5.64) and (5.65) may be 
written as 


i" = QR.) + E@, 
MY = PyRWy, ) + The. 


Therefore, (y,¥, W) is a solution of the fixed point problem 
(ug) = Fug) 
on the product space Y,, x X,, where 
Ayu 8) = (PAR(U) + TP, QR(WS) + 8,9), (US) € Vp X Xp. 


Lemma 5.2.5. Let p € [1,+00) and assume that the hypotheses (H13)—(H15) are satisfied. 
Then there exists a constant A, > 0 such that, for eacha € (0, Ap) and @ € Xp there exists 
W € D(T) such that 


P+ATR(W) = g. (5.66) 


Proof. As we have seen above, in order to solve (5.66), it suffices to prove that the fixed 
point problem J(u, f) = (u p) has a unique solution in Y, x X, where 


Alu W) = (Ky Tp) W) = (PAR, Y) + 1h (0), QR W) + £,(0)). 
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To see this, we equip Yn X Xp with the norm ||(u, ~)|| = [lull xp) + Pll and set 
A. 
Ap = sup{A > 0: (eo +AP*JC < If, 


where C is the constant given in Lemma 5.2.3(ii), and we check that the operator 7; 
is a contraction mapping. Indeed, let (u,, 1), (Uz, Pz) € Yp x Xp. Using the estimates 
(5.49)-(5.52) and applying Lemma 5.2.3, we have 


| Fats Bs) ~ Ta (Ua, Wo) = [IHW Va) ~ Fea We) py + WI? Cn Ya) ~ Fees 
< (es + AP) |KO, Yi) — Kt, Yale. 


s (ea +AP)C(\huy — Ugll(s,p) + 1 - Pally): 


Hence, by the definition of A,, J, is a A,-contraction mapping and therefore, by the 
Banach contraction principle, problem (5.66) has a unique solution in D(7p). 


Remark 5.2.5. Lemmas 5.2.4 and 5.2.5 guarantee the existence of 6 > 0 such that Tz 
becomes m-quasiaccretive on X,,5. Moreover, using the same argument as in the proof 
of Proposition 5.2.2, we obtain the density of the domain of 7;, that is, D(77) = Xp: 


Taking u(t) := W(t, -) € X,, we may interpret and rewrite problem (5.60) as follows: 
fn + Tr(u(t)) = F(u(t)), (6.67) 
U(0) = Po € Xp. 


Theorem 5.2.2. Let p € (1, +00) and assume that the hypotheses (H12)—(H15) are satisfied. 
Then problem (5.67) has a local weak solution for each Wy € Xp. Further, if fy € D(Tp), 
then problem (5.67) has a local strong solution. Finally, if we suppose that k,(-,-,-,0) = 0, 
then problem (5.67) has a unique global strong solution for each {) € D(TR) and it has a 
unique global weak solution if by ¢ Tz. 


Proof: According to Remark 5.2.5, 7 is an m-quasiaccretive operator in X, s. Since X, 5 
is reflexive, by Lemma 5.2.3, F is locally Lipschiz. Applying Theorem 4.6.7, we obtain 
the existence of a local strong solution to problem (5.67) whenever the initial data Wp 
belongs to D(Tz). 

Now we are going to study the existence of local weak solution when the initial data 
Po ¢ D( Fz). Again, by Remark 5.2.5, the domain of 7p is dense in X,, so we may choose 
a sequence (Yr)new © D(TR) such that J, > Yo asn — co and set R := sup{ll¥allys : 
n = 0,1,...}. Arguing as in the proof of Theorem 4.6.7, it is easy to see that there exists 
Tp > 0 such that, for each n € N, the problem 


bas + Tr(u(t)) = F(u(t)), 
u(0) = Vn 
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admits a unique strong solution, say u,,, on the interval (0, Tp). To discuss the existence 
of a local weak solution, it suffices to see that (U,,) nen is a Cauchy sequence in the Banach 
space C(0, Tp; Xp,5), which is a trivial consequence of inequality (4.11). 

Now, to check the existence of a unique global solution, we argue as follows. Con- 
sider an element 95; belonging to the set 


Jp) = {we X05: (ws = Ills and bly, - = Ips: 


According to (H15), 


(015 (Ds O5.1)5 = Fills (5.68) 


and 


(BY, 95:1)5 < [BU llpsllPllp.6 < Wllp6lBVllp. 
The use of the Holder inequality gives 


b 
[BY < flo. v')y(uv’)| dv! + 


a 


b 
| K1 (u,v, v’, 0) dv’ 


b 


<bipto( [lov )P av) + 


a 


b 
| K,(u, Vv, v’, 0) dv! 


a 


Therefore, Fubini theorem and Minkowski inequality lead to 


[BY lp < Dipl oMWllp + $B(0)| 


Y 
which proves that 

az 6 = 

(BY, P51)6 < Dllpllooe* Ile + |BO)|Mllps- (5.69) 


Thus, using (5.61)-(5.69), we infer that 


(-F(p), O51) 5 = (5 WY, 951) 5 — (BY. O51)5 
> oyII2,5 — bliploe® WI, — (BO) lvll.s 
= ~ (blploe* - o,)IVI2,5 — [BO)||, lvls. 


Finally, the assumption x,(-,-,-,0) = 0 yields that B(0) = 0. Thus, we have proved that 


S(-F(W), O51) 5 2 —all Php. 5> 


5.2 Rotenberg’s model ——= 237 


where @ := (bllpllone® — G,). Now the use of Theorem 4.6.7 ensures the existence of a 
unique global solution. 


Theorem 5.2.3. Let p = 1 and assume that the hypotheses (H12)—(H14) are satisfied. Then 
problem (5.67) has a local mild solution for each ty € X,. If, further, we add the conditions 
(a) K4(-,-,+,0) = 0, 

(b) x,(-,-,0,0) = 0 and o,(-,0, 0) = 0, 

(0) Diiplloe* < oy, 


then problem (5.67) has a unique global mild solution for each Wy € X,. 


Proof: We first establish that problem (5.67) has a local mild solution. Indeed, let Wy € X, 
and consider a > 1 such that ||Wolly,5 < @ — 1. Let p(-) be the radial retraction 


p if Ilys <4, 
p= 4 4 : 
eae 


According to Lemma 5.2.3(i), F(p(-)) is 2C,-Lipschitz. Therefore, by Theorem 4.6.6, the 
operator 77 — F(p(-)) is m-quasiaccretive in X,,g- Hence, by Theorem 4.6.3, we conclude 
that the problem 


es + Tr(u(t)) = F(p(u(t))), 
u(0) = YW 


has a unique mild solution u. 

Now, since D(7;2) is dense in X;, we can choose an element yp € D(77z) with |lyolli,5 < 
a and such that |lyp — Pls < 4. Next put 2) = Tz (Yo) - F(P(Vo)) = Te (Vo) - F(yo) and 
apply (4.11) to get 


t 


|u(t) - Yollas < e” tbo —Yoll,s + | 


s 


eet 


[-Z9, u(t) - yo], at 


<e*( Wo —Yolus + Hols.n(1-e™)). 
This yields 
|uOls < Wollh.s +1< a, 
for 0 < t < T, with T, > 0 suitably chosen. This allows us to get the desired conclusion 
because it means that u is a mild solution to problem (3.9) in the interval [0, T,]. 


As we saw in the proof of Theorem 5.2.2, conditions (a) and (c) yield 


(F(b), Prs)5 < 0. 
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On the other hand, condition (b) means that R(0,0) = O and then we have that 
Sp (0) = 0. Thus, we may use Theorem 4.6.7 in order to derive the existence of a unique 
global mild solution. 


From a biological point of view, it seems quite natural that if the density of the pop- 
ulation of the cells at mitosis is zero, then the transition for the distribution of mothers 
to daughters should be also zero, this is mathematically described by assuming that the 
transition operator F satisfies R(0) = 0. When we assume that R(0) = 0, we can replace 
condition (H11) by another conditions describing the rate of cell mortality. In this sense, 
let us consider 
(a) o4(-,-,-) is as in (H12) and (H20), 

(b) o(v, WU, v)) = oy(U, v, ())p, : 
(c) xk(-,-,-,-) Satisfies condition (H11), K(-,-,-,0) = 0 and such that Dllp||,oe* < dj. 


Checking carefully the proof of Lemma 5.2.3(i), we may show that the operator 
F(y) = By ~ o(:, *y ~)s, ) € Xp» 


where 
b 
B:X%)>X,, pro [kurv av’) av 
a 


is locally Lipschitz as well. Using the same argument developed in the last part of the 
proof of Theorem 5.2.2, we may prove that there exists t > 0 such that for every w « 
Xy6 With ||pll,5 = T, one has [, F(W)], < 0. Therefore, it seems quite natural to study 
problem (5.59) under the following conditions: 

(H16) For every s > 0, there exists L(s) > 0 such that 


IF -FWIp,5 <LI — Vly 


whenever 9, p € B?°(0) := {ue Lp lWUllps < S}- 
(H17) There exists 7 > 0 such that for every  € X,¢5 with |lpllp,5 = Tt, one has [y, 
F(p)|s < 0. 


Theorem 5.2.4. Let p € [1, +00). Assume that 0 € D(T,), i.e., R(O) = 0 and the hypotheses 
(H9), (H16), and (H17) are satisfied. Then problem (5.59) has a unique mild solution. 


Proof. We claim that problem (5.59) has a unique mild solution. Indeed, take g € X,5 
and consider t > 0 such that ||g'lp,5 < T, with (H17) satisfied for this t. We now introduce 
the function 
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x if |Xl,5<T 
p,6 ? 

no e if | 
Tens * i IXllp.6 Sh 


It follows from (H16) and [81, p.364] that the function F(p(-)) is 2Z(7)-Lipschitz. There- 
fore, by Theorem 4.6.3, the problem 


bee + Ta(u(t)) = F(p(u(t))), a6) 


u(0) =g 
has a unique mild solution u. Because we assume that 0 = Sp(0) and F satisfies (H24), 


we may apply [111, Lemma 3.1] to get that u ¢€ B?°(0) = {u € Xp: lulls < TH. So we 
have p(u) = u, which yields a unique mild solution. 


We end this section with the following result. 
Proposition 5.2.4. Let p ¢€ [1, +00). Suppose that (H9), (H16), and (H17) hold true and, for 
eachi ¢€ {1,2}, u; € C([0, T];Xp5) is a mild solution of equation (5.59) with initial data 
u,;(0). Then, for each € > 0, there exists 5 > 0 such that if ||u,(0) - Uz(0)llp,6 < 6, then 
Uy — Ugllog SE 


Proof: Since Sp is a 6-m accretive operator, by (4.11) we have 


t 


Ju — ua(Ofp,s < e% [ex(0) - uO) },5 + | 2] F(uy(s)) — Furl) Ips 4s. 
0 


-6s 


The above inequality, along with the fact that e°°’ < 1 for alls € [0, T], implies 


t 
u(t) - uO|,5 < e( 140 — u,(0)||,,5 + fires) - F(u,(s))|| 6 is) 
0 


Since, for eachi € {1, 2}, u; isa continuous function, there exists k > tT (Tis given in (H17)) 
such that ||u;||,, < k. In this case, by (H16), we know that F is L(k)-Lipschitz on Be (0). 
Consequently, putting c = oe we get 


t 


lJua(t) — Ua(0)[|,,5 < cllu(0) - u2(0)|],5 + | cL(k)||U(s) - Up(s)]|,,5 4S. 
0 


Now, for every t € [0, T], Gronwall inequality implies 


Jur(t) - u2(t)p,5 < clur(0) - w(0)|}, se” 


which means that 
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Jey = Ugllog = ce" Juu (0) - U2) |p 5 


Consequently, taking 6 = —aer we complete the proof. 


5.3 A transport equation with delayed neutrons 


The kinetic neutron transport equation describes the time evolution of a neutron popu- 
lation in interaction with the background matter [25, 82]. It was considered in different 
fields of mathematical physics to describe transport processes of particles. The litera- 
ture devoted to various mathematical aspects deals with transport equations in non- 
multiplying medium. (see, for example, [121, 131, 136, 180] and the references therein). 
The derivation of neutron transport equation in nonmultiplying medium is based on the 
physical assumption that the production of neutrons after a collision of neutrons with a 
nucleus of the host material is instantaneous. However, in a multiplying medium, the ab- 
sorption of neutrons by a fissile nucleus may give rise to fragments which act as delayed 
neutrons emitters (precursors). In fact, a small fraction of neutrons is emitted later due 
to certain fission products. The origin of these delayed neutrons is in general attributed 
to B -decay of highly excited fission products and their decay products. To ascertain 
the time-dependent behavior of a nuclear reactor, one must account for the emission 
of these so-called delayed neutrons, for the small fraction of neutrons that are delayed 
make the chain reaction far more sluggish under most conditions than would first ap- 
pear. Thus, in multiplying media, precursors are grouped into few decay time groups 
and there are as many precursor equations as there are time groups to be considered. 
The emitted delayed neutrons appear as a source term at the rate of the precursor decay 
[25, 82]. The spectral theory and Cauchy problems governed by linear transport opera- 
tors with delayed neutrons were discussed by many authors. We refer, for example, to 
the works [43, 61, 135, 157, 162, 168, 175, 180]. 

In this section we shall discuss the existence and uniqueness of solutions to the prob- 
lem 


do(t, x,v) + v- Vif x, V) 
= 0 (Ks folt.%V)) + fy KOM V fol) dulv! 
+ ye AB(X VAIL XV), (5.71) 
dh (t, x,v) + Afi. V) = \KOGV.V' folxv))duv'), 1sisN, 
f(0,X,V) =fio(Xv), i= 0,1,2,...,N, 


for. = Hor)» 


where t > 0, (x,v) € D x V. Here D is a smooth open subset of RY , U(-) is a positive 
Radon measure on IR" such that (0) = 0, and we denote by V its support (V is called the 
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space of admissible velocities). The function f, represents the neutron density, f;(t, x, v) 
represents the density of the ith group of delayed neutron emitters and {A;,1 < i < N} 
are radioactive decay constants. The functions o(.,-,-) and «;(-,-,-,-),i = 0,1,...,N, are 
nonlinear functions of the density of neutrons, fo, called, respectively, the collision fre- 
quency and scattering kernels while 6;(x, v),i = 1,2,...,N, are essentially bounded func- 
tions which denote physical parameters related to the ith group of delayed neutrons; 
f° = Goo-for---»fow)” stands for initial data. Here H denotes a bounded linear operator 
from a suitable function space onT’, to a similar one on T'_ which models the boundary 
conditions. The known classical boundary conditions (vacuum boundary specular re- 
flections, diffuse reflections, periodic and mixed type boundary conditions) are special 
examples of this framework. 


5.3.1 The functional setting of the problem and preliminaries 


Let D be a smooth open subset of IR” and let ube a positive Radon measure on R™. We 
denote by V the support of and we refer to V as the space of admissible velocities. We 
note that the boundary of the phase space is written as OD x V :=T_ UT, where 


T, = {(%,v) € 0D xV:4v-v, > Of. 


Here v, stands for the outer unit normal vector at x € oD. 
Letting p ¢ [1, +o), we use the notation 


L?(D x V) := L?(D x V; dx du(v)). 
We now introduce the following functional space: 
W,(D) = {ip € LP(D x V) such that v- V,p € LP(D x V)}. 


It is well known (cf. [48, 56, 57] or [121]) that any function f in W,(D) possesses traces fir, 


onT, belonging to Briel as lv-v,| dy, du(v)), where dy, denotes the Lebesgue measure 


on oD. In applications, suitable L’-spaces for traces onT, are 
Ly = LP(L,, : lv: vyl dy, du(v)). 
So, we define the set 
W,(D) = {ff €W,: f° € Lf. 


It is well known that if f ¢€ W,(D) and fir. € Ly then fir, € i, and vice versa 
[56, 57, 121]. More precisely, we have the identity 


W,(D) = ff € Wy : fir, € Lp} = tf © Wp: fir, € Lp}- 
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We say that an operator H is a boundary operator if 


H(f*)=f, D(H)=L), and H(L;)¢L,. 


Let H « L(Lp>L>) be a positive boundary operator (the positivity is taken in the 
lattice sense, that is, H transforms the positive cone of Ly into the positive cone of Ly). 
Define the operator T;; 


fe : D(Ty) ¢ LP(D x V) — L?(D x V), 
Tyf (xv) = -v- Vif (x, Vv) 


with domain 
D(Ty) = {f € W,(D) such that f~ = H(f*)}. 


Remark 5.3.1. The operator T;, is usually called the free streaming operator. It is a 
closed densely defined linear operator. Its resolvent set p(T;;) contains the half-plane 


C, = {A « Csuch that ReA > 0} 


(see, for example, [151]). 


For i € {1,2,...,N}, let A; be the bounded multiplication operators from L?(D x V) 
into itself defined by A;f; = 4;8;(x, v)f, and define the matrix operator 


Qo Whe wb ui, OMe 
G00 0 xed 
A= 
00 0 0 


Since the functions £,(.,-), i = 1,...,N, belong to L°(D x V, dx du(v)), the operators A,, 
i=1,...,N are bounded, and therefore A is also bounded on (L?(Dx V))"*". Here (L?(Dx 
v))*4 denotes the product space L?(D x V) x L?(D x V) x --- x L?(D x V) (L?(D x V) taken 
N +1 times) equipped with the norm 


N 
If ll = Ifo---»fv)" | = > Will. 
i=0 


Remark 5.3.2. Let us note that the boundedness of the operator A implies that it is a 
Lipschitz operator with Lipschitz constant ||Al] = [|All oxy: 
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Define the matrix operator 


fe 0 0 0 
0 Al oO 0 

Ay = . 
0 0 0 Ayl 


The domain of Aj; is D(A) = D(Ty) x (L?(D x V)). 


Remark 5.3.3. It is well known that D(T;;) is dense in L?(D x V), so the domain of Aj is 
also dense in (L?(D x v))"*1. 


A general assumption 
Throughout this section we shall assume that 


lH <1, [Dl <+c0o, and UV) <0, 
where |D| denotes the Lebesgue measure of D. 
Lemma 5.3.1. Ifp ¢ (1, +00), then, for all f ¢ L?(D x V), we have 
1 
Ifll@xvy < (IDIUV)) “If llze(oxv)> 


where q denotes the conjugate exponent of p. 


Proof. It is an immediate consequence of Holder inequality. 


5.3.2 Existence and uniqueness results 
We first consider the following initial boundary value problem: 


do (t, x, v) + V- Vyfolt x, V) 
= -9(X,V,fo(t,x,V)) + fy K(x, vv folt, x, v’)) du(v’) 
+ DE ABI vyflt.x v), 
FL XV) +AG(L%V) = fy KOGVV folxv'))duv!), 1<sisN, 
FOV =A, ToL 1h Ny With fo = Golniescton) 4 
fy = HG), 


(5.72) 


where f° = (foi,for»-.-.fow)* is the initial data, o(-,-,-) and Ko(-,-,-,-) are nonlinear func- 
tions of the density of neutron fp and, fori € {1,2,...,N}, K;(.,-,-,-) is a nonlinear func- 
tions of the density of the ith group of delayed neutron emitters. 
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We now introduce the following hypotheses: 
(H18) We assume that 0 < A, < A, <--- < Ay and B,(x, v), i = 0,1,...,N, are essentially 
bounded. Further, there exists a real constant f such that 


0<B(x,v)<B fori=1,2,...,N. 


(H19) The function o(-,-,-) is measurable and there exists a function p « L°(D x 
V, dx du(v)) such that, for all f,, f. ¢ L?(D x V), we have 


|a(x, v.f,) - 0% v.f2)| < |pO< v)|If, -fal- 


(H20) For eachi € {0,1,...,N}, the function x,(-,-,-,-) is measurable and there exists a 
function p; ¢ L°(D x V x V, dx du(v) du(v’)) such that, for all f,, f, ¢ L?(D x V), we 
have 


PGvv ACG V)) — M06 ¥ vi f26V))1 < lees v.v)IA0sv') - £06) 
Set 


To (fp) = — o(X, v,fo(t, x, v)) + | ro(x vv’, fo(t,x,v')) du(v’), 
v 


TL (fp) = J rie nv' fol’) dutv’) f=1,2,....5N, 
v 


and define the matrix operator II on (L?(D x v))"*" by 


I, 0 0... 0 i, 

The 70° 0 24.00 ii 
II(f) = : 

Tig? 200 ke 20 fe 


for all f = (fo, fu».--»fy)> € (LP(D x Vy). 
With the above assumptions, problem (5.72) may be formulated as follows: 


f'(t) + Apf(t) = Af(t) + IG (O), 
f(0,X, Vv) =fo(x%v), i=0,1,...,.N, (5.73) 


with f° = (foo,fo---»fon)- 


Remark 5.3.4. As indicated above (cf. Remark 5.3.3), we have 
N 
D(Aq) = D(Ty) x (L?(D x V)) ). 


So, the initial data f° = (foo, foy,-.->fow)~ belongs to D(Aj;) if and only if foy € D(Ty). 
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Theorem 5.3.1. Let 1 < p < oo. If conditions (H18)—(H20) hold true and II maps (L?(D x 
v))"** into itself, then problem (5.73) has a unique mild solution for all initial data f° 
belonging to (L?(D x V))“*1. If 1 < p < ©, itis a weak solution. Moreover, if f° ¢ D(Ay), 
then it is a strong solution. 


Next, we shall consider the case where the functions o;(-,-,-) and Ki (+, so), l= 
0,1,...,N, depend on (fj), the total density of neutrons, that is, 


Gor = | [flex vax ducn. 
DV 
Remember that the density of neutrons is a nonnegative quantity. Hence we con- 
sider the following problem: 
nts 2 v) +V-Vyfo(t, x, Vv) 
= -O1(X,V, fo) Ifo + fy KOO V.V, fo) Ifolt,x, v’) du(v’) 
+ DEL ABi% vifilt, xv), 
(tx, v) + Ajfi(t, x, v) = fi KO, fo) fol xv')dulv'), 1<i<N, 
fOAV= EW TS 0 N Withee = Gouin eetan) 
fo = Hf) 


(5.74) 


where f° = (fo,,fo»--->fow)* Stands for the initial data. 
We now introduce the following hypotheses: 
(H21) The function o;(-,-,-) is measurable and, for any r > 0, there exists A, > 0 such 
that 


|o4(x, v, 21) — 010% V5 Z2)| < Aplzy - Za 


for all (x, v) € D x Vand 2, Z) € [-r,r]. 
(H22) There exist two constants o, ¢ Rand, > 0 such that 


01 < O(X%,V,Z) $< Oy, V(X,vV,z) €DxVXR. 
(H23) The functions Ki(., +,+,:),1 = 0,...,N, are measurable and satisfy 
1 1 
K; (x, v, V’, 21) — K(x, v, Vv’, Z2)| < |pi(x v, v’)|IZ4 - Zal, 


where Z,,Z, € [-r,r] and p; ¢ L©(D x V x V, dx du(v) du(v’)). 
(H24) For eachi ¢€ {0,1,..., N}, there exist two constants K € Rand Ki > 0 such that 


1 1 


KS Ki(X,v,v',2) <i; forall (x,v,v',z) €eDxVxVxR. 
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Define the operators 


Tf) = ~ 40% ¥ ofa + | RoCV.V' Ga) Polx.v4) duly"), 


V 


TI; (fo) = | ice vv) ot. xv’ )du(v’), t= 1,2,...5.N, 
V 


and consider the operator II’ : (L?(D x v))"** — (LP(D x V))"** defined by 


Hy 0 0-2-0 ho 

P TE. 205 0. easy. 0 f; 
(PDxW)) f= Coho oMemp=| 2 0 : 
Wy 0.0, 262-20 fn 


Thus, problem (5.74) may be written as 


f'(t) + Anf(t) = Af(t) + PFO), 
f,(0,x,v) = foi), i= 0,1,...,N, (5.75) 


with f° = (foo,fo---.fow) 


For eachr > 0, set 
N+1 
Be := {ff «(LP(DxV)) If <r. 


Theorem 5.3.2. Letr > 0 and assume that assumptions (H18), (H21)—(H24) are satisfied. 

Then the following items hold true: 

(i) Ifp € (1, +00), then, for each f Oc (D x V), problem (5.75) has a local weak solution. 
If the initial data f° belongs to D(A,), then it has a local strong solution. Further, 
problem (5.75) has a unique global strong solution if f° € D(A;;) and a unique global 
weak solution if f° ¢ D(Ay). 

(ii) Ifp =1, then, for each f cpp (D x V), problem (5.75) has a local mild solution. 


5.3.3 Some lemmas 


We now establish some lemmas required in the proofs of Theorems 5.3.1 and 5.3.2. 
Lemma 5.3.2. The operator A, is m-accretive on (L?(D x V))N*4. 


Proof. We first prove that A; is accretive on (L?(D x V))“*?. Let g,,2) € D(A;;) and con- 


sider f = (fo.--- fv) € Jui — 82). If we write g, — 5 = (8? - 8,81 -82>---»81 — 8) ), then, 
for i = 0,...,N, we have f; = Ilgi - gillp "lei — gil? * sgno (gj — g). So, we can write 
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(f An(81) — An(2)], 
> Is? sil” | [lst -92l? 'v- Y((e? -82)0.v)) seno(g? - gf) dx duc 


DV 


+Algt - gall,” | fist - gal? "(gt - #3) v)) sgng(gt - gt) dx du(v) 
DV 


(Ca 


+t Avon ~ Silly? ss 8y — 82)(%, v)) sgng(gy - 83) dx du(v) 


DV 
-pl1 
= |e? - 2, | fv Vx (\(g? - 82) v)|”) dx duv) 
DV 
1-p 12st p 
+ Agllet - Z3llp | (te — g3)(x,v)|") dx du(v) 


tet aula - 2p” | J (ei - Jovy) ax duc. 


Using Green formula, the right-hand side of the last equation is greater or equal to 


1 
ler ez,” p( fiat BE) C% V)PV ve dye dutv) ~ f(g? — g8)(x% v)f?v- vy dy dv) ) 
) 


ale! ah + Agllgi - sll +++ + Awllar! - £2'llp 
1 x _ 
let - ll, — 5ll(er — 83)" line — Wer - 82) Ute) 


ll 


+ Allgt “al, + Agllet - 83lly +++ + Allen’ - 82'lp 


L a 
le? - I, = sll(er — 89)" |p+ - |(g? - 82)" [pos 


ll 


+ Allgt “al, + Agllet - g3lly +++ + Anllet’ - 82'lp 


1 1 
Igo - Sollp -((1- ITIP) I(g - 85): Ins) 


IV 


+ Allgt “al, on — Sip tt Awlgt - £2'llp = 


(here we used the assumption ||H|| < 1). This proves that A,, is accretive on (L?(Dxv))N*1. 

To complete the proof, it suffices to establish that RU + A;;) = (L?(D x V))“*1. Let 
(No, hy,-.., hy) € (L?(D x V))"*1. We search for an element (fy, fi, ... fy) € D(Ay) such 
that 
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or equivalently, we look for a solution of the following system: 


— Tyfo = ho, 
fo Hho 0 (5.76) 
i + Afi = hi i=1,...,N. 


It is clear that, for i = 1,...,N, we have f; = 
equation 


a i=1,...,N. So, it remains to solve the 
U 


fo V) - Tyfo v) = h(x, v). 


According to Remark 5.3.1(b), the latter equation has a unique solution because 1 € p(T;,;) 
(the resolvent set of T;,). This yields that RU +.A,,) = (L?(D xV))"*4, which completes the 
proof. 


Lemma 5.3.3. Assume that (H19)—(H20) are satisfied and II maps (L? (Dx\V))** into itself, 
Then there exists a constant C, > 0 such that, for all g,h € (L?(D x V))‘*1, we have 


|(g) - 11(h)|| < Cyllg - All. (5.77) 


Proof. It is clear that, for all g = (go,...,8y) and h = (No,..., hy) in (LP(D x V))"*1, we 
have 


N 
|g) - 10h) |] = D'o) ~ WiAo)Il,. (5.78) 


i=0 


So, it suffices to prove that, for eachi € {0,1,...,N}, II; is a Lipschitz operator on L?(DxV). 
Let ff. € LP(D x V). Using (H19) and (H20), together with Hélder inequality and the 
fact that (V) < oo, we get 


[Mo Fi) — No(f)| < los v.fi06v)) - 00%v. 0c v))| 


+ f(s v4 fie 9) — Kol v0" fal) du’) 
V 


< MPlloolfilsV) - £206 V)] + IlPolloo lic v') - f(x, v’)| du(v') 


V 


< IPlloo fil V) — 206 v)| 


+ Wolad¥)*( fice v') —frlx.v’)/? au) 


V 


Next, simple calculations using the estimate (|a + b|)? < 2?(a? + b?) lead to 
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| J tones V) —Tg(f,) 0x, v) ? dx dutv) 
DV 


< ot, | [fix fico w)P ae aun 


DV 


ipoleuv)® | | [icv') - flav’) de dutv’) ducv) 


DVV 

p 
< Pipl —falld + 2?llpo Ru V) If — fall 
< 2P(Ilolr, + lpollBu(V)? I — fall. 


i) 
cv 


fe 


Thus, 


Hot) — Mo), < 2(IlpIl, + polle(V)?)? Ili — fallp- 


On the other hand, for each i € {1,..., N} and for all fj, f, « L?(D x V), we have 


i) - Th) < [leGv.v)INAGav!) - fev? duo’) 
Vv 


< bpibeos¥)*( [Jiev!) —fiexw )P auto’) 


V 


and therefore, 
(Ti) - TiGadlly < Willooh VY) If - fallp- 
Hence, we obtain 


a ice 
2(Ilplle, + Iipoll6“(V)P)? lio — Rolly, iff = 0, 
IPjllool(V)IIS0 — Rolly» if (1, 25.21 


1150) - (Po) < | ae 


Now using the estimates (5.78), (5.79), and the fact that || — Molly < lg — hil, we get 
| Mg) - 1h) < Collg - All 


where 


N 
1 
Cy = AIDIP, + Ipol?uV)?)-? + ¥ bpilloott(V). 
i=1 


This ends the proof. 


Lemma 5.3.4. Letr > 0, p € [1,+00), and assume that (H21)—(H22) are satisfied. Then 
there exists a constant C, > 0 such that 
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\m'(g) - 1" (h)|| < Cyllg — All 


for allg,h ¢ Be. 


Proof. For all g = (go,...,8y) and h = (Ng,..., hy) in BE, we have 


\1'(g) - ma) = Se (£0) — HiMo)ly- (5.80) 


i=0 


As in proof of the previous lemma, we just have to prove that, for eachi ¢€ {0,1,...,N}, 
Il; is a Lipschitz operator on L?(D x V). Let f, and fy be two elements of L?(D x V). Using 
(H21) and (H22), and the estimate (|a + bl)? < 2?(\a|? + |b|?), we get 


mf) - my)? 
< Pla(x.v. GG A) + (Gv, i) - av, AL 


p 
+2( [Isom 0 Gan Ad +(es0. in) ~ es. le) 
< PPla(xv Hi -Adl’ +2? \(alov, Gi) - 106v )) Al) 
p 
+20(2°( [eblaviv’ dh - fol auto’) ) 
Vv 
Dp 
+ 2°( [lesb Gx. v.v". Gd) ~ Ries vv’) Vl auto") 
Vv 
< 2aP If — fal? + PLGA) — a)! Ul?) 
‘ Dp 
+2°(K (fa xv’) - fulxv?)| uv’) 
p 
+ Pipl ( [i ~ Gil ev")| au(v’)) 
Vv 
Using Lemma 5.3.1 together with the assumption “(V) < +00 gives 


Ii) - Gd < Wi fall < (IDV) "If — fall 6.81) 


Estimate (5.81) and Holder inequality imply 


[m5 h) - 15g)? 
< PYG If, — ful? + ABDI) "If, — Al?) 


+28" (| a6)" [lio low a) 
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+ 2? ipol2,(IDIuV)) Wh ~flb( | au(v')) [Gv auto’) 
Vv Vv 


< 2°(@P If, — ful? + AP(IDICV)) If Bee 
+ ZR) HOD® [iGov') —fGcv')P dur’ 


V 


+ 2 polP(ID|uCV))* HOV) Wf — fale Palxsv")? duo) 
Vv 


Integrating over D x V, one sees that 


| Jini v') TE G)(x.v')? dx dutv) 


DV 


<2?a? | | ice v) — fox, v)? dx du(v) 


DV 


+ 2A D|uv))* Wi —flb | [Pace vyf’ dquo) 


DV 


+ 2cRuon® | [( [Mev — f(x’)? du (v')) de duc) 


DANSEN: 


+ PPipolf((Ducv))* atv) ie — Fle | f( [Utcev)P duce’) ) ax aco) 
DV V 
< PPOP If, — fol + ZAP (IDM) “Wh — AIBN? 
+ 2K, UV) ef, — fall? + 2??lipol(IDIKCV)) “WV? If, — fal Wal. 


Using the fact that f, belongs to BE (in fact, writing f, as (0, 0,f,,0,..., 0), it may be viewed 


as a function of BE with ||(0,0,f,,0,...,0)ll = Ifill, ), we get 


| eile v') — Tg (fa)(x, v') |? dx du(v) 
“e 2? (at + xPAP DIP U(V)?* + (Kp) UV)? + ¥? po IR ID "u(v)”? If — fall’. 
This yields that 
(0G) - Mo Gllp < Sli - fll (5.82) 


1 
where (P := 4(G) +r? APIDIP “u(V)P* + (Kp)? U(V)? + xP lipo lB IDIP “uC? *) 
Similarly, for i € {1,..., N}, the same calculations as above give 


[T:) - Tp < SA -fallp> (5.83) 


where Ci = 2u(V)((K)? + x? Iip;|l2(|Dlucv))?-)?. 
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Now, using the estimates (5.82), (5.83), and the fact that ||gy — Agllp < |lg - All, we 
conclude that, for allj € {0,1,..., N}, 
|17}'(go) — (ho), < Gg - All. (5.84) 
Accordingly, the use of (5.80), gives 


I'(g) -— 1'(A)|| < Cyllg - All 


where C, = 6° + 94, G1. 


5.3.4 Proofs 


Proof of Theorem 5.3.1. By Lemma 5.3.2 and Remark 5.3.3, we know that A, is m-accretive 
on (L?(D x V))"**, On the other hand, Remark 5.3.2, together with Lemma 5.3.3, shows 
that A+ Ilis (||Al| + C,)-Lipschitz on (L?(D x V))"*. Hence Theorem 4.6.6 guarantees that 
Ay—(A+II) is m-quasiaccretive on (L?(DxV))‘*?, Applying Theorem 4.6.3(ii), we conclude 
that problem (5.73) has a unique mild solution. Moreover, since the spaces L?(D x V), 
1 < p < +00, are Banach spaces with Radon-Nikodym property, applying Corollary 4.6.1, 
we infer that the obtained mild solution is a weak solution on (L?(D x V))"**. Next, if 
f We D(Ay), then, by Theorem 4.6.5, this solution is a strong solution. 


Proof of Theorem 5.3.2. (i) Let p € (1, +00). We first note that, according to Remark 5.3.2 
and Lemma 5.3.4, A + II’ is a locally Lipschitz operator on (L?(D x V))"*1, Because Aj; is 
m-accretive on (L?(D x V))*? (use Lemma 5.3.2) and the spaces L?(D x V), p € (1,+00), 
possess Radon—Nikodym property, it follows from Theorem 4.6.7 that problem (5.75) has 
a local strong solution f € (L?(D x V))"*! whenever f° belongs to D(Ay). 

Next, assume that f° does not belong to D(A;,). Since D(A;;) is dense in (L?(DxV))"*4 
(cf. Remark 5.3.3), there exists a sequence (f,,) nen contained in D(A;,) such that f,, > f°. 
Set M := sup{Ilfillp : n = 0,1,...}. A similar proof to that of Theorem 4.6.7 allows us to 
deduce that there exists a real T,;, > 0 such that, for each n € N, the problem 


f' +ApfO =AfO+U' FO), 
(0) = fy € (LP(D x v))N*# 


possesses a unique strong solution, say g,,, on the interval (0, T,). To prove the existence 
of a local weak solution, we have only to check that (g,)ncy is a Cauchy sequence in 
the Banach space C(0, Ty; (L?(D x V))*?). This follows immediately from the inequality 
(4.11). 
Now we show the existence of a unique global strong solution to problem (5.75). 
Let f = (fosfisfo»---sfy) € (L2(DxV))"*! and g € J(f). If we write g = (g9,81,....2%), 
then, for i = 0,...,.N, we have g; = WF UMA PUP sgno(f;). Further, it is clear that 
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N N 
(-(' + A)(f),8) = -— ¥ ihe 81) - Y. Af 80). (5.85) 
i=0 i=1 


We know that, fori = 1,...,N, A; is a bounded linear operator on L?(D x V). Using 
(H18), we get |All < AjllBillollfill < ABIlfill. Since gollq = IIfll, we infer that (Ajj, 8) < 
A:BIlfilliif ||. Once again, by (H24), we conclude that 


N 
~\ (Afi, 8o) = -Av BF ULMAll + lll +--+ + Wvll] = -AnBIfI?, 
i=1 

and therefore 

¥ Bie y2 
~ Yin 0) > -AnBIf. (5.86) 

i=1 

We recall that the operator Ty is defined by 


1) (fo) = -0;(x, v, (fo) )fo + ccs viv’, (fo) fol(t, x; v') du(v'). 


V 


Using (H22), it is not difficult to check that 
[(o1(x, v, fo) fo» 80)| $ Fi Foo) = Fillfolllfll < Tf IP. 
Thus, 
(04(X, ¥, (fo) foro) = -Gullf IP. (5.87) 


Putting Bo(f(x,v)) := i Ko(X%v, Vv’, (fo) fo(t.x, v’') du(v’) and using assumption (H24), we 
get 


[Bo (fo(x. v))| < J beac vv’, (fo))|Ifo(t.x v')| du(v’) 
V 


<% |folt.xv')| dv! 


< yutv)* ( [Yolv’)P av’) 


Vv 


and therefore 


IBofollp < KoHM)IIfollp < KoMMIIFI- (5.88) 


Since the operators II; have the same structure as Bg, similar calculations as above give 
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[Nifoll, < ReDIF fori=1,...,N. (5.89) 
Next, using (5.88) and (5.89), we get 


(Bofo» 80) < IBofollpligoll < Rou(V)IFI? (5.90) 


and, for i=1,...,N, 


(Iifo» 8) < (Difollylgill < ReDIF. (5.91) 


Finally, taking into account (5.85), (5.86), (5.86), (5.90), and (5.91), we conclude that 


N 
(-(I + A)(f),g) = (-AyB - aIF I? -u0o( mu 


i=0 


Thus we have proved that 


(-(' + A)(f),g) = -vIlfI?, 


where y = AyB +6, + uy 9 Kj). Now applying Theorem 4.6.7, we conclude that f is a 
global strong solution. 

(ii) By hypothesis, f° € (L1(D x V))“**. Let r > 1 be a real number such that |||f°|l|, < 
r —1and consider the radial retraction mapping of (L1(D x vy) +1 on the ball B,; 


§ if [llgllly <r, 


R(g) = 
wee ifiligih > x. 


We know from Lemma 5.3.2 that Aj is m-accretive. So, using Remark 5.3.2 and Lem- 
ma 5.3.4, together with the estimate (1.10), we conclude that A(R(-)) + TI'(R(-)) is 2(||Al] + 
C,)-Lipschitz on (L1(D x V))"**. Consequently, the operator Aj, — A(R(-)) — I'(R(-)) is 
2(C, + C,)-m-accretive on (L1(D x V))‘*. Now applying Theorem 4.6.3(i), we infer that 
the problem 


ee + Ay(f(O) = ARF (0) + (RF (O)), 
(0) =f° 


has a unique mild solution f on (L‘(D x v))"*1. 
Next, using the fact that D(A;;) is dense in (L'(D x V))“*1, we can choose h° € D(A;;) 


such that ||h° — f°||, < 1/2. Itis clear that h° € Bh. Set 
n° = Ay(h°) — A(R(h°)) - T(R(h°)) = Ay(h°) - A(h?) - 1'(h°). 


Now, putting w := 2(||Al| + C,) and applying Lemma 4.5.1, we obtain 


5.4 Bibliographical remarks —— 255 


t 
Uf (t) — Aly < etn? — fly + | e9)[_® f(s) —h°], ds 
0 


1 
< (tin? —f°th, + nol (t-e")) 
and therefore 
WOM, < WA; tse 


for 0 < t < T,, where T, > 0 is suitably chosen. This shows that f(-) is a mild solution to 
problem (5.75) in the interval [0, T,], which ends the proof. 


5.4 Bibliographical remarks 


The material presented in this chapter consists essentially of the work of the authors 
and their collaborators during the last ten years. 

In Sections 5.1-5.1.2 we discussed the existence and uniqueness of solutions to non- 
linear evolution problems derived from a model describing the growth of a cell pop- 
ulation due to J.L. Lebowitz and S.I. Rubinow. Section 5.1 deals with case where the 
maximum cell cycle length ¢, is finite, while in Section 5.1.2 we suppose that the max- 
imum cell cycle length @, is infinite. The results of these two sections were taken from 
the papers [12, 14, 23, 100]. 

In Section 5.2 a nonlinear evolution problem derived from a transport equation de- 
scribing the growth ofa cell population due to R. Rotenberg was considered. The results 
of this section may be found in [104] and we followed the presentation given in this 
paper. 

In Section 5.3 we discussed the existence and uniqueness of solutions to a nonlin- 
ear evolution problem derived from transport equations with delayed neutrons. We fol- 
lowed the presentation given in the paper [15]. 


6 Metric fixed point theorems 


6.1 Introduction 


In metric fixed point theory, we study results that involve properties of an essentially 
isometric nature. The division between the metric fixed point theory and the more gen- 
eral topological theory is often a vague one. The use of successive approximations to 
establish the existence and uniqueness of solutions of differential equations in the nine- 
teenth century, it goes back to A.L. Cauchy, J. Liouville, G. Peano, E. 1. Fredholm, and, 
especially, E. Picard. In 1922, S. Banach established his remarkable fixed point theorem 
known as the Banach contraction principle which is one of the most important results 
of analysis. He placed the ideas underlying the method of successive approximations 
into an abstract framework suitable for broad applications well beyond the scope of 
elementary differential and integral equations. 

Since the 1950s, the Banach contraction principle had numerous generalizations. We 
quote in particular the works by E. Rakotch [198], V. M. Sehgal [215, 216], D. W. Boyd and 
J.S. W. Wong [44], M. Edelstein [90, 91], L. Janos [128, 129], R. Kannan [133, 134], A. Meir 
and E. Keeler [174], S. Reich [199], S. P. Singh [219, 220], L. B. Cirié [65-67], Y. Liu and Z. Li 
[164], and T. A. Burton [54] (see also [152]). The subject is currently very dynamic and, 
especially after the works by T. Suzuki [225, 226] and D. Wardowski [238], it has seen 
many new developments. 

After this major breakthrough, it is not surprising that some researches approached 
the study of the existence of fixed points for nonexpansive mappings (Lipschitz map- 
pings with Lipschitz constant 1) as an extension of the corresponding problem for con- 
tractions. These mappings can obviously be viewed as a natural extension of contraction 
mappings. However, the fixed point problem for nonexpansive mappings differs greatly 
from that of the contraction mappings in the sense that additional structure of the do- 
main set is needed to insure the existence of fixed points. The first positive results for 
nonexpansive mappings were obtained by F. E. Browder [50], D. Gohde [117], and W.A. 
Kirk [142] in 1965. 

This chapter is primarily intended to serve as an introduction to metric fixed point 
theory and the text is self-contained. In terms of content, this chapter overlaps in many 
places with the following books on fixed point theory by K. Goebel and W. A. Kirk [115], 
by J. Dugundji and A. Granas [87], by M. A. Khamsi and W. A. Kirk [141], and by K. Latrach 
[152]. However, Sections 6.6—6.8 are recent. 


6.2 The Banach contraction principle 


As said above, in 1922 S. Banach established a remarkable fixed point theorem known 
as the Banach contraction principle (BCP) which is one of the most important results 
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of analysis. The Banach contraction principle and most of its generalizations are very 
important in diverse disciplines of mathematics, statistics, engineering, and economics. 
We begin with the following definition. 


Definition 6.2.1. Let X be a topological space. A function f : X — X is said to have a 
fixed point if there exists an element z of X such that f(z) = z. The set of all fixed points 
of f is denoted by Fix(f). 


Definition 6.2.2. Let (X,d) be a metric space. Amapf : X — X is said to be Lipschitz if 
there exists a constant k > 0 such that 


d(f (x), f(y)) < kd(x,y) for all x,y € X. (6.1) 
We call the Lipschitz constant of f the smallest real k for which (6.1) holds, that is, 
k(f) := inf{k > 0: d(f(x), f(y) < kd(x.y) for all x,y € X}. 


A Lipschitz map is called contractive (or a contraction or k(f)-contractive) if k(f) < 1. If 
there is no confusion, we denote k(f) by k. 


Obviously, all Lipschitz maps and, in particular, contractive maps are continuous. 
Let X be a metric space and f a k-contractive map on X. By induction, if f” denotes 
the composition of f with itself m times, then 


d(f™ (x), fy) < k(x). 


If f is a k-contractive map, then, by the triangle inequality, we obtain 


d(x,y) < d(x, f09) + af 00,0) + AF ),y), 


so (1-k)d(x, y) < d(x, f(x)) + d(f(y), y). Since k < 1, for all x, y €¢ X, we have 


d(x,y) < (tor (x)) + dy, f(y))). (6.2) 


It is clear that if f is a k-contractive map for some k «€ [0, 1) ona metric space X and 
if x and y are two fixed points of f, then (6.2) implies that d(x,y) = 0 or again x = y, 
hence: 


Lemma 6.2.1. A contractive map can have at most one fixed point. 


Proposition 6.2.1. Iff : X — X isa k-contractive map (for some k «€ [0,1)), then, for any 
x in X, the sequence (f"(X))nen of iterates of x under f is a Cauchy sequence. 
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Proof. Taking x, = f"(x) and x, = f(x) in the estimate (6.2), we get 


AG.) < = _(aP.F"FCO)) + aK" 00.F"FOO))) 
k™ + k™ 
1-k 


< 


d(x, f (x)). (6.3) 


Since k < 1,k" — Oasn — +00, one has d(f"(x), f(x)) — 0, as n and m tend to 
infinity. 


The following classical result is due to Banach in his PhD thesis (published in 1922). 
It is known as the Banach contraction principle (BCP). 


Theorem 6.2.1 (Banach). If (X,d) is a complete metric space andf : X — X isa 
k-contractive map (for some k € [0,1)), then f has a unique fixed point z and, for any 
x in X, the sequence (f"(X)) new converges to z. Moreover, for alln € IN, we have 


n 


d(f"(x),Z) < * i 


d(x, f(x). (6.4) 


This result requires the hypothesis k < 1. Ifk = 1, then/ does not necessarily possess 
a fixed point. Indeed, taking X = Rand /f(x) = x+2, we have k = 1 but/ does not possess 
a fixed point. 


Proof. The uniqueness follows from Lemma 6.2.1. Let x € X, we define the sequence 
On nen DY X = f0O.-++> Xnaz = f(Xn),--. It follows from Proposition 6.2.1 that (X,)nen 
is a Cauchy sequence. Since X is complete, (X;)nen converges to a point z € X. Next, 
using the continuity of f, we conclude that the sequence (f(X;)) nen converges to f(z), 
so that z = f(z). This proves that z is a fixed point of f. Now, by letting m — +oo in the 
inequality (6.3), we obtain (6.4). 


Example 6.2.1. Let f : [0,1] —> [0,1] be the map defined by 


2x+1/2, x € [0,1/4), 
fx) = 

1/2, x € (1/4, 1]. 
It is clear that f is not continuous on [0, 1] but it possesses an unique fixed point, that is, 
zZ = 1/2. We also notice that, for all x € [0,1], f 2(x) = ; and thus f? is contractive. 


Lipschitz maps which are not necessarily contractive appear in some applications, 
while some power of such maps may become contractive. The following corollary takes 
into account this situation and gives an existence and uniqueness result of a fixed point 
under more general conditions than those of Theorem 6.2.1. 


Corollary 6.2.1. Let f be a map defined on a complete metric space X. If there exists an 
integer n > 2 such that f” is a contraction on X, then f has a unique fixed point. 
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We note that, in this corollary, the map f is not assumed to be continuous (see Ex- 
ample 6.2.1). 


Proof. According to Theorem 6.2.1, f” has a unique fixed point z ¢ X andz = 
lim, ,,o0(f")K(Xq) where xX, is an arbitrary point in X. Since f"(z) = z, we have 
f(z) = f(f"(z)) = fz) = f"(f(2)). This proves that f(z) is also a fixed point of f”. 
By the uniqueness of the fixed point of f", we conclude that f(z) = z. Hence, z is a fixed 
point of f. To establish the uniqueness, we suppose that z’ ¢ X is another fixed point 
of f. By iteration we obtain f(z’) = z', which shows that z’ is also a fixed point of f”. 
The uniqueness of the fixed point of f" ensures that z’ = z. 


Example 6.2.2. Consider the metric space X = C(I) of continuous real-valued functions 
defined on the compact interval I = [a,b]. Equipped with the supremum norm, X is a 
Banach space. Let f : X — X be a mapping defined by 


t 
flue) = | u(s) ds, 


For each u,v € X, we have |f(u) — f(v)|| < (b - a)||u — vl. On the other hand, 


t 


pw(t) = I( 


s 


| uc) ds. 


0 


and easy calculations show 


2 
Pwo -Pora)| < evi fos a) ds = Wy — vp. 


Therefore 


Iw -f°)| < us oe 


ju — vl]. 


Inductively, we have 


Pw - pros Co 


——— |u- vl. 
Hence, f” is a contraction map for all values of n for which (bay < 1. Thus, according 
to Corollary 6.2.1, f has u = 0 as a unique fixed point. 


It may happen that a mapping f : X — X is not a contraction on the whole space X, 
but rather a contraction on some neighborhood of a given point. In this case we have 
the following local version of Banach contraction principle. 
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Proposition 6.2.2. Let (X, d) be a complete metric space, U an open subset of X, andf : 
U — X amap. Suppose 

(a) f is k-contractive for some k «€ [0,1), 

(b) there exists u € U such that d(u, X\U) > B, B > 0, 

() d(wf(u)) < BA-b). 


Then f has a unique fixed point z € U and d(u,z) < B. 


Proof. We first note that f(u) € U because d(u,f(u)) < BA -k) < B < d(u,X\U). Define 
a SEQUENCE (Un) nen DY Ug = U..-5Unyy = f(Uy),... We show that, forn € N, u, € U. It 
is clear that uy and u, are in U. Assume that up,...,u, are in U. We have d(u,f(u,)) < 
(U, Uy) + (Uy, Uy) + ++ + A(Uq, Uny1)- But it is clear that d(u,,f(Up)) < d(f?(u), f?(uy)) < 
k?B(1 - k). Hence, for 0 < p < n, we have 


d(up,f (Up) = a(f?(w), fP(uy)) < kB - k) 
and then 
d(u,f(Up)) < BA-kK)\(1+k +k? +---+k") = B(1-k™) < B. 


We infer that u,,, = f(u,) ¢ U and, by induction, we have u, ¢ U for alln € N. The 
same reasoning shows that 


1-k? 
1-k 


(Uns Unyq) < BA k)(k" +--2 + K™ 44) = BA kk" < Bk". 
Hence (Uy) nen iS a Cauchy sequence in U. Because X is complete, it converges to some 
point z « X. The limit belongs to U because, by letting qg go to +00, we obtain d(u,,Z) < 
Bk? < B. Moreover, by letting n tend to +00, we get d(u,z) < p. 

The point z is a fixed point of f. Indeed, since f is continuous, from the equality 
Uni =f (Un) we deduce by letting n towards +00 that z = f(z). 

If z’ is also a fixed point of f, then d(z,z') = d(f(z),f(z')) < kd(z,z'), which is a 
contradiction. Hence, z = z’. 


As an immediate consequence of this proposition, we have 


Corollary 6.2.2. Let (X,d) be a complete metric space, tT a point of X, andf : B,(t) > X 
a mapping where r > 0. Suppose 

(a) f is k-contractive (k € (0,1)), 

(b) d(t,f(t)) < ra—k). 


Then f has a unique fixed point in B,(t). 
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Remark 6.2.1. It is worth to mention that the BCP does not characterize the metric com- 
pleteness of (X, d). Indeed, E.H. Connell [69] gave an example of a metric space X such 
that X is not complete and every contractive map on X has a fixed point. 


6.3 Some generalizations of the BCP 


The Banach contraction principle is fundamental in fixed point theory and it is a simple 
tool in establishing existence and uniqueness results for functional and operator equa- 
tions. This motivated researchers to try to extend and generalize Theorem 6.2.1 in such 
a way that its area of applications be as large as possible. It has been extended to some 
larger classes of mappings by replacing the contractiveness condition by weaker con- 
ditions of various type. There are thousands of theorems which assure the existence of 
a fixed point of a self-mapping f of a complete metric space X. A comparative study of 
some of these results obtained before 1977 has been made by B. E. Rhoades [202] (we also 
refer to [143, Chapter 1]). Nevertheless, here we shall only present two generalizations 
that will be used in later chapters. 


6.3.1 Nonlinear contraction mappings 


Definition 6.3.1. Let (X, d) be a metric space. Amappingf : X — X is called a nonlinear 
contraction if there exists a function ~ : R* — [0, +o) such that 


d(f(x), f(y) < Wd y)) Vxuy €X, 


where w is upper semicontinuous from the right (that is, for any sequence t, | t > 0, 
one has lim sup, 405 W(tn) < W(t) ) and satisfies 0 < W(t) < tfort > 0. 


Remark 6.3.1. We note that if W(r) = ar, 0 < a < 1, then f is a contraction. So, any 
contraction is a nonlinear contraction, however, the converse is, in general, not true. 


The following result, due to D. W. Boyd and J.S. W. Wong [44], is the analog of the 
Banach contraction principle for this kind of mappings. It is very useful for establishing 
existence and uniqueness of solutions for nonlinear differential and integral equations. 


Theorem 6.3.1. Let (X,d) be a complete metric space and f : X — X amap. Iff isa 
nonlinear contraction, then f has a unique fixed point z € X. In addition, for each x € X, 
the sequence (f"(X))nen converges to z. 


Proof. Let xX) be an arbitrary element of X and define the sequence (Xp)nen DY Xn = 
f (Xp) = f"(X), for all n > 1. Set a, = d(x,_1,X,). Note that the sequence (d,)nen is 
monotone decreasing and bounded below, thus it is convergent and we let lim,_,,.,, Gy = 
a. Ifa > 0, then we obtain a contradiction. Indeed, a,,, < Y(a,), and thus a < (a), which 
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contradicts the fact that p(r) < r for allr > 0. Therefore (a,,) nn converges to 0. Now, we 
show that (X,) nen is a Cauchy sequence. Suppose that this is not the case. Then, there ex- 
ists € > 0 such that, for any k € N, there are m, > n; > k such that we have the relation 


dj, = A(Xm,>Xn,) 2 E- 
On the other hand, 
Ay < A(X,» Xm,+1) + TXm,41Xn,+1) + In, +41 Xn,) < 2A + (dy). 


It follows that e < ~(e), a contradiction. Hence (X,)nen is a Cauchy sequence in X. Since 
X is complete, x, — z € X. Thus by the continuity of f, we get f(z) = z. The uniqueness 
of z follows from the contractivity condition. 


As an immediate consequence of this theorem, we have 


Corollary 6.3.1. Let (X, d) be acomplete metric space andf : X — X amap. If there exists 
an integer n > 2 such that f" is anonlinear contraction, then f has a unique fixed point. 


In [171], J. Matkowski extended Theorem 6.3.1 by assuming that y is continuous at 0 
and that there exists a sequence (t,)ncyy Such that t, \ 0 and (t,) < t,. The following 
result is another variation of Theorem 6.3.1 obtained by J. Matkowski [170]. 


Theorem 6.3.2. Let (X,d) be a complete metric space and f : X — X a map satisfying 


d(f(x), f(y)) < W(dty)) forall x,y € X, 


where ) : (0,+00) — (0,+00) is monotone nondecreasing and satisfies, for all t > 0, 
limp +00 Y(t) = 0. Then f has a unique fixed point. 


6.3.2 Separate contraction mappings 


Definition 6.3.2. Let (X,d) be a metric space. A function f : X — X is said to bea 
separate contraction if there exist two functions 9,  : R* — R* satisfying 

(a) (0) = 0, y is strictly increasing, 

(b) d(f(x), f(y) < pd y)), 

(c) W(r) <r- g(r) forallr > 0. 


This class of functions was introduced in [164]. Note that each separate contraction 
mapping is continuous and it is not difficult to see that contraction maps are separate 
contractions. 


Theorem 6.3.3. Let (X,d) be a complete metric space and let f : X — X bea separate 
contraction mapping. Then f has a unique fixed point in X. 
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Proof: Let xq be an arbitrary (but fixed) point in X and (X,) nen the sequence of iterates 
of Xq by f. Let (a,) nen be the real sequence defined by 


Ay = Af" (Xo), f(x). 


It is clear that 0 < any, < O(dy) < An < Y(Ap_1) for any n > 0. From this, we see that both 
(An) new aNd (P(A,))nen are decreasing positive sequences and lim,,_,..,(@(A,) -— A,) = 0. 
Letting lim,_,,,5 4, = a, we have (a) < Wan) < a, —- Y(a,) — 0 asn — +00, and 
soa = 0. Because, for allr > 0, g(r) < r (use condition (c) of Definition 6.3.2), we 
suppose that, for fixed € > 0, €* = supp.,<, P(r) < €. Now we choose a sufficiently large 
number N such that ay < €- e". In order to show that the sequence (X;,) nen is a Cauchy 
sequence, we prove that the set {x : d(x,xX,) < €} is invariant under /. Indeed, for all 
z € {x: d(x, Xy) < €}, we have 


ad(f(z), Xv) < d(f (Zz). f y)) + d(f Oy), Xv) < Ay + O(d(Z, Xy)) 


<e +e-€ =. 


Hence {x : d(x, Xy) < €} is invariant under f and then the sequence (X,,)nen 1S a Cauchy 
sequence. Since X is complete, there exists z € X such that lim,_,,., X, = Z. The conti- 
nuity of f ensures that z is a fixed point of f. 

Ifz’ is another fixed point of f, then d(z, z’) < o(d(z, z')). Since W(d(z, z')) < d(z,z')- 
(d(z,z')), we deduce that w(d(z,z’)) = 0 and therefore d(z, z') = 0, that is, z =z’. 


6.3.3 Expansive mappings 


Definition 6.3.3. Let (X, d) be ametric space and let K be asubset ofX.Amapg:K > X 
is said to be expansive, if there exists a constant 8 > 1 such that, for all x,y « K, we have 


d(g(x),g(y)) = Bd(x, y). (6.5) 


Theorem 6.3.4. Let (X,d) be a complete metric space, K a nonempty closed subset of x, 
and g : K — X anexpansive mapping. If K ¢ g(K), then g has a unique fixed point in K. 


Proof. It follows from (6.5) that g is invertible and its inverse g! : g(K) — K is a1/B- 
contractive mapping. Since K ¢ g(K), we can assume g"! : K > K and, by the Banach 
contraction principle, there exists a unique point z € K such that g‘(z) = z. This shows 
that g(z) =z. 


This result is obviously valid if g(K) = X (in particular, if the domain of g is the 
whole space X and g(X) = X). 
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Corollary 6.3.2. Let (X,d) be a complete metric space and let g be a mapping from X 
into X. If there exists an integer n > 2 such that g” is expansive and onto, then g has a 
unique fixed point z € X. 


In this corollary, the map g is not necessarily expansive. 


Proof. Since g” is expansive and X ¢ g"(X), according to Theorem 6.3.4, there exists a 
unique point z ¢ X such that g"(z) = z. In addition, we have g"*1(z) = g(g"(z)) = g(z), 
which proves that g(z) is also a fixed point of g”. Using the fact that the fixed point of g” 
is unique, we infer that g(z) = z, which proves that z is a fixed point of g. The uniqueness 
of the fixed point of g follows from the fact that any fixed point of g is also a fixed point 
of g” and the uniqueness of the fixed point of g”. 


6.4 Nonlinear expansive mappings 


Definition 6.4.1. Let (X, d) be a metric space, and let K be a subset of X. The mapping 
f : K — K is said to be a nonlinear expansion, if there exists a function @ : [0,+00) > 
[0, +00) satisfying: 

1. @isnondecreasing, 

2. @(t) >tfor eacht > 0, 

3. @isright continuous and such that 


d(f (x), f(y)) = (d(x, y)), for allx,y € X. (6.6) 


We note that if we take @(t) = Bt with B > 1, the nonlinear expansion in (6.6) reduces 
to an expansion with constant (cf. Definition 6.3.3). 
For nonlinear expansion mappings, we have the following fixed point theorem. 


Theorem 6.4.1. Let K be anonempty closed subset of a complete metric space (X, d) and 
let f : K — X be anonlinear expansion. If f(K) > K, then f has a unique fixed point in K. 


Proof. Uniqueness is clear from (6.6), so we need only prove existence. Let a = inf{d(x, 
f(x)) : x € K}. Now we prove a = 0. Suppose that this is not the case. For any € > 0, we 
can find x € K such that 


a<d(x,f(x))<ate. 


Since f(K) > K, there is y € K such that x = f(y), andsoa < d(y,f(y)). By virtue of 
nondecreasingness of ¢, we have 


$(a) < b(d(y,f))) < A(F().F7(y)) = A(x, FOO) < ate, 


so @(a) < a, a contradiction. Thus a = 0. 
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Now we will show that there exists a sequence (X,)nen INK satisfying lim, _,..., UX 
f(%,)) = 0 and (X%,)nen is a Cauchy sequence. Suppose that this is not the case. Then we 
can find two sequences of integers (m;) xen and (Ny) ey With Mm, > Ny = k such that 


B= liminf d(Xm,>Xy,) > 0. 
p-+o0,k>p x K 


We define the sequence of real numbers (6;,) en by 
Be =AXmoXn,)> kK =12;3,..., 


and then there is a subsequence of (8;,),<yy Which is nonincreasing and converges to B. 
Without loss of generality, we might suppose that it is (B,) en. Thus, 


P(Bx) = P(A Xn,» Xn) 
< d(f(Xm,)>f&n,)) 
< A(f(%m,)» Xm,) + %m,>Xn,) + Ine f%,)) 
= A(f (Xn) Xm) + UX of O%n,)) + Be- (6.7) 


Letting k — +oo in (6.7), we obtain 


o(B) < B, 


a contradiction. Hence, (X,)ncy is a Cauchy sequence. Since K is a closed subset of a 
complete metric space, there exists x € K such that 


lim x, =X. 
N-+00 


Since f(K) > K, there exist (U,)ncyy and win K such that x, = f(u,) and x = f(u). We will 
prove that wu is a fixed point of f. Indeed, for any € > 0, there is a nonnegative integer N 
such that d(x,,f(%)) < 5 and d(x,,X) < a provided that n > N. Since f is a nonlinear 
expansion, we have 


d(u,f(u)) < d(u, Un) + Ups Xp) + A(X, f(U)) 
< G(dU, Un) + O(AUp Xn) + pF (W) 
< d(f(u),f(Un)) + AF Un)» fO%n)) + Xf (W)) 
= 2d(X,X,) + U(X%pf(%p)) < € 


This implies that u is a fixed point of f and therefore the proof is complete. 


Note that, unlike the proof of Theorem 6.3.4, the proof of Theorem 6.4.1 does not rely 
upon the fixed point of f-1. 
The following result is an immediate consequence of Theorem 6.4.1. 
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Corollary 6.4.1. Let K be anonempty closed subset of a complete metric space (X, d) and 
let f : K — X be a surjective nonlinear expansion. Then f has a unique fixed point in K. 


6.5 Nonexpansive mappings 


6.5.1 Generalities 


As mentioned in the introduction of this chapter, some researchers approached the 
study of existence of fixed points for nonexpansive mappings because they include the 
weak contractions as well as all isometries. On the other hand, the study of existence of 
fixed points for these mappings is also interesting since, as we have seen in Chapter 3, 
the resolvents of accretive operators are nonexpansive mappings. 


Definition 6.5.1. Let (X,d) be a metric space and let K be a nonempty subset of X. A 
mapping f : K — X is nonexpansive if 


d((x), f(y)) < d(x, y) for all x,y € K. 


In the context of normed spaces, this definition may be written as follows. Let X 
be a Banach space, and let K be a nonempty subset of X.A map f : K — X is called 
nonexpansive if 


If) -f(Y)|| < Ix-yl, Vey eK. (6.8) 


In contrast with the fact that contractive mappings always have a fixed point on com- 
plete metric spaces, in general, it is not the case for nonexpansive mappings, and if a 
nonexpansive map has a fixed point, it is not necessarily unique. 


Example 6.5.1. 

(a) Let X be a Banach space, a € X \ {0}, and f : X — X be defined by f(x) = x + a It 
is clear that f is nonexpansive but it cannot have a fixed point. However, the map 
g = idy is nonexpansive and, of course, every x € X is a fixed point of g. 

(b) Consider X = Co, the space consisting of all sequences x = (Xy)nen Converging to 
zero, with the norm |[x||,, = max,;, |X;,|. Define the map f : B, — B, by 


f@® = (1 = Xho» X15 X25 see ), 
where B, is the closed unit ball of X. For x, y € B,, we have 
IFC) -FO)I)o4 = Max [Pleo - I loo|, max Xn — Valk < I= Iloo» 


which proves that f is nonexpansive. However, f does not have a fixed point. In fact, 
if f(x) = x, then x, = x, =--- =1- ||x||,,. This is impossible. 
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(c) Let (Cp, || - Il,,) and define the map f : B, > B, by 
By > Xq)nen >? f(On)nen) = (LX Xg--)- 


It is not hard to see that |If((X;)nen) —f(On)nenlloo = On) new — Va) nenllog- Hence 
f is nonexpansive and it maps B, into B,. On the other hand, the unique possible 


fixed point of f is (1,1,1,...) but such a point does not belong to co. 


We have already noticed that nonexpansive mappings may be fixed point free, and 
obviously when such a mapping has a fixed point, this fixed point is not necessarily 
unique. The fixed point theory for nonexpansive mappings is different from that of con- 
tractive mappings. Even if a nonexpansive mapping has a fixed point, the iterative pro- 
cedure described in the preceding sections does not work. 


Example 6.5.2. Let B, be the closed unit ball of the Banach space (IR’, || - ||). Define the 
map f : By — B, by f(x,y) = (y,x) for every (x,y) € Bj. Clearly, f is nonexpansive and 
if (x, x) € By, then (x, x) is a fixed point of f in B,. However, if we consider the sequence 
(f"(4, 0)) nen, then it is easy to show that such sequence does not converge. 


Example 6.5.2 is interesting because it says that, for nonexpansive maps, a result like 
in Theorem 6.2.1 will not be possible. Most of the interest in the fixed point theory for 
nonexpansive maps is given within the Banach space framework. Let (X, || - ||) be a real 
Banach space and let K be a nonempty subset of X. We recall that a mapping f : K > K 
is said to be nonexpansive if it satisfies (6.8). 

If we intend to get positive results, then we should impose some additional condi- 
tions on K. We start by noting the following basic fact. 


Lemma 6.5.1. IfX is a Banach space, K is anonempty, bounded, closed, and convex subset 
of X andf : K — K is anonexpansive mapping, then 


inf{||x — f(x)|| : x ¢ K} =0. 
Proof. Fixz € K and ¢ « (0,1), and consider the mapping f, : K —> K defined by 
fe) = ez + (1-e)f). 
Note that, for all x,y € K, f, we have 
f(x) —fe)|| < A -e)Ix -yll. 


Thus f, is (1 — €)-contractive. By the Banach contraction principle, there exists x, « K 
such that x, = f,(x,). Hence, 
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x. -f(x,)]] = lez + 1 - Of) —F%)]| 
= ez - f(x.) 


< ediam(XK). 


The result is obtained upon letting e — 0. 


Definition 6.5.2. Asequence (X,) ncn Satisfying lim) _,4.65 |lX,—-f (Xn) || = 0, is called either 
an approximate fixed point sequence of f or an almost fixed point sequence of f. 


Lemma 6.5.1 asserts that f has approximate fixed points sequences. Thus, the ques- 
tion of whether f has a fixed point is equivalent to the question of whether the continu- 
ous function 9 : K — R* defined by g(x) = |x — f(x)|| achieves its minimal value zero. 
Obviously, the answer is positive if K is compact. On the other hand, if K is not compact, 
then the answer can be negative. 


Proposition 6.5.1. If K is a nonempty, compact, and convex subset of a Banach space, 
then any nonexpansive mapping from K into itself has a fixed point. 


We note that Proposition 6.5.1 is a special case of Schauder’s fixed point theorem 
(cf. Theorem 7.2.3) which asserts that any continuous function f from a compact convex 
subset K of a Banach space into itself has a fixed point. 


Definition 6.5.3. Let X be a Banach space and let K be a subset of X. We say that K 
has the fixed point property (in short, (FPP)) for nonexpansive mappings if, for each 
nonexpansive mapping f : K — K, we have Fix(f) # @. The space X is said to have 
the fixed point property for nonexpansive mappings (in short, (FPP)) if every nonempty, 
closed, convex, and bounded subset of X has (FPP). 


The first positive results about the (FPP) for nonexpansive mappings were obtained 
in 1965 by F.E. Browder [50], D. Gohde [117], and W. A. Kirk [142]. Browder and Gohde 
showed independently that every uniformly convex Banach space has (FPP) and W.A. 
Kirk proved a more general result that every reflexive Banach space with normal struc- 
ture enjoys (FPP) (slightly earlier Browder saw that every Hilbert space has (FPP)). Thus 
we may consider that the recognition of fixed point theory for nonexpansive mappings 
as a noteworthy avenue of research dates from 1965. Since then, several books have 
appeared (see, for example, [10, 115, 143] and the references therein). Therefore in this 
section, we shall only see the above mentioned results. 


6.5.2 Hilbert spaces 


Theorem 6.5.1. Let H be areal Hilbert space. Then H enjoys (FPP). 


Proof. Let K be a nonempty, closed, convex, and bounded subset of H, and let f : K — 
K be a nonexpansive mapping. Lemma 6.5.1 guarantees that there exists a sequence 
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(%)nenw in K such that lim,_,,., lx, — f(x) || = 0. Since H is reflexive, without loss of 
generality, we may suppose that (X,,) ncn is weakly convergent to ¢ € K. Our objective 
now is to check that ¢ € Fix(f). To see this, let us first note that 


Ix -FOVP = bq - 6 -f© +B %y-C-fO +2) 
= Xp —O%n 0) + Om —- OL -FO) 
+(O-fO Xn — 0) + C-FO. 6 -f(). 
This yields, 
lim inf[xy — FO = liming Ix, - CP + [© - CP (6.9) 


On the other hand, since f is nonexpansive, we obtain 


lim inf|X; -f (f)|| < lim inf(|x, — fp) | + In - CII) < lim inf [xp - (1. (6.10) 


n—+00 


Finally, (6.9) and (6.10) imply f(¢) = ¢. 


If we check the proof of Theorem 6.5.1 and the tools used, we may define. 


Definition 6.5.4. A Banach space X is said to satisfy the Opial condition (see [184)]) if for 
each x in X and each sequence (X;,)nen Weakly convergent to x, the estimate 


lim inf |Ix;, — x1] < lim inf lx, — yl 


holds for y # x. 


It is clear that every Hilbert space, as well as the classical Banach spaces (Ep || p) 
with 1 < p < oo, satisfy Opial condition. Moreover, by using similar arguments as in the 
proof of Theorem 6.5.1, we easily establish the following theorem. 


Theorem 6.5.2. Let X be a reflexive Banach space satisfying the Opial condition. Then X 
has (FPP). 


6.5.3 Uniformly convex Banach spaces 


The proposal of this subsection is to obtain the Browder result, i.e., to show that uni- 
formly convex Banach spaces enjoy (FPP). In order to do this, we will use an indirect 
method which was introduced in 1972 by M. Edelstein. 

Let (X,)nen be a bounded sequence in a Banach X, and let K be a nonempty, closed, 
and convex subset of X. Consider the function r(-, (Xn)nen) : X — [0,+00[ defined, for 
each x € X, by 
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70% O)nen) = lim sup [Xp — x1. 
The asymptotic radius of (X,)nen in K is the number 
r(K, Xq)new) = inf{r(% OG nen) x € K}. 
The number 


A(K, (Xn)nen) = {z eK: r(zZ, (Xn)nen) = r(K, (Xn)nen)} 


is the asymptotic center of (X,)nen INK. 
If the sequence (X,,) ncn is fixed, we have that r(-, (X;)nen) Satisfies: 
(a) For all x €.X, r(x, (Xp)nen) = 0 => limy 0 Xp = 0- 
(b) For all x,y €X, [0% (nen) 7s Xn)new)| < I -yIl- 
(c) For all x,y € X and for each a, = 0 witha +B =1, 


r(ax + By, (Xn)nen) = ar(x, (Xn)nen) a Br(y, (Xn)nen): 


Hence, r(-, (X,)nen) iS a nonnegative, continuous, and convex function, and there- 
fore, for any a > 0, the level set 


Aq(n)nen) x {x eK: r(x, (Xn)nen) s r(K, (Xn)nen) + at 


is a closed, convex, and bounded subset of K. Moreover, if (X,,) ncn does not converge, 
the set Ag((X,) nen) Will be empty for small enough a. 


Lemma 6.5.2. Let X be a reflexive Banach space and K a nonempty, convex, closed 
subset of X. If f : K — [0,00) is a lower semicontinuous convex function such that 
lim, i ieeas f(X) = +00 (ifK is unbounded), then f has a minimum in K. 


Proof. Set A := infff(x) : x € K} and take K, := {x ¢ K : f(x) < A+ 4} # 0. By 
hypothesis, each K,, is closed, convex, bounded, and, since X is reflexive, it is weakly 
compact. Moreover, K,,,, © K,. This implies that there exists X) € Men Kn, and hence 


F(X) =A. 
Theorem 6.5.3. IfX is a uniformly convex Banach space, then X has (FPP). 


Proof. Let K be a nonempty, closed, convex, bounded subset of X and let f : K > K 
be a nonexpansive mapping. We have to prove that f has a fixed point in K. According 
to Lemma 6.5.1, f has an approximate fixed point sequence (X;,)ney- Consider the set 
A(K, (Xp) nen). We claim that A(K, (X;,)nen) is a singleton. Since the function r(-, (X%;)nen) : 
K — [0, +00) satisfies the conditions of Lemma 6.5.2, we conclude that A(K, (X;)nen) # 9. 
Suppose that yo, y, € K are such that 


r(Yo. (Xn nen) = r(yp (Xn )nen) =" = r(K, (Xn )nen): 
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. ri + ‘ 
Since K is convex, *4 € K, and r(-, (X,)nen) is convex, we have r(2224, (Xp)nen) =o: 
Let € > 0. There exists ng € IN such that, for everyn > no, max{||X, —Yoll, Xp —Yll} < 
ry + €. Thus, for each integer n > no, we have “2, 1 ¢ B,. Furthermore, 


Yoty1 
2 


Tot€ ” Toté 
— Xx, — —, 
Jo n—Ji}} _ |¥1—Yo J 29, 

rot € 9 t€ ro t€ 

+ 1 
d(u,) < 1- |x, yorN : 
2 rg té 
whenever n > Ny. Hence 
— Yo ty — 


< (1- d(u,))(T9 + €). 


n~ 


Letting n — +00, we get 


r(% — > Oren} = (1 = d(Ue)) (To +€). 


Now as € — 0 and bearing in mind that, if X is uniformly convex, the modulus of con- 
vexity is continuous in the interval [0, 2], we conclude that 


r( 2254, (new) < (1- 6( Rot tr ere 


2 ro 


which is a contradiction. Consequently, A(K, (X,)nen) is a singleton, as claimed. 
Now let us see that A(K, (X;)nen) is f-invariant. Indeed, ifz € A(K, (Xn)nen), We have 


r(f(2), (Xn)nen) > lim sup|f(z) = Xnll 
< lim sup((|f(z) — f n)]| + fn) - Xnll) 


< limsup |z - x, | = 7(Z, nen): 
n>+00 


Consequently, the result follows easily from the fact that A(K, (X;) nen) is an f-invariant 
singleton. 


6.5.4 Normal structure 


In the previous subsections we have seen that reflexive Banach spaces with Opial prop- 
erty and uniformly convex Banach spaces enjoy (FPP). It is well known that normal struc- 
ture (see below) is a geometrical property of Banach spaces more general than both pre- 
vious conditions and, along with the reflexivity, also implies (FPP). However, in this case, 
the proof is of different nature because it needs Zorn lemma. 
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Definition 6.5.5. Let X be a Banach space and let C be a nonempty, bounded, closed, 
convex subset of X. A point c € C is said to be diametral if 


diam(C) = sup |lc - Xlly. 
xEC 


We say that C has normal structure if, for any given bounded, closed, convex set K c C 
containing more than one point, there exists a nondiametral x, € K, that is, 


sup{||Xp — xl : xX € K} < diam(K) := sup{|lx — yl] : x,y € K}. 


Theorem 6.5.4. Every nonempty, compact, convex subset K ofa Banach space X has nor- 
mal structure. 


Proof. If K (with diam(K) > 0) does not have normal structure, then for any x, ¢ K we 
can find x, € K such that 


Since K is convex, we have “+ « K, so there exists x, ¢ K such that 


Xy + XQ iy 
“s, 43 


= diam(K). 
be 


This way we produce a sequence (X,,) nen Of points of K such that 


T ; 
| ; YX - Xa} = diam(K). 
k=1 xX 
Therefore 
1 n 
diam(K) = |= Y Xx - Xnst 
Ne x 
X, —X Xo —X, X, —X, 
= 1 n+1 + 2 n+1 voor n n+1 
n n n ly 


IA 


1< . 
= ¥" Xe — Xnsilly < diam(K). 
Ney 


This implies |x; — Xn4illy = diam(K) and therefore (x,)nen is a sequence of points of K 
with no convergent subsequences, a contradiction to the fact that K is compact. 


Theorem 6.5.5. Every nonempty, bounded, closed, convex set K of a uniformly convex 
Banach space X has anormal structure. 


Proof. Without any loss of generality, we may assume that K c B, where B, denotes the 
closed unit ball of X. 
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Let K, be a nonempty, closed, convex subset of K with diam(K;,) > 0 and let x, « K 
and € = : We can find x, € K, such that 


a pe 
; diam(K;) < |x. — Xllx. 


Then for any x € X, we have 


X-X, X-xX. 
Ls 2 
2 2 


X, +X 
[: 1+% 
Xx 


2 


. < diam(x)(1 - 6(5)). 


where 6(€) is the modulus of uniform convexity of X. Since 5(5) > 0, we conclude that 
K has normal structure. 


To show the main results of this section, we need to introduce some geometric quan- 
tities associated with a set K. Let K denote a nonempty, bounded, closed, and convex 
subset of the Banach space X and x € X. Then define r,(K), r(K) and C(K) as follows: 


r,(K) := sup{lx—yll:y ¢ K}, r(K) := inf{r,(K) : x € K}. 
If X is a reflexive Banach space, then the weak compactness of K yields that 
C(K) := {z € K:1r,(K) =r(K)} 


is a nonempty, closed, convex subset of K. The number r(K) and the set C(K) are called 
the Chebyshev radius and Chebyshev center of K, respectively. 


Theorem 6.5.6. Let X be a reflexive Banach space and let K be a nonempty, bounded, 
closed, and convex subset of X with normal structure. Then K has (FPP). 


Proof. Let f : K — K be anonexpansive map and define the set 
F :={DCK : Disclosed, convex D # @ and f(D) ¢ D}. 


Because the elements of F are weakly compact, each descendent chain in F has a lower 
bound, hence, by Zorn lemma, F has a minimal member, say Kp. On the other hand, 


f(Ko) € Ky implies f(Co(f(Kp))) € f(Ko) € CO(f(Ko)). 
Thus Co(f(Ky)) € F and, by minimality, we have CO(f(Kj)) = Ky. Let u € C(K,), hence 
1y(Ko) = (Ko). But |f(u) — f)I| < llu—yll < r(Ko) for all y ¢ Kp which implies that 


f (Ko) ¢ Byix,)(f (u)). Hence 


Ko = CO(f(K)) © Byx,) (fw), 
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which says that r¢q)(Ko) = T(Ko), and thus f(u) € C(Ko). Since Ko is minimal, we obtain 
that C(Kg) = Ko. Thus diam(Ky) < r(Ko), and, since K has normal structure, it must be 
the case that Ky is a singleton, which is a fixed point for f. 


Remark 6.5.1. To establish (FPP) in the absence of normal structure requires the prop- 
erties of minimal invariant sets that involve the mapping f in a more explicit way. One of 
the main ingredients was obtained independently by K. Goebel [114] and L. A. Karlovitz 
[137], another one is due to B. Maurey [172] who, in a brilliant series of results, first 
showed the usefulness of ultrapowers as a setting for such arguments. In this sense we 
mention that, by using Goebel—Karlovitz—Maurey arguments, in [106] it was proved that 
every nonsquare uniformly convex Banach space has (FPP) (recall that a Banach space 
X is nonsquare uniformly convex if there exists €) € (0,2) such that the modulus of 
convexity dy(E 9) > 0). 


6.5.5 Fixed points in unbounded sets 


It is easy to see that although a Banach space X enjoys (FPP) for nonexpansive mappings, 
we cannot guarantee that if a nonexpansive mapping has an unbounded closed and con- 
vex domain such a mapping has a fixed point (for instance, every translation mappings 
with no null vector is a fixed point free nonexpansive mapping). In this subsection we 
will give a characterization, in the framework of Banach spaces with the (FPP), for the 
existence of fixed points for nonexpansive mappings defined on an unbounded, closed, 
and convex subset of a Banach space (see [109]). 


Lemma 6.5.3. Let X bea Banach space and let C be anonempty, closed, and convex subset 
of X. If f : C > X is anonexpansive mapping, then for every x,y € C andj € J(x —y), the 
following inequality holds: 


Ix-yl? = &-y.f) = FO) -fO)/). 
Proof. Letj € J(x —y). Since f is anonexpansive mapping, we have 


(fx) -F(y),1) < [FCO -—FO)IIlx —yll < Ix - yl? = & -y,/). 


Therefore, 


(00 -fO)s) < yo} = Ie -yIP. 


Remark 6.5.2. In particulary, Lemma 6.5.3 shows that if f : C — X is a nonexpansive 
mapping, then I —f : C — X is an accretive mapping. Indeed, for all x,y € C and for all 
j ¢J(x-y), we have (x - f(x) - (y-f(y)),j) 2 0. 
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Proposition 6.5.2. Let C be aclosed, convex, and unbounded subset of a Banach space X, 
and let f : C — X be anonexpansive mapping with a bounded approximate fixed point 
sequence (Xn)nen in C. Then for each Xp € C, 


lim sup(f (x) — X9,X — Xn), < lim sup(x — Xp, X — Xp) 4 
n—+c0 noo 


forallx €C. 


Proof. It is clear that there is j,, € J(x — X,) such that (f(x) — Xo, X —Xy)4 = Ff (X) —Xo.Jn)- 
Therefore, by Lemma 6.5.3, 


(FOO = X9,X = Xn), = FOO = Xorin) 
= FX) —f &)>In) + FO) - XosJn) 
<(X-Xpjn) + Fn) - Xo-Jn) 
= Inf On) 7 Xn) + Jn(X — Xo) 
< Wall Xn) — Xnll + & - X00 — Xnda 
= |x — Xallllf On) - x, a (x —X9,X —Xn)+- 


Hence, lim Supp_.405 (f(X) — Xo. X —Xy)4 < limsupy_,..5(X — Xo. X — Xp) 4- 


Proposition 6.5.3. Let C be a closed, convex, and unbounded subset of a Banach space X, 

and let f : C > C be a nonexpansive mapping. The following statements are equivalent: 

(a) There exists a bounded approximate fixed point sequence for f in C. 

(b) There exist Xx) €¢ Cand R > 0 such that f(x) — Xp # A(x — Xq) for allA > 1 and for all 
X € CN OBa(Xo). 


Proof. First, we will prove (a) = (b). By hypotheses, f has a bounded approximate fixed 
point sequence, say (Xp)nen- Let X be an arbitrary but fixed element in C. Since (X,)nen 
is a bounded sequence, there exists R > 0 such that (x - Xp),x -—X,), > 0 forallx «xX 
such that ||x — X9|| > R. 

Now, suppose that there exist x € CN Sp(Xp) andA > 1such that f(x) —X9 = A(x - Xo). 
In this case, we have 


lim sup (f(x) — X9.X — Xn), = lim (Ax —Xq):X — Xn), 
n—+0o0 


= Alim sup({X — Xp, X — Xn) 4 
n—+00 


> lim sup({x — X9,X - Xp) 4, 
n—+00 
which is in contradiction to Proposition 6.5.2. 

To prove (b) = (a), we argue as follows. Letting A := I — f, by Lemma 6.5.3, we 
know that A is an accretive operator; moreover, A satisfies the range condition since 
f:C —C. Thus for each A > 0 there exists x, € C such that x) = x, + AAXx,. Denote the 
resolvent of A by J, := (I + AA)"1, thus x, = J,Xo. We will show that the set {J,xy : A > 0} 
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is bounded. Indeed, otherwise there exists A; > 0 such that |lJ,,Xo — Xqll > R. Since the 
mapping A > J,X, is continuous and lim,_,o+ J4X9 = Xo, we can find A, > 0 such that 
a,Xo — Xoll = R. However, 


A,+1 
P Uno) Xo = “S— Ui,X0 ~X0) 


which is a contradiction since we are assuming that (b) holds. 

Now, if for each n € N, we call x, := J,Xo, then the sequence (X,,) nen is bounded. 
Moreover, since A(x,,) = 2 (xq — X,), we get that ||Ax,|| — 0, which means that (x,,) nen iS 
a bounded approximate fixed point sequence. 


Theorem 6.5.7. Let X be a Banach space with (FPP) for nonexpansive mappings. Let C bea 
closed, convex, unbounded subset of X, and let f : C > C be anonexpansive mapping. Then 
f has a fixed point if.and only if there exist xy € C and R > 0 such that f (x) —Xo # A(X — Xp) 
for alla > 1 and for allx € CN Sp(X%). 


Proof: Suppose that f has a fixed point, say Xp € C. In this case, the constant sequence 
Xn = Xo for alln € IN is a bounded approximate fixed point sequence and, by Proposi- 
tion 6.5.3, we obtain the conclusion. 

If we assume that there exist xy € C and R > 0 such that f(x) — Xp # A(x — Xo) for 
allA > 1and for all x € CM Sp(Xq), then Proposition 6.5.3 says that f has a bounded 
approximate fixed point sequence (x,,). In this case, let R := lim sup,_,.65 IIXp — XI] < co 
and consider the following set: 


K:= ly €C: limsup |x, —yll < RI. 


n—+00 


It is clear that K # @ because x, € K. Moreover, K is bounded, closed, and convex. Let us 
see that K is also f-invariant. Indeed, if y ¢ K then 


lim sup|f(y) — xn|| < lim sup|f (y) - f (x,)|| + lim sup|f(,) — xp|| < lim sup |x, —yll < B. 
00 n—+00 n—+00 n—+00 


Finally, since X has (FPP) and f : K — K is nonexpansive, then f has a fixed point 
ink. 


6.6 Fixed points for @-expansive mappings 


Definition 6.6.1. A mapping f : D(f) ¢ X — X is said to be d-expansive if there exists a 
function @¢ : [0, +c0) — [0, +00) satisfying 

(a) (0) =0, 

(b) o(r) > Oforr > 0, 

(c) gis either continuous or nondecreasing, 


and such that, for all x,y € D(f), the inequality ||f(x) — f(y)|| = (lx — yll) holds. 
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Definition 6.6.2. Let X be a Banach space. A mapping g : X — X is said to bea 
®-contraction if there exists a continuous function w : R* — R* such that w(r) < r for 
any r > 0 and, for all x, y « X, we have 


lg) - g(y)|| < V(x -yll). 


The function y is called the ®-function of g. If, further, ~ is nondecreasing, then g is 
called a nonlinear contraction (see Definition 6.3.1). 


Remark 6.6.1. We note that if g : D(g) ¢ X — X is a p-contraction, then the map 
f =I-g:D(g) ¢X —X is d-expansive where @(r) = r — W(r). Indeed, 


FCO -fO|| = Ix —yll - geo - g0)]] = lx —yll - B(x —yll) = @(Ix —yll). 


When g is a separate contraction (cf. Definition 6.3.2), it is not difficult to see that I - g 
is @-expansive with @ strictly increasing. 

On the other hand, it is easy to see that the mapping g : R? —> R’ defined by 
g(x,y) = (y, -x) is a nonexpansive mapping which is not a W-contraction for any w but, 
nevertheless, I — g is ¢-expansive with (t) = v2t. 


Lemma 6.6.1. Let X be a Banach space and let K be a nonempty, closed, convex, bounded 
subset of X. Suppose that g : K — K is a nonexpansive mapping such that 


, Wye K, (6.11) 


9(g —g(y)|) < |x - 800 - -80))| 


where @ is a function satisfying the conditions of Definition 6.6.1. Then g has a unique fixed 
point in K. 


Proof. By Lemma 6.5.1, there exists a sequence (Xp)nen © K such that lim,_,.., |X, - 
&(X,)|| = 0. We claim that (g(x;,)) nen 1S a Cauchy sequence. 

(a) We assume that @ is nondecreasing. If (2(X,,))nen is not a Cauchy sequence, then 
there exist €) > 0 and two increasing sequences (n;);en and (M,)xen Such that for all 
k € N, we have 


€0 < | %n,) - (Xm, )|- 


Because (xX, — 8(Xn)) ~ Oasn — +00, (Xp - Z(Xy)) new IS a Cauchy sequence. Putting 
€ = O(€) > 0, we have 


é= P(E) SS (Ig O%,.) - 8(Xm,)Il) s lr, — 8(Xn,)) ~ Om, - 8(%m,))| <€, 


which contradicts our assumption. So, (g(X,)) nen is a Cauchy sequence. 

(b) Suppose now that ¢ is continuous. It is clear that the latter inequality implies 
that (g(%,))nen 1S a Cauchy sequence. Finally, because K is closed, (2(Xn)) nen converges 
to a point z of K. Using the continuity of g, we conclude that z is a fixed point g. 
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If z’ is a fixed point of g distinct of z, then by the estimate (6.11), we have 


$(|g(@) - g(2’)I)) = O(z - 2") < lz-8@ - @ -g(z’))] = 0 


In view of the properties of ¢, we obtain z = z’. 


It is well known that there exist Banach spaces without the fixed point property for 
nonexpansive mappings. The next result shows that it is not the case for a nonexpan- 
sive mapping f which satisfies the condition that I — f is ¢-expansive. This family of 
mappings happens to be a wider family of mappings than the class of ®-contractions. 
Indeed, consider the Hilbert space IR? with the usual inner product and define the func- 
tion f : R? > R* byf (x,y) = (y,-x). Itis clear that f is an isometry, so it is nonexpansive, 
I -f is d-expansive with ¢(t) = v2t, but it is not a ®-contraction for any ¢. 

Let X be a Banach and let f : Dif) c X — X be a mapping. We recall that f satisfies 
the range condition (cf. Definition 3.10.1) if D(f) ¢ Mysq RU + Af). 


Proposition 6.6.1. Let X be a Banach space and let K be a nonempty, closed, bounded, 
convex subset of X. If g : K — K is anonexpansive mapping such that I -g is 6-expansive, 
then g has a unique fixed point in K. 


Proof. We note that under the hypotheses, the operator h = I - g : K — X is accretive 
and satisfies the range condition. This shows that i = (+h)! maps K into itself. We 
define the Yosida approximant A, by A;(x) = x- Ji). Using the fact that A;(x) € nge (x)) 
(see Proposition 3.4.1(a)), we get 


(CO —JZ OI) < A100 - 410] = | - F200) - W-J0)]. (6.12) 


Since jt is nonexpansive and satisfies (6.12), by Lemma 6.6.1, there exists a unique point 
z € K such that z = £@ and therefore 0 = z - g(z). Hence, z is the unique fixed point 
of g. 


Proposition 6.6.2. Let X be a Banach space and K a nonempty, closed subset of X. Let 
f :K — X bean injective and continuous mapping such that f- : R(f) > K is uniformly 
continuous. Then R(f) is a closed subset of X. 


Proof. Let (X,)new be a sequence of elements of R(f) such that x, — X9 aSn — +00. 
We have to prove that x) € R(f). Indeed, since (X;,)nen is a Cauchy sequence and f+ 
is uniformly continuous, it is easy to see that (f~'(x,)) is also a Cauchy sequence of K. 
Hence we may assume that (f~*(x,,)) converges to some yy € K because K is a closed 
subset of X. It follows from the continuity of f that (X,)nen converges to f(yo), which 
means that Xp = f (yo) € R(f). 


Lemma 6.6.2. Let K be a nonempty, bounded, closed subset of a Banach space X, and let 
f : K > X bea d-expansive mapping. Then f is injective and f! : R(f) > K is uniformly 
continuous. 
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Proof. If x,y « K, x # y, then ||f(x) —f()Il = @(Ilx — yll) > 0 and thus f is injective. To 
prove that f! is uniformly continuous, we argue as follows. Suppose that there exists 
€) > O such that, for each n € N, we can find x,y, € R(f) satisfying both ||x, — y,ll < i 
and If 1(x,) —f 1(yp)ll > €o. Since f is @-expansive, it is clear that 


= - 1 
P(E (Xp) fall) < I Yall < a (6.13) 


Now assume that @ is nondecreasing. In this case, we have that 0 < @(€)) < @(k) for 
every k > €p. Hence, we get a contradiction because, on the one hand, there exists ng € N 
such that - < O(€9) for all n > ng and, on the other hand, by (6.13), we have that 


(Eo) < O(If 20) —f all) < [Xp —Inll < = 


Otherwise, ¢ will be a continuous function. In this case, since K is a bounded subset, we 
know that the sequence (f~1(x,,)—f “(n))new is bounded and therefore we may, without 
loss of generality, assume that 
. -1 -1 
im IF On) — Fn) = 7 = eo. 


Consequently, lim, 4.4 P(IIf “(Xn) —f Wn)Il) = (7) > 0, which is a contradiction since 
the estimate (6.13) yields limy 14 P(If (Xn) —f 2(yp)II) = 0. 


AS an easy consequence of Proposition 6.6.2 and Lemma 6.6.2, we have 


Corollary 6.6.1. Let K be a nonempty, closed, bounded, subset of a Banach space X, and 
let f : K — X be acontinuous $-expansive mapping. If there exists (X,)nen in R(f) such 
that (Xn)nen converges to zero, then 0 € R(f). 


Lemma 6.6.3. Let K be a nonempty, closed subset of a Banach space X and let f : K > X 
be acontinuous mapping. If there exists an almost fixed point sequence (Xn) nen Of f inK 
and if the inverse mapping (I - f)' : RU -f) — K exists and is uniformly continuous, 
then f has a unique fixed point xy € K. Furthermore, x, — Xp aS nN — +00. 


Proof. SinceI-f : K — X is continuous injective and (I-f)! : RU-f) > K is uniformly 
continuous, according to Proposition 6.6.2, we know that R(I — f) is closed. Hence, since 
Xn —-f(%p) - 0 as n — +00, we obtain that 0 € RU — f). Consequently, there exists an 
Xo € K such that (J — f)(xp) = 0, that is, f(x) = Xo. This fixed point is unique because 
I -f is injective. Finally, because (I -f ) 1 is continuous and (I — NO) — T-f) (Xo), we 
obtain that x, — Xp. 


The next example shows the importance of the fact that (I — f)~’ is uniformly con- 
tinuous in Lemma 6.6.3. 


Example 6.6.1. Consider the function f : [1,+co[ — [1,+00[ defined by f(x) = x + i. 


Clearly, f is a fixed point free mapping and, moreover, (I — f)* : [-1,0) — [1, +00) is 
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given by (I-f) (x) =- ;, which is continuous but not uniformly continuous. Finally, f 
admits almost fixed point sequences. 


Corollary 6.6.2. Let K be a nonempty, closed, bounded subset of a Banach space X, and 
let f : K — K bea continuous mapping such that I - f : K — X is o-expansive. If there 
exists an almost fixed point sequence (Xp)nen Of f in K, then f has a unique fixed point 
Xo € K. Furthermore, X, — Xp aS Nn — +00. 


Proof. Since I -f : K — X is ¢-expansive and continuous, it follows from Lemma 6.6.2 
that I-f) 1: RU-f) — K is uniformly continuous. Now the result is a consequence of 
Lemma 6.6.3. 


Remark 6.6.2. In Corollary 6.6.2, it is assumed that I — f is a ¢-expansive mapping. If 
is nondecreasing, then it is easy to see that (I - f)' : R(f) > K is uniformly continuous 
although K becomes unbounded (see the proof of Lemma 6.6.2). Nevertheless, if @ is con- 
tinuous, the conclusion of Corollary 6.6.2 remains true if we remove the boundedness 
of K but we add the existence of a bounded almost fixed point sequence for /. 


Definition 6.6.3. Let X be a metric space. We say that a mapping f : Dif) c X — X is 
weakly inward on D(f) if 


Jim 7a ~A)x + Af (x), D(f)) =0 forall x € D(f). (6.14) 


Note that condition (6.14) is always weaker than the assumption that f maps the 
boundary of D(f) into D(f). Recall that, iff : D(f) — X isacontinuous accretive mapping, 
D(f) is convex and closed and, if I — f is weakly inward on D(f), then f has the range 
condition (see [169]). 

We now introduce the concept of a pseudocontractive map. 


Definition 6.6.4. Let X be Banach space and f : Dif) ¢ X — X amap. We say that f is 
pseudocontractive if, for every x,y € D(f) and for all r > 0, the inequality 


Ix-yll < (+ r)\-y) +r) -f0d)| 


holds. 


It is not difficult to see that pseudocontractive maps are more general than nonex- 
pansive maps. The interest in these maps also stems from the fact that they are firmly 
connected to the class of accretive maps. Specifically, f is pseudocontractive if and only 
if I — f is accretive where J denotes the identity mapping (see [52]). 


Corollary 6.6.3. Let K be anonempty, bounded, closed convex subset of a Banach space X. 
Assume that the map f : K — X is weakly inward on K, continuous pseudocontractive 
mapping such that (I - f)+ : RU —f) > K is uniformly continuous (in particular, if I — f 
is b-expansive). Then f has a unique fixed point in K. 
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Proof. Since f is a continuous, pseudocontractive, and weakly inward on K, it is well 
known thatI-f : K — X is anaccretive operator with the range condition. Consequently, 
the resolvent (2I-f)' : K > K isa single-valued and nonexpansive mapping. Moreover, 
since K is bounded, closed, convex, there exists a sequence (X,)ncy in K such that x, - 
(21 - f) 1(x,) — 0. If we let y,, = (21 - f)*(x,), then y, + Y, —f (Yn) = Xp and therefore 


Yn —~fOn) = Xn - (ar Af 0a, 


which implies that (y,)nen is a bounded almost fixed point sequence in K for f. Now, 
invoking Lemma 6.6.3, we obtain the result. 
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A classic problem in convex analysis is Euler’s variational problem. Let : H — 
]-co, +00] be a proper convex function. When does g have a minimum? This problem 
can be written as follows: let 09 : H > 2” be the subdifferential of 9, i.e., 


O9(Xq) = {y € H: (y,Z—X) < MZ) - P(%) Vz € H}, 


then Euler’s variational problem is reduced to studying if 0 ¢ R(0@). Indeed, if 0 € R(0Q), 
there exists X) € D(d@) such that 0 € d(x), and therefore 


(0,Z-—X9) < O(Z) -@(X%)  VZ«H, 


which implies that (x9) < @(z) Vz € H, that is, xp is a minimum of 9. 

From above we may say that Euler’s variational problem will have a solution if the 
operator 0g has some zero. In Example 3.3.3 we showed that og is an accretive operator 
and, by Corollary 3.4.1, its resolvents are nonexpansive mappings. Let us see that the 
zeroes of an accretive operator coincide with the fixed points of its resolvents. 


Proposition 6.7.1. Let X be a Banach space and let A : D(A) — 2* be an accretive opera- 
tor. Then 


A'0={xe Dj : JyX = X} =: Fix(y). 


Proof. Let x € A-‘0. This means that 0 ¢ Ax, hence 0 € AAx for allA > 0. Thus, for all 
A > 0, we have x € x + AAx. Consequently, J,x = x, VA > 0. 

Now, let x € Fix(J,). In this case, we have that J,x = x, then x € x + AAx, that is, 
0 € AAx. This implies that 0 ¢ Ax and therefore x < A ‘0. 


Next we are going to apply fixed point results for nonexpansive mappings in order 
to obtain conditions under which Euler’s variational problem admits a solution. 
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Theorem 6.7.1. Let H be a real Hilbert space. If p : H — |-co, +00] is a proper lower 
semi-continuous convex function with its effective domain D(@) bounded. Then the prob- 
lem 


= mi 6.15 
(x) aay OZ) (6.15) 


has a solution. 


Proof. Proposition 3.6.1 shows that 0g is an m-accretive operator. Then applying Theo- 
rem 3.8.1, we infer that D(@) is convex. Therefore, we may assume that J, : D(g) > D(@). 
Since H has (FPP) (see Theorem 6.5.1), there exists xy € D(@) such that xg = J,Xo. Next, 
using Proposition 6.7.1, we conclude that Xp is a solution of (6.15). 


As we have just seen, the study of the existence of zeroes for an accretive operator 
is strongly related to the existence of a fixed point for nonexpansive mappings. 


Remark 6.7.1. Let X be a Banach space and let A ¢ X x X be an accretive operator. If we 
consider the differential inclusion 


u' + Au > 0, 


the existence of a zero for A guarantees the existence of a constant solution (equilibrium 
point) for the above differential inclusion. 


Theorem 6.7.2. Let X be a uniformly convex Banach space and let A c X x X bean 

m-accretive operator. The following assumptions are equivalent: 

(a) 0 € R(A), 

(b) there exist X) € D(A) and a bounded neighborhood U of Xo such that for every x «€ 
Ou N D(A), (y,X — Xo), = 0 for ally € A(x), 

(c)_ there exists Xy ¢ D(A) such that E := {x € D(A) : t(x — Xp) € AQ, t < 0} is bounded. 


Proof: (a) => (b) By hypotheses, 0 € R(A), thus there exists x) € D(A) such that 0 € Axo. 
Let / be a bounded open neighborhood of xp. Given x € olU/ND(A), since Ais an accretive 
operator and 0 € AXo, we have (y, x — Xo), = 0, for all y € A(x). 

(b) => (c) Suppose, for a contradiction, that FE is unbounded. Then, we may assume 
that {J,Xq : A = 0} is not bounded. Therefore, there exists Ay > 0 such that J, xo ¢ U and, 
by Proposition 3.4.1(d), we know that 


lim J,Xo = Xo. 

jim. faxo = Xo 

Now, by connectedness arguments, there exists A, € (0,49) such that J), Xp € UN D(A). 
Nevertheless, Proposition 3.4.1(a) says that Aj,X9 € AJ,,Xo and, as a consequence, we 
have (A), Xo3Ja,X0 — Xo) + = 9, which is a contradiction. 
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(c) = (a) Given n € N, consider x, ¢ E such that (Xn —Xq) € Ax,. By hypothesis, 
E is a bounded set, thus we may assume that (X,) new is Weakly convergent to yg € D(A). 
Denote 


R := limsup |x, —yol 


n—+00 


and take 


K == {y € D(A) 1 Bylo) : $x) < R} 


where $(,,)(y) := lim supy_,45 Xp — yl. Clearly, K is a closed, bounded, convex, and 
nonempty subset of X. Since X has (FPP) (see Theorem 6.5.3), it suffices to show that K is 
J,-invariant. Indeed, let y « K. Since 


> 


x, Vay) < lim sup fi) -Jy||+ lim sup; %) =x 


it follows form the fact that J, in nonexpansive and the definition of the Yosida approx- 
imant that 


G(x) JW) < %x,) 0) + Jim Arrall 


Moreover, the construction of the sequence (Xn)nen yields |Ax,| ~ 0 asn — +00 and, 
by Proposition 3.4.1(d), ||A;x,| < |Ax,| which implies that 


Pox, Ty) < RB. 


Finally, because |l/;y — yoll < Q(x,)(v) + byx,)o) < 2R, we easily conclude that K is J,- 
invariant. 


Theorem 6.7.1 shows that, when g is a proper lower semicontinuous convex func- 
tions, Euler’s variational problem has a solution if D(@) is bounded. Theorem 6.7.2 allows 
us to give the following result (see [105]). 


Corollary 6.7.1. Let H be a real Hilbert space. Let 9 : H — |-co, +00] be a proper lower 
semicontinuous convex function with effective domain D(@). Suppose that, for some Z, € 
D(@), there exists R > 0 such that @(Zo) < (x) for every x € D(@) with ||x|| = R. Then 
has a minimum in H. 


Proof. By Proposition 3.6.1, we know that 0 is an m-accretive operator on H. Moreover, 
as we have mention in this subsection, @ will have a minimum if its subdifferential ad- 
mits some zero. Hence, we only have to show that 0 € R(@@). 

First, we note that since 0g is m-accretive on H, by Theorem 3.7.1, D(0q) is a convex 
subset. Therefore, invoking Theorem 6.7.2, we obtain that 0 € R(d@) if and only if E = 
{x € D(0@) : tx € Og(x);t < 0} is a bounded set. 
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Suppose, in order to get a contradiction, that E is unbounded. This fact means that 
for every n € IN there exists x, € E such that ||x,|| > n. Since x, € E, there are t, < 0 and 
Yn € OO(X,) With tyXp) = Yn- By the definition of subdifferential, we have that 


YnZo a5 Xn) < 9(Zo) = Q(X). 
Now, considering ||x,,|| > max{R, |Zo||} and bearing in mind that y, = t,x, we obtain 
0 < -ty(IXall = IZoll)IXpll < (trXp» Zo — Xn) < P(Zo) — P(Xp) < 0, 


which is a contradiction. Oo 


Proposition 6.7.2. Let X be a uniformly convex Banach space and let A c X x X bean 
m-accretive operator on X. If there exists A > 0 such that J, is bounded on D(A), then A 
has a zero. 


Proof. Suppose that there exists A > 0 such that J, is bounded on D(A), then there exists 
r > Osuch that J,x € B, for every x ¢ D(A) which implies that 


Jy: D(A) NB, > D(A) NB,. 


Now, by Theorem 3.8.1, we know that D(A) n B, is a bounded, convex, closed, and J,- 
invariant subset. Since X has (FPP) (see Theorem 6.5.3), we conclude that J, has a fixed 
point and therefore 0 € R(A). This completes the proof. 


Lemma 6.7.1. Let X be a Banach space and let A: D(A) < X > 2* be an m-accretive 
operator on X. If Xy € D(A) is such that there is a bounded neighborhood of xg, U, such 
that 


|AXo| < |Ax| Vx € dun D(A), 


then, for allA > 0, J,Xq € U. 


Proof. Theorem 3.4.1(c) shows that ||A,X || < |AXxo|. Moreover, Proposition 3.4.1(a) im- 
plies that A,xg € AJ,Xo and therefore, |AJ,xo| < |Axo|. Since by hypotheses |Axo| < 
|Ax| Vx € ol/n D(A), it is clear that J,xp ¢ ol/. On the other hand, since xp € U, by 
Proposition 3.4.1(d), we have that lim,_,9+ J,;Xo9 = Xo. (This means that there exists 6 > 0 
so that if0 <A < S& then J,xp € U.) Let k := sup{A > 0 : J,Xq € U}. We shall check that 
k = +oo. Otherwise, if k € R, then J,X € U. Indeed, by the above argument, 


TkXo ¢ OU. (6.16) 
Nevertheless, since there exists A,, such that A,, — k, by Proposition 3.4.1, we have 


Jn,X0 7 TkXo- 
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Hence 
ThXo € U. (6.17) 


From (6.16) and (6.17), we obtain that J,x) € UU. Using again the continuity of the mapping 
A = J,x and J;,xXq € U, we obtain a contradiction because there will be A > k such that 
J)Xo €U. 


As a consequence of Theorem 6.7.2 and Lemma 6.7.1, we have the following result. 


Corollary 6.7.2. Let X be a uniformly convex Banach space and let A : D(A) > 2* be an 
m-accretive operator. Suppose that U is a bounded neighborhood of xy € D(A) such that 


|AXy| < |Ax]| Vx € 0UN D(A). 


Then 0 € R(A). 


Theorem 6.7.3. Let X be a uniformly convex Banach space. Under the conditions of 
Lemma 6.7.1, there exists y € UM D(A) such that 0 € Ay. 


Proof. According to Lemma 6.7.1 we have J,xXy € U, VA > 0. Since |AJ,Xo| < A,Xoll = 
7x — J,Xo||, using the fact that 7/ is bounded, we obtain 


lim |AJ,Xol = 0. (6.18) 
Aco 


Set d := inf{|Ax| : x € 0l/ n D(A)}. There are two possibilities: 
(a) 0 € Axo. In this case there is nothing to prove. 
(b) 0 ¢ AX. 


Case (b) For all x € ol/N D(A), we have |Ax9| < |Ax| and therefore d > 0. This follows from 
the closedness of A (use Proposition 3.7.1). To see this, assume that d = 0, which yields 
that |Ax,| = 0, meaning that there exists a sequence (Xp,y,) € A such that |ly,|| — 0, 
hence A is closed, (X9, 0) € A, and this is a contradiction. 

Now we may assume that |Ax,| < d, otherwise, we would work with J,x9 taking A 
large enough so that |AJ,Xq| < d (see (6.18)). Since Z/ is bounded and |AXx| < d, there exist 
R>Oandr > 0 such that 


U Cc Br(Xo), 
. 2 
where R and r satisfy |Ax9| + =R < d. 


Fix y € Br(X). Since A is m-accretive, y « Dj, VA > 0. Hence J,,y € D(A). Let x = J,y. 
We assert that x € U/. To see this, define the following operator: 


A:D(A) > 2*, Ax :=Ax+ “(Xo -y). 
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It is not hard to show that A is also an m-accretive operator. Denote by J, its resolvent. 
Then for z € ol/ N D(A), we have 
|Az| = 


1 1 
AZ + 7% —y)| = |Az| - Xo -yll 


1 R 
>d-—-—\lx) —yll > |Ax — 
“IX yl >| ols 


2 


1 
Ax + “(x -y) 
= |AXo |. 
Applying Lemma 6.7.1 to A, we conclude that x = J,.x9 € U. Indeed, x = J,y if and only if 
y €x+TAx, ifand only if xy ¢ x + rAx + Xp —y, if and only if xp € x + rAx + r2(Xq -y), if 


and only if xp € (I + rA)x, if and only if x = J,xo. 
The conclusion is now immediate. Indeed, consider the mapping 


Jr = Br(X) = Uu (ee Bp(Xo). 


Since J, is nonexpansive and X has (FPP) for nonexpansive mappings, there exists y € 
Br(X) such that J,y = y. Now applying Proposition 6.7.1, we conclude that 0 € Ay. 


Next we shall discuss under which conditions an m-accretive operator is surjective 
in the sense that its range is the whole space. 


Lemma 6.7.2. Let X be a uniformly convex Banach space and let A : D(A) > 2* bean 
m-accretive operator. If there exists X9 € D(A) such that |AXo| <r < limy,y40o [AX|, then 


Bry _taxgl) 


c R(A). 
Proof. Let y € X be such that llyl| < 5(r - |Axol) and define the operator A = A-y. The 
operator A is m-accretive. Indeed, since A is m-accretive, given z + Ay « X thereisv ¢ X 
such that z + Ay € v+AAv, which means z € v+ AAv-— Ay, that is, z € (I+ AA)v. Therefore, 
X =R(I+AA). 

Now, we claim that there exists R > 0 such that 


|Axo| < |Ax| Wx € D(A) : ||x— xol| > R. (6.19) 


If no such R exists, then there is a sequence (X;)nen~ © D(A) such that ||x,,|| > +oo and 
|Ax,,| < |AXo|. It follows that |Ax,—y| < |Axo—yl, hence |Ax,,|-Ilyll < |lyl|+|AXo|. This implies 
that |Ax,,| — |AX9| < 2lly||, that is, 5(IAXn — |AXol) < llyll. However, r < liminf,_,,., |AXnl, 
then 5(r — |AXol) < |lyll which is a contradiction because y € Bi (r-lAxg))" This shows that 
A satisfies the hypothesis of Theorem 6.7.3, and therefore 0 € R(A). So, there exists v « X 
such that 0 € Av, therefore y € Av. This proves the result. 
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Lemma 6.7.3. Let X be a uniformly convex Banach space and let A : D(A) > 2* be an 
m-accretive operator. If there exists X) « D(A) such that |Axo| < r < limy,yy,400 [Ax|, then 
B, ¢ R(A). 


Proof. Fix y € X with |ly|| < r and set 
M := {t € [0,1] : tye R(A)}. 


By Lemma 6.7.2, M # @ because there exists t € [0,1] such that tlly|| € Bir jaxh c R(A). 
We claim that 1 € M. To see this, let ty) := sup M and choose a sequence (th)nex © M 
such that t, — tp aS n — oo. Let (Xp)nen be a sequence of D(A) such that t,y € Ax, for 
alln € N. For eachn € N, define the mapping 


A,X := A(X+X,)—thy, X € D(A,) = D(A) - Xp. 
Clearly, 0 < A,0 and 


lim inf |A,x| >r— t,llyll. 
Ix ++00 


Applying Lemma 6.7.2 to A, (replacing r by r — t,lly||), we get 


Bi 


2 rtally) © R(An)- 


But, if t > ty is sufficiently close to to, it is possible to choose n € IN such that 


(t= tbl < 5° tab: 


For such n, there exists z, €¢ D(A) — x, so that (t—t,)y € A,Zy,1.-€., ty € A(Zp + Xp), Which 
proves that 1 ¢ M. 


AS an easy consequence of the last result, we have 
Theorem 6.7.4. Let X be a uniformly convex Banach space and let A : D(A) > 2* be an 
m-accretive operator such that 


lim |Ax| = +00. 
|x| ~+00 


Then R(A) = X. 


Remark 6.7.2. The above results hold for uniformly convex Banach spaces. Most of 
these results could be extended to spaces with (FPP) for nonexpansive mappings (see 
[115, 182, 201]). Nevertheless, it is well known that there are Banach spaces without 
(FPP) for nonexpansive mappings and then the above results do not apply in these 
spaces. The reader is also referred to [105, 112] where several results in this sense can 
be found. 
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6.8 Zeros of m-accretive and g-expansive operators 


In this section we shall work with a subclass of accretive operators (those which are 
also d-expansive) for which the geometric properties of the Banach space framework 
are irrelevant. Next we give an example of such operators. 


Example 6.8.1 ([97]). Consider the Banach space (€,, || - ||,) and let {e,},n =1,2,... be the 
usual Schauder basis of such a space. Define the following operator: 


+00 +00 
1( Snes] = Y Ze} 
k=1 i=1 


where 


Let us see that f is accretive: 
+00 +00 +00 
(FOO -f), xy) = Y Cae — Yar eon-a + Y. Vora — Xox eae» Y, OX “Er ) 
k=1 k=l k=l 


+00 +00 
= YOK = Voie) Xie — Yara) + Y. Wae1 = XoK-1) Xe — Yor) = 0. 
k=1 k=1 


Moreover, if we take @(t) = t, then we obtain 


+00 +00 
Ya = Var Cana + Y, Wait — Xox-1)€2xel] = WX — yll = O(ILx - yll). 


k=1 k=1 


Feo -fO)|| = 


Proposition 6.8.1. Let X be a Banach space, let A: D(A) ¢ X — X be an m-accretive and 
@-expansive mapping. Let U be a bounded neighborhood of x, € D(A) such that 


|A(X9)|| < AGo|] for all x € 0U n D(A). 


Then 0 € R(A). 


Proof. Assume that ||A(x)|| > 0. Otherwise, the proposition holds. Suppose that there 
exists A > 0 such that J,x, € OU. It follows from Proposition 3.4.1 that A,xX9 = AJ,Xo. But 
Proposition 3.4.1 says that 


IAJ,Xoll = |AgXoll < IAXoll, 


which is a contradiction. As a consequence of this, along with the fact that A +> J,Xo is 
a continuous function on [0, co) and limy)9 J,Xo = Xo, yields that, for every A > 0, we 
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have J,Xp ¢ U. Since U is a bounded set and A,X, € R(A), we infer that 0 ¢ R(A). That is, 
inf{|A(x)|| : x € D(A)} = 0. We may suppose (possibly by redefining x,) that 


|A(Xp)|| < p = inf{|A()|| : x « OU n D(A)}. 
Select R > 0 so that U c Bp(xX). Then there exists r > 0 such that 
|A(xo)|| + 2r7R <p. 


We claim that the resolvent J, maps K := Bp(X) into itself. To see this, let u ¢ K and 
v = J,(u). Then v € D(A). This means that we just need to show that v € Bp(X). To see 
this, define A by 


A(x) = A(x) +1r°1(xp -u), x € D(A), 
and let j,, denote the resolvent of A. Consider x € OBp(X9) N D(A), then 


|A(xo)|| = AG) +7 - WI] < |AQo)|] +r 7R 
<p-r'R< lA) —r “Iu — xl 


< JAG) + r*(xq - u)| = [AOD]. 


Since Xp € RU + AA) for all A € (0,r], we may use the same argument as above to derive 
v= 1% € Bp(X9) N D(A) and therefore v < K. On the other hand, since A is ¢-expansive, 
by definition we have 


|Ax — Ay|l > P(x —yll), 


and, in this case, the use of Proposition 3.4.1 yields A,x € Aj,.x. Hence 


OWEx Jol) < WA - Alls Ix Jx- 0-9) 


Following Lemma 6.6.1, this means that J, has a fixed point in Bp(Xp), which implies that 
0 € A(Bp(X) 9 D(A). 


Theorem 6.8.1. Let X be a Banach space. Suppose A : D(A) < X — X is an m-accretive 
and $-expansive mapping on D(A). Then A is bijective. 


Proof. We shall first check that A is one-to-one. Let x, y be two elements D(A). Since A is 
g-expansive, we have 


|Ax — Ay|| > (IIx —yIl). 


So, if x # y, then Ax ~ Ayl] > (|x —yll) > 0, that is, Ax 4 Ay. 
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Now, we are going to prove that R(A) = X. To do this, we will show that R(A) is a 
nonempty set which is open and closed at the same time. 

Let us see that R(A) is an open set. Indeed, let yy € R(A) in this case we know that 
there exists X) € D(A) such that yy = A(Xq). We claim that for every r > 0, 0B,(X9) N 
D(A) # @. Otherwise, there exists 79 > 0 so that oB,, (Xo) N D(A) = O. In this case, by 
Proposition 3.4.1, we have A +> J,Xo is a continuous function on [0, co) and lim) jg J,Xo = 
Xo. Thus, for every A > 0, we have J,Xp € B,, (Xq). 

The resolvent operator J; maps B,, (Xq) into itself. To see this, lety € B,, (Xq), X = Jay, 
and define the mapping 


A(w) = A(w) + Xo —y. 


Then x = J;'(xp). Since A is also m-accretive with domain D(A) = D(A), by the same 
argument as above, we have that pea € B,, (Xo). This means that x € B,, (xq). Therefore 
the nonexpansive mapping J, maps the closed ball B,, (xo) into itself. Since A is accretive 
and o-expansive, the use of Proposition 3.4.1, together with A,x € AJ,x, implies 


(ix —Juyll) < Aix — Ay < |x - ix - Y -Jy)]). 


Hence, applying Lemma 6.6.1, we conclude that J, has a fixed point in B,, (xo), which 
implies that 0 € A(B,, (Xp) N D(A)). 

Let z « X and define the mapping B := A — z. It is clear that B is m-accretive, D(A) = 
D(B), o-expansive, and OB, (Xp) M D(B) = @. Hence 0 € R(B). This implies that z € R(A) 
and then R(A) = X. 

Consequently, we can assume our claim, i. e., OB,(X9) MN D(A) # O, for every r > 0. 

Define 


A(x) = A(X +X9)—Yo for.x € D(A) := D(A) — Xp. 
Let y = A(x + Xp) and x € 0B, N D(A), then 
lly —yoll = O(Ilxll) = 67) > |A()| = 0. 


Therefore, ||A(0)|| < (7) < ||A(x)||. We first show that Byy,)/. ¢ R(A). To see this, let 
Z € Bey and B(x) = A(x) - z. If x € OB, n D(A), then 


||B(O)|| < ACO) + IzI 
< o(r) = II 
JAC) - IlzI 
AG) - 2|| = [BOO]. 


IA 


IA 


Since B satisfies the assumptions of Proposition 6.8.1, B has a unique zero in D(A), and 
hence z € R(A). This implies that Bar) j2o) € R(A) and therefore R(A) is an open. 
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Suppose that R(A) is not a closed set. This means that there exists z € OR(A) such 
that z ¢ R(A), and then we may choose Zy € R(A) such that ||z - Zp|| < o(r)/3. However, 
repeating the same argument once again, we obtain Bgy,)/2(Z9) ¢ R(A). This implies that 
z € R(A), which is a contradiction. Therefore, R(A) is a closed set. Thus A is surjective 
because R(A) is an open and closed nonempty subset of X. EJ 


Remark 6.8.1. In [107] it was proved that if X is a real Banach space and A : D(A) > 2* 
isa o-expansive, m-accretive operator, then R(A) = X. We have just proved that every 
m-accretive and @-expansive operator A : D(A) ¢ X — X, independently of the Banach 
space where it is defined, is bijective. This means that given u ¢ X there exists a unique 
x € D(A) such that u = A(x), and hence one can define a mapping eae cee D(A) by 
A\(u) = x. Moreover, when @ is a continuous mapping with (0) = 0 and @(r) > 0 for 
r > 0, it is not difficult to see that A”? is continuous. Indeed, let (x;,)nen be a sequence 
in X with x, — x, we have to prove that A ‘x, > A ‘x. This follows from the following 
estimate: 


Xn — x1 = O(A OG) A 00). 


Proposition 6.8.2. Let 1 < p < co. IfA : D(A) < L?(Q) — L?(Q) is an accretive operator 
and there exists A! : L?(Q) — D(A) which is continuous, then A! is m-accretive. 


Proof. First case:1 < p < oo. IfA is accretive in L?(), we have that, for every u, v € D(A), 


0 < (Au-Av,u-v), = |lu- vi? | (auco —Av(x))(u(x) — v(x))|U(x) - vo?” dx. (6.20) 
Q 


Given w,z € L?(Q), by hypothesis there exists u,v € D(A) such that u = A ‘(w) and 
v =A-‘(z). Therefore, 


(Aw) -A“(z),w-z), = lw -zi5? | (woo — v(x))(Au(x) — Av(x))|w = z|P? dx. 
Q 


Notice that expression (6.20) allows us to derive that 
(A "(w) - A(z), w-z), > 0, 


which means that A” is accretive in L?(Q). 
Second case: p = 1. If A is accretive in L'(Q), we have that, for every u,v € D(A), 


u(x) — v(x) 
|u(x) — vx)| 


0 < (Au-Av,u-v), = llu-vll, | (Au(x) — Av(x)) 
{xEQ:u(x)#V(x)} 
+ | |Au(x) — Av(x)| dx. (6.21) 
{xEQ:u(x)=v(x)} 
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Since A is a mapping in L'(Q), we have that either Au(x) = Av(x) a.e. in the set Q, given 
by Q, := {x € Q: u(x) = v(x)} or Q, is a null set; both cases imply that 


u(x) — V(X) 


dx. (6.22 
u(x) — vx) oa 


0 < (Au-Av,u-v), = llu-vll, | (Au(x) — Av(x)) 
{xeEQ:u(x)#V(x)} 


On the other hand, since A is one-to-one on L1(Q), given w,z € L'(Q), andu = A‘w, 
v=A_’z, it is clear that {x € Q: u(x) # V(X)} = {x € Q: W(X) # z(x)} a.e. in Q. Therefore 


Au(x) — Av(x) 
|w(x) — z(x)| 


(Atw-A%zw-2),=hw-zh | (wx) -v00) 
{x€Q:w(x)#z(x)} 
Au(x) — Av(Xx) 
|w(x) — 2(x)| 


=Iw-zh, [| (ue) -v00) 
{xEQ:u(x)#V(x)} 


Notice that, by (6.22), we can conclude that 
(A"\(w) — A(z), w-z), > 0, 


which means that A” is accretive in L(Q). 
We have just proved that if A is accretive in L?(Q), then A? : L?(Q) > D(A) isa 
continuous accretive operator. Hence, by Theorem 4.4.3, A’! is m-accretive. 


6.9 Bibliographical remarks 


The content of Section 6.2 is classic and can be found, for example, in the books [87, 115, 
141, 152] or [244]. In the literature, there are many extensions of the Banach contraction 
principle. In Section 6.3 we presented some of them. In Section 6.3.1, Theorem 6.3.1 is due 
to D. W. Boyd and J. S. W. Wong [44]. For separate contraction mappings, Theorem 6.3.3 is 
due to Y. Liu and Z. Li [164]. In Section 6.3.3 we discuss the class of expansive operators. 
Theorem 6.3.4 may be found in [241]. 

Section 6.5 deals with nonexpansive mappings. In this section we only gave the clas- 
sical results due to F. E. Browder [50], D. Gohde [117], and W. A. Kirk [142], and, as we have 
mentioned, in the books [115, 143] many results about this theory were collected. With 
respect to (FPP), the absence of normal structure allows us to quote the books by A.G. 
Aksoy and M. A. Khamsi [10], and B. Sim [218]. On the other hand, it was an open question 
if (FPP) is a sufficient condition for the reflexivity. This question was resolved negatively 
by P. K. Lin [163]. In this sense, we would like to remember that it is still an open question 
if reflexivity implies (FPP). 

In Section 6.6 we gathered some fixed point theorems for @-expansive mappings. 
The results of this section are recent and taken essentially from the papers [98] and [109]. 

The content of Sections 6.7 and 6.8 can be found, for example, in [107, 112, 115, 182]. 


7 Topological fixed point theorems 


7.1 Introduction 


Many mathematical and applied science problems can be formulated as equations of 
the type f(x) = x or f(x) + g(x) = x, where x is an element of a certain set K and f, g 
are nonlinear operators. These equations are strongly related and are generally classi- 
fied as fixed point equations. Unlike in Chapter 6, now we will focus on the topological 
fixed point theory for the weak topology (results using topological properties). With re- 
spect to the topological fixed point theory, the main two theorems are Brouwer fixed 
point theorem and its infinite-dimensional version, Schauder fixed point theorem [212]. 
In both theorems compactness plays an essential role. In 1955, G. Darbo [73] extended 
Schauder theorem to the setting of noncompact operators, introducing the notion of 
a k-set-contraction. In 1958, M. A. Krasnoselskii established that the sum of two opera- 
tors f + g has a fixed point in a nonempty closed convex subset K of a Banach space X, 
whenever f and g satisfy: (i) f(x) + g(y) belongs to K for all x, yin K, (ii) f is continuous 
on K and f(K) is contained in a compact subset of X, (ili) g is k-contractive on X with 
0 < k < 1 This result combines both the Banach contraction principle and Schauder 
fixed point theorem, linking metric and topological fixed point theories. Nevertheless, it 
is not hard to see that Krasnoselskii fixed point theorem is a particular case of G. Darbo 
fixed point theorem. Namely, it appears that f + g is a k-set contractive map with respect 
to the K. Kuratowski measure of noncompactness. In 1967, V.N. Sadovskii [210] gave a 
more general fixed point result than Darbo theorem using the concept of a condensing 
mapping. 

The examination of some particular examples of nonlinear functional equations 
involving weakly continuous or weakly sequentially continuous maps in an infinite- 
dimensional Banach space shows that the classical Schauder fixed point theorem and its 
corollaries (see, for example, [3, 87, 115, 141, 221]) are not adapted to this kind of problems 
and do not make it possible to establish existence results. The fixed point theorem of A. N. 
Tychonoff, which is an extension to Hausdorff locally convex topological vector spaces 
of Schauder fixed point theorem, ensures the existence of fixed points for continuous 
mappings from a compact convex subset K of X into itself. We note that, if X isa normed 
space, then X, endowed with its weak topology o(X, X*), is a Hausdorff locally convex 
topological vector space. According to Tychonoff fixed point theorem, if X is a normed 
space, then in (X,0(X, X*)) every weakly continuous mapping from a weakly compact 
convex subset of X into itself admits a fixed point (see Corollary 7.5.2). The disadvantage 
of this result is that, in practice, it is often difficult to verify that a map is weakly continu- 
ous. In [21], O. Arino, S. Gautier, and J. P. Penot have shown that Tychonoff fixed point the- 
orem is valid for weakly sequentially continuous mappings in metrizable locally convex 
topological vector spaces. Except for the metrizability of the space, this result does not 
require any additional restrictive hypothesis such as the reflexivity or the separability of 
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the space. The essential argument in the proof of this result is the theorem of Eberlein- 
Smulian (Theorem 1.7.3). In addition, the weak sequential continuity for the topology of 
a map is often easier to verify than the weak continuity. Knowing this result, in the 1990s, 
D. O’Regan undertook, in a series of papers, the study of the existence of fixed points for 
weakly continuous, as well as sequentially weakly continuous, mappings [185-193]. Mo- 
tivated by the existence of solutions of a stationary neutron transport equation in [159], 
the authors introduced two classes of operators, ws-compact and ww-compact maps, and 
have derived new fixed point theorems of Schauder, Darbo, and Krasnosel’skii type for 
these classes of operators. The interest in ws-compact operators lies in the fact that they 
make it possible to obtain fixed point theorems of Schauder, Darbo, or Sadovski type for 
operators transforming a weakly compact subset into itself without assuming that these 
operators are weakly continuous. Obviously, for theorems of Darbo—Sadovskii type, we 
use the concept of a weak noncompactness measure. The ww-compact operators often 
intervene in fixed points theorems of Krasnosel’skii type when the perturbed operator 
is ws-compact. Since 2006, these two classes of operators have given rise to numerous 
developments (see, for example, [4, 55, 83, 98, 99, 101-103, 158, 159, 194, 235, 237]). 

The purpose of this chapter is to present an introduction to the topological fixed 
point theory in Banach spaces, not necessarily reflexive, involving the weak topology. 
For completeness, in Section 7.2 we present Brouwer and Schauder fixed point theo- 
rems. The concept of a measure of noncompactness is introduced in Section 7.3, and 
some new results of Darbo and Sadovskii type are given. To discuss fixed point theo- 
rems involving the weak topology, our starting point is Tychonoff fixed point theorem. 
We give in Section 7.4 its formulation in a Banach space endowed with its weak topol- 
ogy and then its formulation for weakly sequentially continuous maps in metrizable 
locally convex topological vector spaces. We introduce in Section 7.5 the classes of ws- 
compact and ww-compact maps and give the analog of Schauder fixed point theorem 
for ws-compact maps. Section 7.6 deals with the abstract formulation of the concept of 
a measure of weak noncompactness, we discuss in detail the measure of weak com- 
pactness of F. De Blasi [75] and that of J. Banas and Z. Knap [27] and show that they are 
regular measures of weak noncompactness in the sense of Definition 7.7.2. In Section 7.7 
we present some theorems for weakly continuous and weakly sequentially continuous 
set contraction maps with respect to a measure of weak noncompactness. Theorems 
of Darbo and Sadovskii type for weakly continuous and weakly sequentially continuous 
maps are given. Some nonlinear alternatives of Leray-Schauder type for weakly sequen- 
tially continuous maps are the subject of Section 7.10. Section 7.11 is dedicated to fixed 
point theorems of Krasnosel’skii type. We give numerous fixed point theorem for maps 
involving continuity, weak continuity, weak sequential continuity, ws-compactness, ww- 
compactness, and many other kinds of perturbations. Nonlinear alternatives of Kras- 
nosel’skii-Leray-Schauder and Krasnosel’skii-Schaefer type are also presented at the 
end of this section. 
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7.2 Brouwer and Schauder fixed point theorems 


7.2.1 Brouwer fixed point theorem 


In this section we shall recall Brouwer fixed point theorem and some of its conse- 
quences. It is a profound result which is at the origin of the topological fixed point 
theory. 

We shall assume that IR” is endowed with its standard inner product, (x,y) := 
yi", Xy; and norm ||x|| = (x,x)"/”. In this subsection B, denotes the closed unit ball of 
R" and $""' = dB, denotes the unit sphere in R". 


Theorem 7.2.1 (Brouwer). Every continuous map f : B, — By, has a fixed point, i.e., 
Fix(f) # 0. 


Despite the simplicity of the statement of Brouwer theorem, his proof is not obvious 
even in dimension 2 and uses arguments from the algebraic topology. In [176], J. Milnor 
gave a proof of this result based on elementary multidimensional integral calculus. Mil- 
nor’s proof was simplified by C. A. Rogers in [204]. In [126], we find an exposition of the 
Milnor-Rogers’ proof. In Section 2 of his thesis [222], T. Stuckless gathered various proofs 
of Brouwer theorem. 

Let us first give the relationship between Brouwer fixed point theorem and retrac- 
tions. 


Theorem 7.2.2. The Brouwer fixed point theorem is equivalent to the following assertion: 
No infinitely differentiable retraction exists from B, onto $""1. 


Proof. Suppose that Brouwer fixed point theorem holds but there exists an infinitely 
differentiable retraction f : B, > S$". Let g : B, > B, be given by g(x) = f(x). 
Therefore, g also maps B, into S" *. Hence, ifx = g(x), we have x « $1. Butforx « S"}, 
g(x) = f(x) = -x # x. Thus g has no fixed point, contradicting Theorem 7.2.1. 

Conversely, suppose that there is no such an infinitely differentiable retraction. We 
are going to see that if f : B; — B, is any infinitely differentiable mapping, then it has a 
fixed point. Otherwise, we would have for each x € B, that x # f(x) and thus we could 
consider the semiline starting at f(x) and passing through x. This semiline intersects 
s"1 at one point, say g(x). Hence, we may define a mapping g : B, > $"? such that 
g(x) # f(x) for all x € B, and g(x) = x for all x € S$”. Let us show that g is infinitely 
differentiable. Indeed, for every x € B,, we have 


8(X) = B(X)x + (1- BOO), 
where f(x) is chosen satisfying (g(x), g(x)) = 1. This leads to the equation 


BOO? xP + 2BOO(1 — BOO)(x,f 00) + (1- BOO) IFoo’ =1. 
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which gives us f(x) as the solution of a second-degree equation with infinitely differen- 
tiable coefficients. It follows that the solution has the same property. Hence the function 
g is an infinitely differentiable retraction from B, onto $1, which is a contradiction 
and, consequently, f must have a fixed point. 

Finally, let h : B,; — B, be a continuous mapping. The Weierstrass approximation 
theorem says that there exists a sequence (f;,)nen Of infinitely differentiable functions 
which converges uniformly to hin B,. Since, for eachn € N, f, is infinitely differentiable, 
we obtain a sequence (X;,)ney in B, such that f,(x,) = X,. Because (X;)nen lies in the 
compact By, there is a subsequence (also denoted by (X,,) ney) which converges to Xy € By. 
It follows that f,(x,) — h(Xo), and so Xp is a fixed point for h. 


Proof of Theorem 7.2.1. By Theorem 7.2.2, we only need to see that no infinitely differen- 
tiable retraction of B, onto $”* exists. In order to get a contradiction, suppose that such 
a retraction exists, say f. We may consider the differential form a := x, dx, A---A dX. 
Then Stokes theorem (see, for example, [96]) gives 


grt f(s™) grt 1 
- | aa= | da= | da=0 
By f(B,) gr 


Next, applying Stokes theorem, we obtain 


| a= | da = volume(B,) > 0, 
grt By 


which is a contradiction. 


Let us now introduce the following definition. 


Definition 7.2.1. Let X be a topological space. Then X is said to have the (topological) 
fixed point property if each continuous mapping f : X — X has a fixed point. 


Lemma 7.2.1. Let X and Y be two topological spaces. If X and Y are homeomorphic and 
ifX has the fixed point property, then Y also has the fixed point property. 


This lemma expresses that the fixed point property for continuous mappings is a 
topological invariant. 


Proof: Leth: X — Y bea homeomorphism with h(X) = Y, and suppose that f : Y — Y 
is continuous. Then g := h”!ef his acontinuous map from X into X. Hence there exists 
x € X such that g(x) = x, that is, hn! of oh(x) = x. This implies that f(h(x)) = h(x). 


Note that Brouwer fixed point theorem expresses the fact that the closed unit ball 
B, of R” has the fixed point property. But B, is not the only subset of IR" having the fixed 
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point property. In fact, as the following two results show, Brouwer fixed point theorem 
extends to compact convex subsets of IR”. 


Corollary 7.2.1. Let R > 0. If f : Br — Bp is continuous, then Fix(f) # 9. 


Proof. This follows from the fact that B,; and Bp are homeomorphic and the use of The- 
orem 7.2.1 and Lemma 7.2.1. 


Corollary 7.2.2 (Brouwer, general formulation). Let K be a convex, compact subset of IR” 
and f : K — K acontinuous mapping. Then Fix(f) # 9. 


Proof. As all the norms on R” are equivalent, by Lemma 7.2.1, we may assume that we 
are working with the norm that comes from the inner product. Let Py : R" > K be the 
projection onto K (Px is well defined because R” is a Hilbert space). Since K is compact, 
there exists R > 0 such that K ¢ Bp. Define the mapping : Bg > Br by 


fo) =f (Px). 


According to Corollary 7.2.1, f has a fixed point, say Xp € Br (Xp = f(Xo) = f(Pe(%))). 
Since the range of f is contained in K and P(X) = Xo, We obtain Xp = f (Xo). 


Note that, in general, the fixed point derived via Brouwer fixed point theorem is not 
unique. 


7.2.2 Schauder fixed point theorem 


We now discuss the possibility of extending Brouwer theorem to infinite-dimensional 
normed spaces. The following example, due to S. Kakutani [132], shows that, in the form 
of Theorem 7.2.1, this is not possible. 


Example 7.2.1. Let X = @, be the space of square summable sequences. Let B, be the 
unit ball of X and OB, its boundary. Define the function f on B, by 


+00 
X= Ones £00 = (VL= IAP, .%y---) where Ix? = Yb. 
n=1 


It is clear that f is continuous and f(B,) ¢ 0B, ¢ B,. Note, however, if x is fixed point of 
f,f() =x, then |x|] = 1 and 


X = (X%,Xq,...) = (0,4, %,...) =f OO. 


This implies that x, = 0 and successively x, = x, = 0, and so on. Thus we get x = 0 and 
|x|| = 1 which is a contradiction. Hence f has no fixed point in B,. 
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In the preceding example, the reason why f fails to have a fixed point is that B, is 
not compact since the space @, has infinite dimension. 


Definition 7.2.2. Let X and Y be two normed spaces and K a subset of X. 

(a) Amapf : K — Y is said to be compact if f is continuous and /(K) is relatively 
compact. 

(b) Amapf : X — Y is said to be completely continuous if f is continuous and, for all 
bounded subset M of X, f(M) is relatively compact. 


Compact or completely continuous operators play a central role in nonlinear anal- 
ysis. Their importance is due to the fact that some results of continuous functions on R” 
extend to Banach spaces when continuity is replaced by compactness. 

The following result shows that compact maps can be approximated by sequences 
of finite rank operators. 


Proposition 7.2.1. Let X and Y be two Banach spaces, K a bounded subset of X, andf : 
K — Y amap. Then the following two assertions are equivalent: 

(i) f is compact. 

(ii) For alln € N, there exists a compact operator P,, : K — Y such that 


sup|lf (x) - P,(0)|| <1/n and dim(vect(P,(K))) < co. (7.1) 
xeK 


The operators P,, are called Schauder projections. 


Proof. If f is compact, then f(K) is relatively compact and so, for all n € N, there exist 
elements y; € f(K), i =1,2,...,N = N(n), such that 


N 
f(K) ¢ UBynd 
i=1 


and then, Vx € K, Ay; € {y,,.--,Yx} such that |/f(x) —yilly < 1/n. We construct a partition 
of the unit of K as follows: we define the functions a; : K > Rby 


> 


fori=1,...,N. 


> 


Pree a, if IIf(x) —yilly > 
: 7 -IfO) -yilly if IfCO —Yilly < 


ZIP SIR 


We have the following properties: 

(a) the functions a;,i = 1,...,N, are continuous because f is continuous and the maxi- 
mum of two continuous functions is continuous; 

(b) a,(x) = 0 for all x € K; 

(c) pee a,(x) > 0 for all x € K; 

(d) ifx € K such that a;(x) > 0, then |If(x) -— ylly < 1/n. 
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Using property (c), we can define the functions A; : K — R by 


-1 


N 
A(x) = ao( 400 fort ad aie 


j=l 


The functions A;, i= 1,...,N, form the desired partition. Indeed, 
- foralli=1,...,N,A;is continuous; 

— for all x € K, we have Y7!, A,(x) = 1; 

-—  ifx e K issuch that A;(x) > 0, then |f(x) — y;lly < 1/n. 


Set 


Ky, = CO(yy,..->Yy)- (7.2) 


It is clear that K, ¢ vect{y,,...,¥y}. We define Schauder projections P, : K > K,,n€ N, 
by 


N 
Py (x) = YAY: (7.3) 
i=1 


Let x € K. Using the properties of the functions A,, i = 1,...,N, we get 


[f00 - Paboly = 


fe — MAioyi 


i=1 


. 1 
< DA GOIfCO -yily < = 
Y 1 


By definition, P,(K) ¢ vect{y,,...,y,}, hence the image of P, is contained in a finite 
dimensional vector subspace of Y. It remains to show that P,, is a compact operator. 
The continuity of P, is a consequence of the continuity of the functions A;. Let S be a 
bounded subset of K. Since f is compact, there exists c > 0 such that, for all x € S, we 
have ||f(x)|| < c, and consequently, 


[Ply < [Px -F00y + FO0|y S240. VreS. 


This implies that P,,(S) is bounded and therefore relatively compact. 
Conversely, let n be an arbitrary (but fixed) nonnegative integer. There is a real 6 
such that for all x,y € K satisfying ||x — ylly < 6, we have 


FCO -FOIIy < IPC) — Pr@dly + PnO) PaO My + PnO) ~F Oly 
< 1/n+ |P,(x) -Pr(y)|ly + 1/n =. (7.4) 


This proves the continuity of f. To show that f(K) is relatively compact, we shall es- 
tablish that from each open cover of f(K), one can extract a finite open cover of f(K). 
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By the compactness of P,, and the fact that K is bounded, we conclude that there exist 
X1,...,Xy € K such that 


N 
P,(K) CJ Byn(Pa(x))- 

i=1 
So, for all y € K, there exists i ¢€ {1,...,N} such that ||P,,(x;) — P,(y)lly < 1/n. This, 
combined with (7.4), shows that for each y € K there exists i ¢ {1,...,N} such that 
Ifx)-FOlly < 3, This shows that f(K) admits a finite open cover, which completes the 
proof. 


Theorem 7.2.3 (Schauder). Let X be a Banach space and K a nonempty subset of X. Sup- 
pose 

(a) K is convex and compact, 

(b) f : K — K is acontinuous map. 


Then Fix(f) # 9. 


Proof. Note that the operator f is compact since it is continuous and f(K) is relatively 
compact. It follows from Proposition 7.2.1 that there exist operators P,, : K — K, (K, is 
given by (7.2)) such that 


If (x) - PrQO|ly < 1/n. (7.5) 
The convexity of K implies that K, ¢ co(f(K)) ¢ K. Accordingly, the operator 
P,, := Pr, :K, ~ K, 


is continuous. The set K,, is closed and homomorphic to the closed unit ball B, of RY. It 
follows from Corollary 7.2.2 that for every n € N, there exists x, ¢ K, ¢ K such that 


P(X) = Xn- (7.6) 


Because K is compact, there exist a subsequence (Xp, )xen Of (%n)new and x € K such that 
Xn, 2 X ask — +00. 

The point x is a fixed point of f. Indeed, using (7.6), the continuity of f, and (7.5), we 
obtain 


[FCO — Xally < FCO -FO why + Wn) — Pan) 


Xx? 


and then limy_,469 IIf() - Xnlly = 0. Hence, f(x) = x, and so Fix(f) # 0. 


The following corollary (due to J. Schauder in 1930) is a version of Theorem 7.2.3 of- 
ten used in applications. In general, it is easier to show that an operator is compact than 
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to show that a subset of a normed space is compact. So, the compactness assumption of 
K will be replaced by the compactness of the operator f. 


Corollary 7.2.3. Let K be a nonempty, bounded, closed, convex subset of a Banach space 
X andf : K —> K amapping. If f is compact, then Fix(f) # 9. 


Proof. Since K is bounded and f(K) is compact, By Theorem 1.4.1, M = co(f(K)) is also 
a convex and compact subset of X. Because K is closed and f(K) ¢ K, it is clear that 
f(K) ¢ K andthen M ¢ co(k) = K. Moreover, we have f(M) ¢ M because 


McK = f(M)Cf(K) cf(K) ¢ CO(f(K)) = M. 


Now Theorem 7.2.3 ensures that f has a fixed point in M c K. 


7.3 Set contractive mappings 


As we have seen in the previous section, compactness plays an essential role in the proof 
of Schauder fixed point theorem. However, there are some important problems where 
the operators are not compact. The first step to extend Schauder theorem to noncompact 
operators was done by G. Darbo in 1955 [73]. The main idea is to define a new class of 
operators which are contractive with respect to a measure of noncompactness. The first 
example of the notion of a measure of noncompactness (a-measure or set-measure) was 
introduced by Kuratowski in [148], and the associated notion of a-contractiveness has 
proved useful in several areas of functional analysis, operator theory, differential and 
integral equations. 


7.3.1 Measure of noncompactness 


Let X be a Banach space. We denote by 

—  B(X) the collection of bounded and nonempty subsets of X, 

— BF(X) the collection of bounded and nonempty closed subsets of X, 

-  (C(X) the collection of nonempty and compact subsets of X, 

— RC(X) the collection of nonempty and relatively compact subsets of X. 


In order to generalize the notion of compact operator in a reasonable way, we need the 
concept of a measure of noncompactness. 


Definition 7.3.1. A map u : B(X) — [0, +00) is called a measure of noncompactness on 
the Banach space X provided it satisfies the following conditions: 

(1) the family ker yw := {M € B(X) : u(M) = 0} is nonempty and ker uw c RC(X), 

(2) M, ¢ M, = uM) < UM), 

(3) uM) = uM), 
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(4) u(co(M)) = uM), 

(5) (Generalized Cantor’s intersection theorem) if (M,,)nen iS a decreasing sequence 
(in the sense of inclusion) of nonempty, closed, and bounded subsets of X and if 
lim 400 (Mp) = 0, then the set M,, = (\n°; My, is nonempty and belongs to C(X). 


The family ker p is called the kernel of the measure of noncompactness y; the kernel of 
tis contained in RC(X). 

The measure of noncompactness p is called homogeneous if, for all M € B(X), we 
have 
(6) “(AM) = |A|U(M) VA € R. 


It is called subadditive if 
(7) UM+N) < uM) + UN) VMN € B(X). 


We say that u has the maximum property if 
(8) uM UN) = max(u(M), WN)), VMN € BX). 


We say that y is nonsingular if 
(9) uM U {xo}) = uM) for all xy €¢ X and N € B(X). 


Definition 7.3.2. A subadditive measure of noncompactness p(-) which has the maxi- 
mum property and is such that ker() = RC(X) is called a regular measure. 


Example 7.3.1. Let (X, d) be a complete metric space and M a subset of X. We recall that 
the diameter of M is defined by 


diam(M) = sup{(d(x,y) : x « M,y « M} 


with diam(@) = 0. It is clear that for every bounded subset M, we have diam(M) < +00, 
and diam(M) = 0 if and only if M is empty or has only one element (then compact). The 
map 


lg: B(X) > [0,+00), A u,(A) = diam(A) 


satisfies the following properties: 

(a) if M, ¢ Mp, then ug(M,) < ug), 

(b) ug(M) = Ug(M), 

(c) (Cantor’s intersection theorem) if (My,)nen« is a decreasing sequence of nonempty, 
closed, bounded subsets of X and if lim,_,,., Uq(M,) = 0, then the intersection 
Mog = Mot Mn is nonempty and consists of one point. 


Moreover, if X is a Banach space, then 
(e) Ug(AM) = |A|ug(M), for all real A € R, 
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(f) Ug(x + M) = ug(M), for all x € X, 
(8) Ma(My + M2) < Ug(My) + Ug), 
(h) ug(co(M)) = ug(M). 


Properties (a)-(g) are immediate. We prove (h). If x and y are two points of co(M), then 


n m n m 
x=) tix; and y=) sy, with x;y; ¢M, )t=1, and Ygat 
jel 


i=1 a 4 
Thus 
= ut mn nm 
Ix-yll = | tix - D' syyiff = DD tesa - DD 5 
a jl jal i=l i=l j=l 
mn mn 
< VY tsilx;-y;| < diam) YY sit; 
jelict jeiizi 


= diam(M), 


and then uq(co(M)) < uq(M). The opposite inequality is obvious. 
We note that u,(-) is a measure of noncompactness in the sense of Definition 7.3.1 
but it is not regular because, among other things, it does not satisfy assumption (9). 


7.3.1.1 Kuratowski measure of noncompactness 

Recall that, if M € B(X) is not a precompact set, there is a real number € > 0 such that 
M cannot be covered by finitely many sets (or balls) with diameter < ¢. Hence, we can 
give the following definition. 


Definition 7.3.3. Let (X, d) be a complete metric space. The Kuratowski measure of non- 
compactness a : B(X) — [0,+co) of a nonempty, bounded subset M of X, a(M), is the 
infimum of all numbers ¢ > 0 such that M can be covered by a finite number of sets with 
diameters < é, that is, 


n 
a(M) = int >0:Mc sisi c X,diam(S;) < ¢,i=12,....n,ne€ nt. 
i=l 


It is clear that a(@) = 0 and, for all M ¢€ B(X), we have 0 < a(M) < diam(M). 

The notion of a measure of noncompactness (a-measure or set-measure) was in- 
troduced by K. Kuratowski [148]. The following properties follow easily from Defini- 
tion 7.3.3. 


Proposition 7.3.1. For all A, B € B(X), we have 
(a) a(A) = 0 —= Ais compact, 
(b) Ac B= a(A) < a(B), 
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(c) a(A) = a(A), 
(d) a(A UB) = max{a(A), a(B)}, 
(e) a(ANB) < min{a(A), a(B)}. 


The next result, due to K. Kuratowski [148], is a generalization of the well-known 
Cantor intersection theorem. 


Proposition 7.3.2. Let (X,d) be a complete metric space. If (My)n>1 is a decreasing se- 
quence of nonempty, closed, and bounded subsets of X such that lim,_,,,, a(M;,) = 0, then 
the intersection M,, = (\y>1 M, is a nonempty compact subset of X. 


If X is a Banach space, the following properties hold. 


Proposition 7.3.3. Let X bea Banach space. For all A, B €¢ B(X), we have 
(f) a(A +B) < a(A) + a(B), 

(g) a(A +x) = a(A), for allx € X, 

(h) a(AA) = |Ala(A), for allA € R, 

(i) a(co(A)) = a(A). 


We refer to [9, 24] or [25] for a proof of Proposition 7.3.3. 
We close this subsection by establishing the following elementary result. 


Proposition 7.3.4. Let K be a nonempty subset of a Banach space X andf : K — X 
a mapping. If f is k-Lipschitz, then for all bounded subsets S of K, we have a(f(S)) < 
ka(S). 


Proof. Let € > 0 be an arbitrary real number and suppose that S ¢ Uj_,S, with 
diam(S;) < a(S) + €. Then we have f(S) ¢ Ui f(S)) = Uj, F; where F; = f(S)). 
Letting y,,y. € F; wherei ¢€ {1,2,...,n}, there exist x,,x, € S; such that y, = f(x,) and 
Yo = f(X). Since f is a k-Lipschitz map, we can write 


IIf (Xz) — f O%)]| < Kllxq - XI] < k(a(S) + €). 


This yields that diam(F;) < k(a(S) + €) and therefore a(f(S)) < k(a(S) + €). Since ¢ is 
arbitrary, we get a(f(S)) < ka(S). 


7.3.1.2 Hausdorff measure of noncompactness 

To find the exact value of a(K) for K € B(X) is not always an easy task. For this and other 
reasons, it is sometimes more useful to use the ball or Hausdorff measure of noncom- 
pactness, which was introduced by L.S. Goldenstein, I. T. Gohberg, and A.S. Markus in 
1957 [118]. 


Definition 7.3.4. Let (X, d) be a complete metric space. The Hausdorff measure of non- 
compactness y : B(X) — [0,+co) of a nonempty, bounded subset M of X, v(M), is the 
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infimum of all numbers ¢ > 0 such that M can be covered by a finite number of balls 
with radii < ¢, that is, 


n 
X(M) = inte >0:Mc |) B,, 0%), X; eX, 7, <é&1=12,....nne nt 
i=l 


If X is a Banach space, we have the following equivalent definition. 


Definition 7.3.5. Let X be a Banach space. The Hausdorff measure of noncompactness 
x of anonempty bounded subset M of X, y(M), is the infimum of all numbers ¢ > 0 such 
that M has a finite e-net in_X, that is, 


X(M) = inffe >0:M cS +e€B,,S c X,S is finite}. 


The following properties follow from Definition 7.3.5. 


Proposition 7.3.5. For all A, B €¢ B(X), we have 
(a) 0< a(A) <y(A) < diam(A), 

(b) y(A) = 0 —= Ais compact, 

(c) AcCB=>y(A) < x(8), 

(d) x(A) =x (A), 

(e) x(A UB) = max{y(A), x(B)}, 

(f) y(AnB) < min{y(A),x(B)}. 


IfX is a Banach space, then, for all A, B € B(X), we have 
(g) y(A+B) <7(A) + x(B), 

(h) y(A +x) = (A), for allx € X, 

(i) y(AA) = |Aly(A), for alla € R, 

(j) x(co(A)) = x(A). 


The next result shows the equivalence of Kuratowski and Hausdorff measures of 
noncompactness. 


Proposition 7.3.6. Let (X,d) be a complete metric space and let M be a nonempty, 
bounded subset of X. Then 


X(M) < a(M) < 2x(M). 


For a proof of Proposition 7.3.6, we refer to [24] or [25, 26]. For deep discussions and 
more information on measures of noncompactness, we refer, for example, to the books 
[9, 24-26]. 

Throughout the two next subsections, y(-) will denote a measure of noncompactness 
in the sense of Definition 7.3.1. 
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7.3.2 Darbo-type fixed point theorems 


Definition 7.3.6. Let X be a Banach space, K a nonempty subset of X, u(-) a measure of 

noncompactness on X,andf : K — X acontinuous map such that, for each B € B(X yn2k ; 

f(B) < BX). 

(a) The map f is said to satisfy the Darbo condition for y(-) if there is a constant k > 0 
such that 


u(f(A)) < ku(A) VA € BCX) 2%, 


(b) The map f is said to be y-k-contractive if it satisfies the Darbo condition for some 
k € [0,1). 
(c) The map f is said to be u-nonexpansive if it satisfies the Darbo condition with k = 1. 


We note that the validity of Schauder fixed point theorem requires the compactness 
of the convex set K or the compactness of the map f. The following result, due to G. 
Darbo [73], is a generalization of Schauder fixed point theorem in the sense that neither 
the compactness of K nor the compactness of f is required. 


Theorem 7.3.1 (Darbo). Let X be a Banach space, K a nonempty, closed, convex element 
of B(X) andf : K — K acontinuous mapping. If f is u-k-contractive, then Fix(f) # 0. 


Proof. We define a sequence of subsets (Ky,)nen by Ko = K and, for each integer n > 1, 
Knai = CO(f (K;,)). We have f (Kp) = f(K) ¢ K = Ko, K, = C0(f(Ko)) ¢ K = Kp. Continuing 
this process, we get Ky > K, > K, > ---. It is clear that (K,)nen is a decreasing sequence 
of nonempty, closed, convex, f-invariant subsets. Obviously, u(K,4,) = “(co(f(K,))) = 
u(f(K,)) < ku(K,) and so, for every n € IN, we have u(K,,,1) < k"**u(Ko). Since k € [0,1), 
we get lim,_,,.5 U(K,) = 0. According to axiom (5) of Definition 7.3.1, we deduce that 
Ky, = (29 Kn is a nonempty, convex, compact subset of X. Further, for all p « N, we 
have K,, = (Wop Kn K,, which proves that f(K,,) ¢ Ko. Finally, applying Theo- 
rem 7.2.3 tof asa map from K,, into K,, ensures that f has a fixed point in K,, ¢ K. 


If one checks carefully the proof of any recent generalization of Darbo fixed point 
theorem (see, for instance, [6, 7,20, 102] and the references therein), one notices that the 
essential ingredient of the proof is the following result which was explicitly proved by 
R. D. Nussbaum [183, Proposition 10] for the Kuratowski measure of noncompactness. 


Proposition 7.3.7. Let K be a closed, bounded, convex subset of a Banach space X and let 
f : K —> K beacontinuous mapping. Let K, := cof(K) and K, := cof(K,_,) forn > 1 
Assume that a(K,,) — 0, asin — oo. Then Fix(f) # @. 


We note that the previous result holds true for any measure of noncompactness 
satisfying axiom (5) of Definition 7.3.1. However, the converse of this implication is in 
general false. Indeed, it is enough to consider the identity mapping defined on the unit 
ball of any infinite-dimensional Banach space. 
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We next prove an extension of Nussbaum’s result considering a more general con- 
dition which will be used in order to characterize the existence of fixed points for con- 
tinuous mappings. 


Proposition 7.3.8. Let K be a closed, bounded, convex subset of a Banach space X. Let 
L(-) be a measure of nonconpactness on X and f : K — K a continuous mapping. If there 
exists a decreasing sequence (Kn) new Of closed, convex, f-invariant subsets of K such that 
U(K,) — 0, as n — +00, then Fix(f) # 0. 


Proof. By axiom (5) of Definition 7.3.1, we know that K,, := Mnen Ky is nonempty. Since 
U(Koo) = UOnen Kn) < U(K,) for alln € N, by taking the limit as n — oo, we get 
U(K,,) = 0, that is, K,, € ker(u). Moreover, K,, is convex and f-invariant because each 
K,, is convex and f-invariant. To end the proof, it suffices to apply Schauder fixed point 
theorem to the mapping f : K,, - K,,. 


Nevertheless, if we assume that the kernel of the measure of noncompactness con- 
tains singleton sets, then we obtain the following result. 


Theorem 7.3.2. Let K be a closed, bounded, convex subset of a Banach space X and let 

L(.) be a measure of noncompactness on X such that any singleton subset of K belongs to 

ker uw. If f : K — K is acontinuous map, then the following assertions are equivalent: 

(a) there exists a decreasing sequence (Ky) nen Of convex, closed, f-invariant subsets of K 
such that u(K,,) > 0, asn > +00, 

(b) Fix(f) # 9. 


Proof. The necessity follows from property (5) of Definition 7.3.1. Let us prove the suf- 
ficiency. Assume that f has at least a fixed point z in K. The sequence of sets defined 
by K,, := {z} satisfies (a) because z is a fixed point of f and any singleton set belongs to 
ker(u). 


Next, we will give two generalizations of Darbo fixed point theorem which can be 
obtained by applying Proposition 7.3.8. 


Definition 7.3.7. Let G denote the set of all functions g : R* — [0,1) such that, for all 
monotone decreasing sequences (ty) ncny, We have that 


lim. & (tn) =1 implies aim t, = 0. 


We note that this class of functions was introduced by M. A. Geraghty [113], who did 
not make any continuity assumption on g in order to get an extension of the Banach 
contraction principle. 


Definition 7.3.8. We define ¥ to be the family of functions F : R* — R* such that 
F(t) = 0 if and only if t = 0, and such that either F is continuous on R* or F(t) > t for all 
t>0. 
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Theorem 7.3.3. Let X be a Banach space and let 1(-) be a measure of noncompactness 
on X. Let K be anonempty, closed, bounded, convex subset of X andf : K — K acontinu- 
ous mapping. If there exist two functions g « Gand F € F such that, for every f-invariant 
subset S of K, 


F(u(S)) < g(u(S))F(u(S)), (7.7) 


then Fix(f) # 0. 
We recall that the class of functions G was given in Definition 7.3.7. 


Proof. By property (5) of Definition 7.3.1, it will be enough to find a decreasing sequence 
(Kn) nen Of closed, f-invariant subsets of K such that u(K,) — 0, asin — +oo. Let K; := 
K and define the set sequence (Ky)nen+ DY Kyi, := COf(K,) for each n = 2. Note that 
f(K,) =f(K) cK = K,, K, = cof(k,) ¢ K = K,, and by induction we get that (K,)nen 
is a decreasing sequence of f-invariant subsets of X, because for each n € N, we have 
f(Kn) ¢ Cof (Ky) = Knit © Kp. 

If there exists ng ¢ IN* such that Fuk, )) = 0, then MK, ) = Osince F ¢ F. By 
property (b) of Definition 7.3.7, u(K,) = 0 for every n > ny and, thus, u(K,) — 0, as 
n — +oo. Otherwise, we can assume that F(u(K,,)) > 0 for alln € N. Using (7.7) and the 
properties of the measure of noncompactness, we have 


F(u(Kns1)) = Fu(COf (Kn))) = Fu Kn))) < 8(UKn))F(UKn)), 


for each n € N. This implies that the sequence {F(u(K,,))}nen iS Nonincreasing and non- 
negative, since g ¢€ G. Thus, we infer that there exists € => 0 such that 
limy 5400 F(U(Kn)) = €. We now distinguish two cases: 


CasE 1. Assume that @ > 0. Since ay < g(u(K,)) < 1for alln € N, by the squeeze 


theorem, g(u(K,)) — 1asn — oo. Since g € G, we conclude that limy_,.., U(Ky) = 0. 


CASE 2. Assume that @ = 0. On the one hand, if F is continuous then u(K,,) > 0asn — oo, 
because F(t) = 0 —=> t = 0. On the other hand, if F satisfies F(t) > t for all t > 0, then 
F(u(K,)) = uCK,) = 0 for all n € IN. Thus, lim,_,.,., U(K,) = 0. 


Definition 7.3.9. A function ~ : R, — R, is called a comparison if w is nondecreasing 
and w"(t) > 0,asn — +oo, for all t > 0. We denote by ¥ the set of all comparison 
functions. 


For properties and applications of comparison functions, we refer the reader to [208, 
Chapter 4] and [127, Lemma 3.1]. 


Theorem 7.3.4. Let X be a Banach space and u(-) a measure of noncompactness on X. Let 
K be anonempty, closed, bounded, convex subset of a Banach space X, andf :K > Ka 
continuous mapping. If there exist two functions » « © and F ¢ F such that, for every 
f-invariant subset S of K, 
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F(u(f(S))) s W(F(u(S))), (7.8) 


then Fix(f) # 9. 


Proof. Asin the proof of Theorem 7.3.3, we define, by induction, a sequence of subsets of 
X, (Ky) nen» Where K, := K and K,,,, := cof(K,,) with u(K,,) > 0 for alln ¢ N*. From (7.8), 
for each n € IN*, we have 


F(u(Kni1)) = F(u(Cof (Kn))) oa F(u(f(K,))) = W(F(u(K,))) 
< W(F(u(Kn1))) s+ < U'(F(U(K))). 
Since p € W, we have lim,_,,., F(u(K,)) = 0. 


If F is continuous, then u(K,,) — 0asn — +oo because F(t) = 0 if and only if t = 0. 
On the other hand, if F(t) > t for allt € R,, itis clear that u(K,) - 0 asn — +00. 


7.3.3 Sadovskii-type fixed point theorems 


Definition 7.3.10. Let X be a Banach space, K a nonempty subset of X, u(-) a measure 
of noncompactness on X, and f : K — X acontinuous mapping such that, for all B ¢€ 
B(X) 0 2X, f(B) € B(X). We say that f is u-condensing if 


u(f(A)) < WA) VA € (B(X) 1 2*)\ ker wu. 


It is clear that any u-k-contractive map is p-condensing. In addition, if isa measure 
of noncompactness such that ker u = RC(X), each compact map is w-k-contractive and 
therefore y-condensing. 

In [210], B. N. Sadovskii showed the following fixed point theorem. It is an extension 
of Darbo fixed point theorem to -condensing mappings. 


Theorem 7.3.5 (Sadovskii). Let X be a Banach space, K a nonempty, closed, convex ele- 
ment of B(X), and u(-) a nonsingular measure of noncompactness on X (satisfying axiom 
(9). Iff : K — K is a u-condensing map, then Fix(f) # 9. 


Proof. Let y < K and define the set by 
X:={DC¢K : Dis closed, convex, y « Dandf : D > D} 
and set 


A=()D and B=CO(f(A)U {y}). 


Dex 


It is obvious that A is a closed, convex subset of X containing y. Moreover, by the defini- 
tion of A, for each D ¢€ X, we have f(A) ¢ f(D) ¢ Dand then f(A) ¢ Mey D = A. Since 
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y € A, we see that f(A) U {y} ¢ A and thus, because A is closed, convex, we deduce that 
f(B) ¢ f(A) ¢ B. This proves that B € &. This implies that A ¢ B and therefore A = B. 
Moreover, the properties of allow us to write 


U(A) = U(B) = u(CO(f(A) vu {y})) = U(f(A)) < WA) 


(because f is u-condensing), which is a contradiction. Accordingly, u(A) = 0 and so A is 
compact. Applying Theorem 7.2.3 to the map f|4 : A — A, we conclude that f admits a 
fixed point inA ¢ K. 


The following example, due to M. Baronti, E. Casini, and P. L. Papini [33], shows that 
Sadovskii fixed point theorem fails if the measure of noncompactness y is not regular, 
in particular if u does not fulfill condition (9). 


Example 7.3.2. Let X be the nonreflexive Banach space of all continuous real functions 
on the closed unit interval, with the norm 


1 


U1 = Wl + Wf = maxlf(o| + | [folate 


0 


Consider the following closed, convex, bounded subset: 
K = {f ¢ B,: f(0) =0,f(1) =1,0 < f(t) < t,f is monotone nondecreasing}. 
The mapping g : K — K defined by 


, 0 if0 
EO Ve sya eas 
The map g is fixed point free. Indeed, suppose that f € K is such that g(f) =f. It is clear 
that f(x) = 0 for every x € [0,5]. Ifx € [5,1], then (2x - 1)f(2x - 1) = f(x) implies 
that f(x) = 0 for every x ¢ [0, 2). By iterating the reasoning, we can easily prove that 
fd = Ofor all x € [0,1- zl and alln € N. Since f is continuous and f(1) = 1, this isa 
contradiction proving that g is fixed point free. 

Let ug be the set-function diameter defined in Example 7.3.1. The mapping g is Ug- 
condensing. Indeed, let S be a closed subset of K such that diam(S) > 0. Let us first 
observe that, for any f,h € K with f # h, we have 


1 
lg) - g(h)| = max|g(f)(x) ~ g(h)(x)| + ; [igre — g(h)(x)| dx 
nce 0 


ee — 1)|(f (2x - 1) - h(2x - 1) 


| 


ll 
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1 
+ | (2x — 1)|(f(2x - 1) - A(2x - 1))| dx 
1/2 
1 


1 
= max Ix(f (x) — h(x))| + ; | x1rco — h(x)| dx 
0 


< If = bias + SIM ~ Al 
= If - Al. 


Hence, with the help of the calculation above, for two suitable sequences (f,) nen 
and (hy) nen in S we get 


diam(g(S)) = lim |g (fn) — 8(n)|] = lim (8 Gn) - $n) lloo + 18 Gn) - $n) hy) 


— +00 N-+00 


. 1 
< lim (Ia) - 8s * $180%)~&0dIs) 


< tim. Ifn - Mnll < diam(s). 


So, if we assume that diam(g(S)) = diam(S), then (by passing again if necessary to a 
subsequence) we have 


7m, Wn — Rall, = tim len) — (In) |, =0, 


n—+0o0 


im Whe — Mnlloo = lim len) - g(h,)||,, = diam(g(S)) = diam(S). 


But we can choose a sequence (Xp) nen Such that |g(f,) -— 2(An)Ileo = Xnlfn On) — An). 
By considering, if necessary, a subsequence, we may assume that x, — X € [0,1]. Then 


diam(S) = lim x, lfn(Xn) — An(Xn)| < im. XnllfnXn) — RnX%p)|| = Xo diam(S), (7.9) 


thus Xp = 1. By considering subsequences, and by eventually exchanging the sequences, 
we may assume that 


fr) ol and h,(x,) ~L withb<l<1 
Therefore (7.9) implies that 1 - L = diam(S), so 
fr) 2 L  hy(x,) > L- diam(S). 
Now takef ¢€ S. Because lim,_,.., X, = 1, we have 


diam(S) > |f(X_) — Rn(X,)| > [1-1 + diam(S)| > diam(S) as n > +00. 


Thus we have | = 1; lim,_,4.5 f(y) — Ay(X,)| = diam(S) for every f € S, and then 
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jim lf — Ayll.o = diam(S). 


Now take € € (0, diam(S)), then there exists 7 > 0 such that, for every x € [1- 1,1], we 
have 1-e < f(x) < 1. Forn large enough, we get x, > 1-7 and therefore the monotonicity 
assumption of the functions gives (for suitable points a,,) 


1 Xn 
|\reo — gy(x)| dx > | WF) = hy (x) | x = %q — 1+ MIF (Aq) = Pty) 
0 1-n 


> (X,-1+n)(1-e-hyx,)); 


also, since lim h,(%;,) = 1- diam(S), we have 


n+00 
lim (Oy - 1+ n)(1-e€-h,(x,)) = n(diam(S) - €), 
and this implies that 
lim inf If —hyll 2 lim If — Malo + liming lf — hyll, = diam(S) + n(diam(S) — ). 


This is a contradiction. Accordingly, uq(g(S)) < Ug(S); hence g is zg-condensing. 


This example shows that Sadovskii fixed point theorem fails for the set-function 
Uqg(-) because it is not nonsingular (cf. (9)). 

Checking carefully the proof of Theorem 7.3.5, one can note that it is only required 
that f is a u-condensing mapping for f-invariant, closed, convex subsets, thatis, u(f(S)) < 
u(S) for any closed and convex subset S of K with u(S) > 0 and f(S) ¢ S. 

The following example shows that the above condition is weaker than to be con- 
densing. 


Example 7.3.3. Let By be the first quadrant of the unit ball in the Euclidean plane with 
its usual norm, ie. BE := {x = (%,X2) € R® : x; > 0,x_ = 0,|[xXllp < 1}. Consider the 
mapping f : BJ — By defined by 


X,+1 
fen %) = Poe (xp z ), 


where Pp; : IR’ — Bj denotes to the metric projection onto By. 


The mapping f is not z-condensing since if we take the subset S = [0, 5] x {0}, clearly 
f(S) = (0, 5] x {3}, and consequently y14(f(S)) = 5 = Ug(S). 

However, we shall prove that f verifies u,(f(S)) < ug(S), for any f-invariant, convex, 
and closed subset S of By. 

Let S be an f-invariant, convex, and closed subset of B]. Since f is continuous and 
its unique fixed point is (0,1), by Brouwer theorem, we have (0,1) € S. Without loss 
of generality, we can suppose that 0 < diam(S) = ||x° —y°||., which implies that ||u - 
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Vil, < [1x° — y°ll, for all u,v ¢ S. Then, bearing in mind that the metric projection Pp, is 
nonexpansive, we have 


I 
ey 
+ 
— 
<= 
ic 
<= 
i] 
+ 
ae 
Ne 
| 
ee 
ey 
fe 
<= 
& 
< 
i) 
NS) + 
ae 
Seg 


Feo -F = 


IA 
— 
i 
<= 
i) 
N) + 
ae 
Se 
Ge 
< 
= 
< 
i) 
NS) + 
ae 
NS 


2 


< || -— vy, U2 — V2), = lu ville. 


Thus, diam(f(S)) = diam(S) —=> x,° = y,” < 1 (otherwise, we would obtain that x° = 
(0,1) = y®, which is a contradiction) but in this case we would have that co{(0, 1x; y} Cc 
S and 


diam(Co{(0, 1), x°,y°}) = |x -y" lp = x? — yi | < max{x?, yy}, 


which is a contradiction because, by Pythagorean theorem, 


Ico.1) =x], = Ya)? + 4x9 > 29 


and 


I0o.1)-y"p = Yon) + a-y8)? >. 


Therefore, diam(f(S)) < diam(S). 


The previous example motivates the following concept which is more general than 
that of a condensing mapping. 


Definition 7.3.11. Let y(-) be a measure of noncompactness on a Banach space X and let 
K beanonempty, bounded subset of X. Amappingf : K — X is called u-quasicondensing 
if u(f(S)) < u(S) for all f-invariant, closed, convex subsets S of K with y(S) > 0. 


Next we will prove a new result which indicates that, in order to guarantee the 
existence of a fixed point for a mapping, we can replace the concept of a u-condensing 
mapping by that of a u-quasicondensing mapping. 


Theorem 7.3.6. Let K be a nonempty, closed, bounded, and convex subset of a Banach 
space X, u(-) anonsingular (cf. axiom (9)) measure of noncompactness on X, andf : K > 
K acontinuous map. Suppose that 
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be exists a function h : R, — R, such that h(u(f(S))) # h(u(s)), (7.10) 


for every f-invariant closed, convex subset S of K with u(S) > 0. 


Then, Fix(f) # @. 


Proof: Fix a point Xq € K and let A be the family of all closed, convex subsets S of K for 
which xp € Sand f(S) ¢ S. Putting S,, := (seq S. Itis clear that S,, # 0 because Xp € S,. 

We claim that S,, = co(f(S.,) U {xXo}). Indeed, since f(S.5) © Soos Xo € Soo» 
and S,, is closed and convex, we have that co(f(S,,) U {Xo}) © S,,, and therefore, 
f (CO(F(S,5) U {Xo})) SF (Soo) € CO(F(S,,) U{Xo}). Bearing in mind that xq € CO(f(S,)U{Xo}) 
and CO(f(S,,) U {Xo}) is closed and convex, from the definition of S,,, we have that 
Soo © CO(F(S,5) U {Xp}). SO, S,, = CO(f(S.,) U {Xo}). Thus, using properties (2), (3), and (4) 
of Definition 7.3.1, and the fact that u(-) is nonsingular, we have 


(Soo) = U(CO(F (Soo) U {Xo})) = U(CO(F (Soo) U {Xo})) 
= Uf (Soo) U {Xo}) 
= U(f (Soo). 
If u(S,,) > 0, then h(u(S,,)) = A(wGF(S.,))) # h(u(S,,)), which is a contradiction. Hence, 


U(S,.) = 0. Ifwe define K,, = S,, for every n € N, then, by Proposition 7.3.8, we conclude 
that Fix(/) # @. 


Note that condition (7.10) in Theorem 7.3.6 seems to be more general than that for 
the map to be quasicondensing with respect to a measure of noncompactness, but, as 
we shall show in the following result, both conditions are equivalent. 


Proposition 7.3.9. Let K be a bounded subset of a Banach space X, k1(-) a measure of non- 
compactness on X. A mapping f : K — K is u-quasicondensing if and only if f satisfies 
condition (7.10). 


Proof. Suppose f is -quasicondensing. In this case, it is enough to consider the map 
h:R, — R, defined by h(x) = x. On the other hand, if there exists a function h satis- 
fying condition (7.10), then, by the monotonicity property of u, we have u(f(S)) < y(S) 
whenever f(S) ¢ S and p(S) > 0. 


Since Example 7.3.3 shows the existence of quasicondensing maps which are not 
condensing, as a consequence of the above two results, we obtain the following gener- 
alization of Sadovskii fixed point theorem. 


Corollary 7.3.1. Let K be a bounded subset of a Banach space X, u(-) a nonsingular mea- 
sure of noncompactness on X. If f : K — K is a continuous l-quasicondensing map, then 
Fix(f) # 0. 


At this point, one may be interested in characterizing the existence of fixed points 
for u-quasicondensing maps with respect to a general measure of noncompactness wU. 
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In this direction, we need the concept of a minimal f-invariant subset with respect to a 
general measure of noncompactness. 


Definition 7.3.12. Let K be a nonempty, convex, closed, bounded subset of a Banach 
space X andf : K — K amap.AsetS C K is said to be minimal f-invariant if S is 
nonempty closed, convex, f(S) ¢ S,and whenever Y is a nonempty, closed, convex subset 
of S with f(Y) ¢ Y, it follows that Y = S. 


Obviously, any single-point f-invariant set is necessarily a fixed point of the map f, 
and is minimal. In general, the existence of a minimal invariant subset for a map- 
ping is not assured (cf. see Remark 7.3.1 below). Furthermore, identifying the minimal 
f-invariant sets is not an easy task, as is cited by K. Goebel and B. Sims in [116]. Never- 
theless, we have the following result. 


Theorem 7.3.7. Let K be a nonempty, convex, closed, bounded subset of a Banach space 
X and u(.) be a measure of noncompactness on X. Assume that f : K > Kisa 
L-quasicondensing and continuous map. Then, the following assertions are equivalent: 
(a) f has at least one fixed point in K, 

(b) there exists a minimal f-invariant subset of K, 

(c) ifS is minimal f-invariant, then S is a singleton. 


Proof. (a) => (b) This is obvious because any fixed point of f is minimal f-invariant. 
On the other hand, (c) => (a) is clear. We next prove (b) => (c). Let S be a mini- 
mal f-invariant set. Then, cof(S) ¢ S because S is convex and closed. Thus, f(cof(S)) ¢ 
f(S) ¢ cof(S). Since S is minimal f-invariant, we have S = cof(S). Bearing in mind the 
properties of u(-) and the fact that f is u-quasicondensing, we deduce that S is compact, 
and, by Schauder fixed point theorem, there exists z ¢ S such that f(z) = z. Then, {z} is 
a subset of S which is minimal f-invariant. Hence, S = {z}. 


Remark 7.3.1. We can use the previous result in order to prove that, for the mapf : K > 
K given in Example 7.3.2, there is no minimal f-invariant subset, because otherwise f 
would have at least one fixed point in K, which is a contradiction. 


It is interesting to note that when K is weakly compact, the existence of a minimal 
f-invariant set is obtained by using Zorn lemma. As a consequence of this fact and The- 
orem 7.3.7, we have 


Corollary 7.3.2. Let X be a Banach space and u(-) a measure of noncompactness on X. If 
K is a closed convex subset of X andf : K — K is a continuous, u-condensing map, then 
f has at least one fixed point whenever f(K) is weakly compact. 


7.4 On maps f such that I — f is g-expansive 


Let us recall the definition of separate contraction mappings in the context of Banach 
spaces (see Definition 6.3.2). 
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Definition 7.4.1. Let K beasubset ofa Banach space X.Wesaythatamapf :K — Xisa 
separate contraction if there exist two functions @, ~ : R* — R* satisfying the following 
conditions: 

(1) w(0) = 0, w is nondecreasing, 

(2) If) —FO)I s etx — yl), 

(3) 0< (7) <r-o(r) forr > 0. 


In the original definition of a separate contraction mapping, the function y is as- 
sumed to be strictly increasing which is a particular case of the above definition. Any- 
way, if f is a separate contraction, then f is a nonexpansive map and I -f is d-expansive 
with ¢ = . Consequently: 

- IfKisanonempty, bounded, closed, convex subset of a Banach space andf : K > X 
is a weakly inward separate contraction on K, then, according to Corollary 6.6.3, f 
has a unique fixed point in K. 

- IfK is a nonempty, closed subset of X and f : K — K is a separate contraction, 
we recapture Theorem 6.3.3 since, on the one hand, ¢ is nondecreasing and, on the 
other hand, if xj ¢ K then it is not hard to see that (f"Xq),,.. is an almost fixed point 
sequence. Therefore, we may apply Corollary 6.6.2 and Remark 6.6.2. 

— In [209] S. Sadiq Basha introduces the concept of a weak contraction of the first 
kind. Clearly, this type of mapping falls into the class of separate contractions and 
therefore Corollary 3.3 in [209] is an easy consequence of the above comment. 


Let X be a Banach space and K a nonempty subset of X. A mapping f : K —> X is said to 
be expansive (see Section 6.3.3) if there exists h > 1 such that ||f(x) —f(y)|| = Allx —y]|, for 
all x,y € K. In this case, clearly, (I — f) is @-expansive with @(t) = (h—- 1)t. Moreover, f is 
invertible and f' : R(f) — Kisa ;-contraction. This implies that I - f~’ : R(f) — X 
is @-expansive with g(r) = (1- ‘vr: Thus, if K ¢ R(f), then we conclude that f Thasa 
unique fixed point. 


Definition 7.4.2. Let K be anonempty, closed, bounded, convex subset of a Banach space 
X andf :K — Kamapping. Recall that a sequence (X,) nc in K is said to be an approx- 
imate fixed point sequence for f if lim, _,.., IIx, —f(X;) || = 0. 


Next we have the following result for u-nonexpansive mappings. 


Theorem 7.4.1. Let K be a nonempty, closed, convex subset of a Banach space X, u(-) a 

subadditive, nonsingular measure of noncompactness on X, and f : K — Kamap. 

Suppose that the following two conditions hold true: 

(a) f is a u-nonexpansive mapping, 

(b) there exist R > 0 and x, € K such that for all x € K N OBp(Xp) and, for allA > 1, we 
have that f(x) — Xp # A(X — Xo). 


Then there exists a bounded almost fixed point sequence (Xn) nen Of f. Moreover, if I -f : 
K > Rd -f) is ¢-expansive, then f has a unique fixed point x « K and x, — x. 
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Proof. We define Bz (Xo) = {x € K : |x —Xoll < R} and let p : K —> Bf (Xp) be the map 
given by 


(x) i if |x — Xqll < RB 
p(x) = , 
Fak + A papXo if — xpll > R. 


Ix-Xoll 
Here BK (xg) is anonempty, bounded, closed, and convex subset of K, and the mapping 
p is a continuous retraction of K on Bh (Xo). For each integer n > 2, we define the map 
fn: K - K by 


Srl) = “Xy + (1 - ~ pe. 


It is clear that, for each n > 2, f, is continuous w-(1 - *)-contractive, and then p-con- 
densing. Now we define the map f;,5 : Bh (Xp) > Bk (Xo) by frp0Q = pUfr0d). The map 
Fr is continuous and p-(1 - +) contractive because f,, is u-(1 - +)-contractive and p is 
U-nonexpansive. Therefore f,, is u-condensing. Next, using Theorem 7.3.5, we conclude 
that f;,) has a fixed point, say f, ,(X,) = Xn. We shall check that f,(x,) = Xp. In order to 
prove this, we will prove that ||f,(x,) — Xqll < R. Assume for a contradiction that ||f, (x,) - 
Xql| > R. Hence we can write 


= plfalXn)) = Fal) + (1- 


aoe. - Nh 
int) a Inn) ~ oll 


and thus 


(fn Xn) Xo) = Xn — Xo- 


ey Xoll 


Consequently, x, € K N OBr(X). 
We also have 


fn) - X0 = an) Xo) = An(Xn - Xo) 


with A, = 2, Ww) oll 5 1, which contradicts condition (b). This shows that 


Iin%n) — Xoll < B 


and therefore x, = P(fn(Xn)) =fn(Xn)- 
Next we shall prove that (X,)nen is an almost fixed point sequence for f. First we 
note that 


1 
xo Fn) < Xo — fxn) + Winn) —FOn)|| < B+ 7x0 -fO%)| 


and thus ||Xo — f (xn)Il < = ak. Next, using the following inequality: 
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1 R 
Xn -f (x,)| a 7X0 -f (x,)| < n-W 


we conclude that (X,,) nen is a bounded almost fixed point sequence for /. Finally, ifI-f : 
K — RU —/f) is @-expansive, then the use of Corollary 6.6.2 ends the proof. 


Example 7.4.1. Let X be a infinite-dimensional Banach space and let f : X — X be the 
mapping defined as 


-x = if |x|) <1, 


feo | x if [x>1 


[xl 


We note that f is u-nonexpansive. We also have that I — f is ¢-expansive. To see that f 
is -nonexpansive for any nonsingular measure of noncompactness u(-), we will verify 
that, for every subset K of X, we have f(K) = co(—K u {0}). Indeed, let x € K. If ||x|| < 1, 
then f(x) = -x € -K. If ||x|| > 1, then 


1 1 
X)= X)+ 41 0 € co(-K U {0}). 
fla) = Fy +(1- Gy) oe eoe-K v0) 
This proves that u(f(K)) < u(co(-K vu {0})) = WK). 

Now we will prove that I — f is ¢-expansive. Let g = I — f. Clearly, 


ie fe if [xl <1, 
aur (1+ bx iti >1. 


Let x, y € X. We shall consider three cases: 

Case 1, If x,y € By, then ||g(x) — g(y)|I = 2ilx — yl. 

Case 2. Let x € B, andy € X\By. Since ||x|| < 1ifand only if —-((ly|l - |Ixll) < -(lyll-D, 
we obtain 


: twi=10) 
2) + 


y 
— — 2. _— —_— — — 
Igo - g(y)|| = 2x -y pl | 


> 2IIx — yll = (Ilyll - 1) 
> 2ilx — yll - (Iyll - [xl 
> |x - yl. 


Case 3. Let x, y € X\Bj. As in case 2, we have ||g(x) — g(y)|| = |x — yl. 

On the other hand, f is not condensing because f(B,) = B, and f is nonexpansive 
if and only if X is a Hilbert space (see [81]). Therefore, when X is not a Hilbert space, 
Proposition 6.6.1 does not apply. 


It is well known that property (FPP) for nonexpansive mappings closely depends 
upon geometric properties of the Banach spaces under consideration. Even when K is 
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a weakly compact, convex subset of X, a nonexpansive self-mapping of K does not nec- 
essarily have fixed points (see, for example, Chapter 2 in [143] where B. Sims collected 
examples of fixed point free nonexpansive mappings in a variety of Banach spaces, also 
see [115]). 

The next result gives an iterative method for approaching the fixed point of a non- 
expansive mappings f such that I —- f becomes ¢-expansive. To show this, we need the 
following lemma which may be found in [242]. 


Lemma 7.4.1. Suppose that (d,) nen IS a Sequence in [0, +oo) such that 
Anat <1 -Yn)dn +6, n=O, 


where (Vn) nen iS a Sequence in (0,1) and (6,,) is a sequence in IR such that 
(1) pany Yn = +00, 

(2) lim supp 4400 oe < 0or YA |6;| < +00. 

=0. 


Then lim a 


n—-+0oo0 °n 


Theorem 7.4.2. Let K be aclosed, convex subset of a Banach space X and let f : K — K 

be a nonexpansive map such that: 

(a) I-f :K — RU -f) is b-expansive, 

(b) there exist R > 0 and Xg € K such that, for all x ¢€ K N OBp(X) and for allA > 1, we 
have f(x) — Xp # A(X - Xo). 


Let (dy) nen De a sequence in (0,1) satisfying: 

(i) ye ay = +00, 

Gi) lim, 400 Gn = 0, 

iii) SA59 lay - Opal < +00 (for example, a, = 4). 


Let x, € K and define x,,, = GX, + (1- a,)f(X,) for each positive integer n. Then the 
sequence (Xn)nen converges to the unique fixed point of f. 


Proof. It is well known that, if f is nonexpansive, then it is a-nonexpansive where a(-) 
denotes Kuratowski measure of noncompactness and thus f satisfies the assumptions of 
Theorem 7.4.1, which implies that f has a unique fixed point p ¢€ K. 

We claim that (X,)nen is a bounded sequence in K. To see this, let us notice that 


IXn 7 Pll = I], (X4 im. P) + (1 =a An) (f (Xp_1) om p)|| 
< An|lXq — pll + 1 - Qy) Xa — Dl 


< max{||x, — pl, Xp — Dll}. 


By induction, we infer that ||x,, — pll < |x, - p|| for every n € N. This means that (X,)nen 
is bounded, which proves our claim. 
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On the other hand, by the definition of (X,)nen, We obtain that (f(X,)) nen is also a 
bounded sequence. Let M be an upper bound of the sequence ((|x, — f(X,) ll) new Then 


Xn+a — Xnll = lanX4 + (1- ay )f On) - (Qn1% +(1- Gna )f (Xn-1))]h 
7 (a, = Oy-)X a5 (1 = anf Xn) ~ f (Xp) + (Gp ina On)f (Xn-1)|| 
= Iq, 7 An-1)(% ~f %1)) et anf (Xn) -f 1) 


< M\a, ca Gy-1| + (1 a Ay )IIXp a Xn-all- 


Applying Lemma 7.4.1, we conclude that ||x,,;—X,|| ~ 0asn — +oo. Finally, because 
Xnat —f Xp) = Ay —fOG)) - 0 as n — +00, the use of the inequality 


Xn -f %,)|| < Xp - Xnsall + Xn -f(X,)| 


implies that (X,) nen 1S a bounded almost fixed point sequence. Finally, according to The- 
orem 7.4.1, the sequence (X,) ncn converges to the unique fixed point of f. 


Remark 7.4.1. It is well known that iff : X¥ — X is anonexpansive mapping such that 
I-f : X — X is g-expansive, then I — f is m-accretive (see Theorem 4.4.3). Applying 
Theorem 6.8.1, we conclude that I — f is bijective. This means, among other things, that 
there exists a unique z € X such that z = f(z). Thus, the same technique as in the proof of 
Theorem 7.4.2 shows that the sequence defined in such a result converges to the unique 
fixed point of f. 


7.5 Tychonoff-type fixed point theorems 


7.5.1 Tychonoff fixed point theorem 


The aim of this section is to show that the Schauder mapping method can be adapted 
to yield a proof to the Schauder fixed point theorem in Hausdorff locally convex topo- 
logical vector spaces. For the sake of completeness, we include a proof of the Tychonoff 
theorem due to S. Cobzas [68, p.5]. A similar proof appeared in [38, p. 61], but it is based 
on the existence of a partition of unity instead of the Schauder mapping. Another proof 
can be found in the treatise by N. Dunford and J.T. Schwartz [89], it is based on three 
lemmas and, with some minor modifications, a similar proof may be found in the book 
by R.E. Edwards [92]. 


Definition 7.5.1. Let X be a vector space and let Z be a subset of X. We say that Z has 
finite dimensional type if dim(span(Z)) < +00. 


Proposition 7.5.1. Let X be a Hausdorff topological vector space. Then, for every fi- 
nite subset {d,,Qy,...,A,} of X, there exists m € N with m < _n, such that the set 
CO{a,, A,...,A,} is linearly homeomorphic to a compact convex subset of R™. 
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Proof. Let Z = span{a,,a),...,a,} and m = dim Z. It follows that Z is linearly home- 
omorphic to R™; hence, there exists a linear homeomorphism L : Z — IR". Since 
II := CO{a,, dy, ...,A,} isa compact subset of Z, its image L(I1) is a convex compact subset 
of R™. 


We infer from Proposition 7.5.1 the following result which is more general than the 
Brouwer fixed point theorem. 


Corollary 7.5.1. Let X be a Hausdorff topological vector space and let K be a finite- 
dimensional compact convex subset of X. Then any continuous mapping f : K > K has a 


fixed point. 

Let p be a seminorm on a vector space X and K a nonempty convex subset of X. For 
€ > 0, suppose that there exists a (p, €)-net {z',z’,...,2"} € K, that is, K ¢ ean B,(z',€). 
Fori € {1,2,...,n}, we denote by gi = ae w=w 
functions defined, for all x € K, by 


pe and w' = w,, the real valued 


fy i 
g'(x) = max(e- p(x-z'),0), w(x) = Yew, and w’'(x) = ~ (7:11) 
i=l 
We define the function 9 = 9, : K > K by 
n 2 w 
(x) = Y w'(x)z', forallx eK. (7.12) 


i=1 
The mapping 9,,- is called a Schauder mapping. 

Lemma 7.5.1. Let p be a continuous seminorm on a topological vector space (X,T), K a 
convex subset of X, and € > 0. The mappings defined by (7.11) and (7.12) have the following 
properties: 

1. The functions g' are continuous and nonnegative on K. 


2. The function w is continuous and Vx € K, w(x) > 0. 
3. The functions w' are well defined, continuous, nonnegative, and 


n - 
Y we =1, Wek. 
i=l 


4. The mapping 9 is continuous on K and 


p(o(x)-x) <eé, forallx € K. (7.13) 


Proof. (a) The continuity of g! follows from the equality g'(x) = 5(€ p(x—z')+|e-p(x 
z')|) and the continuity of p. 

(b) The continuity of w is obvious. Moreover, because for all x ¢ K, there exists 
j € {1,2,...,n} such that p(x - 2) < €, it follows that w(x) = g(x) =€-p(x- z!) > 0. 
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(c) This item follows from (a) and (b). 

(d) By (b) and (c), the functions w! are well defined and continuous. Since for all 
X € K, @(Xx) is a convex combination of the elements Figo OL K , 9(x) € K. Note 
that, for all x « K, we have 


9(x) -x = Y w'n(z' - x), 
i=1 


so that, by (c) and the fact that p(z! —X) < € whenever w'(x) > 0, we have 


p(g() - x) < » w'(x)p(z' - x) < €. 
i=l 


Remark 7.5.1. It follows that, for each x € K, g(x) is a convex combination of the ele- 


ments z',z’,...,z". So, is a mapping from K into co{z!,z’,...,z"}. 


Theorem 7.5.1 (Tychonoff). Let X be a Hausdorff locally convex topological vector space 
and K a compact, convex subset of X. Then, for any continuous map f : K — K, we have 
Fix(f) # 0. 


Proof: Let 6 be a basis of 0-neighborhoods formed by open convex symmetric subsets 
of X. The Minkowski functional 4g corresponding to a set B € B is a continuous semi- 
norm on X and 


B= {x €X : p(X) < I. (7.14) 


It follows from the compactness of K that there exist Ze e3 to € K such that K ¢c 
Gis Gg + B). Denote by @, the Schauder mapping correspontine to Ug, € = Land 
Zp-- Zn”. Set Kp = colZp,....Zp}. It follows that fz := Ugo f is a continuous mapping 
of the finite- dimensional convex pcannpatt set K, into itself. So, by Corollary 7.5.1, there 
exists Xz € Kz such that fp(xg) = Xz 

Using again the compactness of the set K, the net (xg : B € 8) admits a subnet 
(Xa) : a € A) converging to an element x ¢ K. Here Ais a directed set andy : A — B the 
nondecreasing mapping defining the subnet. We shall show that x is a fixed point of f. 
Since the topology of the space X is separable Hausdorff, this is equivalent to 


WEN, x-fQOeV. (7.15) 


For V € No, we choose an element B of 8 such that B+ B c V. By the definition of 
the subnet, there exists a, « A such that y(a,) c B. Then, for all a > dg, y(a) ¢ y(ap) c B 
and then, by (7.13) (with ¢ = 1), the fact that Qa) (f(%ya))) = Xyqy, and (7.14), we get 


Pya(Pya(f Xa) —f Xa) < 1 = Pya (FO a@)) —F ym) € Y@ ¢ B 
= Xya) -fX%@) eB. 
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Passing to the limit for a > ay and taking into account the continuity of f, one obtains 
x-f() eBCB+BcYV, 


because B = (\{B + A: A € B}. Thus one sees that equation (7.15) is satisfied, which 
completes the proof. 


We recall that, if X isa normed (Banach) space, then X equipped with its weak topol- 
ogy, o(X,X*), is a Hausdorff, locally convex topological vector space. The following re- 
sult is the formulation of Tychonoff theorem in a Banach space endowed with its weak 


topology. 


Corollary 7.5.2. Let X be a Banach space and K a convex, weakly compact subset of X. If 
f :K — K is a weakly continuous map, then Fix(f) # 9. 


7.5.2. Weakly sequentially continuous maps 


The formulation of the Tychonoff theorem in Banach spaces (Corollary 7.5.2) is certainly 
interesting; nevertheless, the continuity hypothesis for the weak topology is, in practice, 
difficult to verify. The interest in this result lies in the fact that the sequential continuity 
for the weak topology of a mapping is often easier to verify than the continuity. 

Before stating the theorem of O. Arino, S. Gautier, and J. P. Penot [21], we first estab- 
lish the following result. 


Proposition 7.5.2. Let X be a metrizable, locally convex topological vector space, K a 
weakly compact subset of X, and f : K — X amap. If f is weakly sequentially contin- 
uous, then f is weakly continuous. 


It should be noticed that normed vector spaces are examples of metrizable locally 
convex topological vector spaces. 


Proof. Let F be a weakly closed subset of X and (y,,) new a Sequence of points of f1(F) 
such thaty, — yasn — +oo. Since / is weakly sequentially continuous, we have /f(y,) — 
f(y). Since the sequence (f(y,,)) nen iS contained in F, and F is weakly closed, we conclude 
that f(y) ¢ F or equivalently, y « f-1(F). This shows that f-1(F) is weakly sequentially 
closed. Taking into account of the weak compactness of K, we see that f(F) is weakly 
compact. 

Let x € F@’. By Theorem 1.7.3 (in fact, we use a version of Eberlein—Smulian 
theorem (Theorem 1.7.3) adapted to locally convex metrizable topological vector spaces 
[92, Theorem 8.12.4, p. 549]), there exists a sequence (X,,) nen Of points of f —l(F) such that 
X, — X. Since f-1(F) is weakly sequentially closed, we have x ¢ f 1(F). This shows that 
mane = f \(F) and then f~1(F) is weakly closed. 
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Theorem 7.5.2 (Arino-Gauthier-Penot). Let X be a metrizable locally convex topological 
vector space and K a weakly compact convex subset of K. Then any weakly sequentially 
continuous map f : K > K has a fixed point. 


Proof. To establish this result, it suffices to show that f is weakly continuous and apply 
Theorem 7.5.1. The continuity for the weak topology of f follows from Proposition 7.5.2. 


The next result is a consequence of Theorem 7.5.2. 


Corollary 7.5.3. Let X bea metrizable, locally convex topological vector space, K a closed, 
convex subset of X, and f : K — K amap such that f(K) is relatively weakly compact. If 
f is weakly sequentially continuous, then Fix(f) # 9. 


Let X be a normed space. We note that closed subsets of X for the weak topology 
o(X,X*) and closed subsets for strong topology (topology of the norm) coincide only if 
the dimension of X is finite. If the dimension of X is infinite, then the topology o(X, X*) 
is strictly coarser than the strong topology (that is, there are closed sets for the strong 
topology which are not closed for the weak topology). However, closed convex subsets 
for the weak topology and closed convex subsets for the strong topology coincide (cf. 
Theorem 1.7.2). 

In the context of Banach spaces, Theorem 7.5.2 can be restated in the following way. 


Corollary 7.5.4. Let X be a Banach space, K a nonempty, closed, convex subset of X, and 
f :K — Kamap such that f (K) is relatively weakly compact. If f is weakly sequentially 
continuous, then Fix(f) # 9. 


Proof. Let C = co(f(K)). It follows from Theorem 1.7.3 that C is a weakly compact, con- 
vex subset of X. Further, we have f(C) ¢ C. To complete the proof, it suffices to apply 
Theorem 7.5.2 because X endowed with its weak topology o(X, X*) is a Hausdorff locally 
convex topological vector space. 


7.6 ws-compact and ww-compact mappings 


Definition 7.6.1. Let X be a Banach space and let f : Dif) c X — X be a mapping. 

(a) We say thatf is ws-compact iff is continuous for the strong topology and if (X,)nen © 
D(f) is a weakly convergent sequence in X, then (f(X,))nen has a strongly conver- 
gent subsequence in X. 

(b) We say that f is ww-compact if f is continuous for the strong topology and if 
(Xn)new © D(f) is a weakly convergent sequence in X, then (f(Xn))nen has a weakly 
convergent subsequence in X. 


Remark 7.6.1. 
(1) Itis clear that each compact operator is ws-compact and, when X is reflexive, these 
two notions are equivalent. However, the fact that f is ws-compact does not neces- 
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sarily imply the compactness of f even if f is linear. It is well known that a compact 
linear operator from a Banach space X into a Banach space Y transforms weakly 
convergent sequence into norm convergent sequences. If X is not reflexive, the con- 
verse of this assertion is, in general, not true even if the space Y is reflexive. Indeed, 
we denote by/f the injection from ¢, into é,. Itis clear that f is not compact. However, 
if (Xn)nen is a Sequence in £, which converges weakly to x, then, by Corollary 14 in 
[89, p. 296], (X,)nen Converges strongly in @, to x. Using the continuity of f, we see 
that (f(X%,)) nen converges to f(x) in é5. 

(2) Note also that weakly compact linear operators acting on Banach spaces with 
Dunford—Pettis property are ws-compact. Indeed, if X is a Banach space with 
Dunford-—Pettis property, then every weakly compact linear operator from X into 
an arbitrary Banach space Y maps weakly convergent sequences in X onto norm 
convergent sequences in Y. 

(3) An operator f is ww-compact if it transforms the relatively weakly compact subsets 
into the relatively weakly compact subsets (use Theorem 1 in [89, p. 430]). 

(4) Every bounded linear operator is ww-compact. 

(5) ws-compact and ww-compact operators are not necessarily weakly continuous (see, 
for example, Theorem 2.6 in [17]). 


In applications, it often happens that we have a noncompact continuous operator 
on a closed convex subset of a nonreflexive Banach space into itself. When the latter is 
ws-compact, we have the following result obtained in [159]. 


Theorem 7.6.1. Let K be anonempty, closed, convex subset ofa Banach space X. Assume 
that f : K — K is a ws-compact mapping. If f (K) is relatively weakly compact, then 
Fix(f) # 0. 


Proof. Let C = co(f(K)) (the closed convex hull of f(K)). Since K is a closed convex subset 
of X satisfying f(K) ¢ K, then c K and therefore f(C) ¢ f(K) ¢ co(f(K)) = C. Thus, 
f maps C into itself. Since f(K) is relatively weakly compact, applying Theorem 1.7.4, 
one sees that C is weakly compact. Let (X,) nen be a sequence in C, then it has a weakly 
convergent subsequence, say (xp, ). By hypothesis, (f (Xp, ))cen has a strongly convergent 
subsequence and therefore f(C) is relatively compact. Now the use of Schauder fixed 
point theorem concludes the proof. 


Definition 7.6.2. Let X be a Banach space, K anonempty subset of X,andf:K — Xa 
continuous mapping. We say that f is weakly compact if for all bounded subset C of K, 
f(C) is relatively weakly compact. 


It is obvious that if K is bounded, then f is weakly compact means that f(K) is rela- 
tively weakly compact. 


Theorem 7.6.2. Let K be a nonempty, closed, convex subset of a Banach space X with 
0 € K and let f : K — K be aws-compact map. Suppose 
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(a) f is weakly compact, and 
(b) there exists R > 0 such that f(x) # Ax for every A > 1and every x « KN OBp. 


Then Fix(f) # 9. 


Proof: Since 0 ¢€ K, it is clear that K N Bp is a nonempty, bounded, closed, and convex 
subset of K. We denote by ¢ the radial retraction of K on K Nn Bp defined by 


x if ||x|| < R, 
Cay | 
R— if |x| >R. 


Ixll 

The map ¢ is continuous from K on K 0 Br. Let fr : Bg NK — Br 1K be the mapping 
defined by f;(x) = ¢(f(x)). It is clear that f; is ws-compact. Since Bp N K is bounded, 
f (Bp OK) is relatively weakly compact. 

The set f;(Br 1 K) is relatively weakly compact on X. Indeed, we have f; (Br 1 K) = 
C(f (Bp NK). Ifx € f(Bp K), there are two possibilities: 
(i) if |x|] < R, then ¢(x) = x € f(Brp NK) C cof (Br NK) vu {0}); 
(i) if |x| > R, then C(x) = wx weds iW? € co(f(Bp MK) U {0}). 
Hence f;(BgNK)) ¢ co(f(BrNK)U{0}). Now, since f (BrNk) is relatively weakly compact, 
also f (Bp MK) U {0} is relatively weakly compact. Applying Krein-Smulian theorem [89, 
p. 434], one sees that co(f(Bp N K) U {0}) is relatively weakly compact. This shows that 
f; satisfies the conditions of Theorem 7.6.1 and thus there exists x) ¢ Br 1K such that 
Xo = fr (Xo). 

We note that 
(i) iff(xo) € Br NK, then x, = fic(X) = C(f(Xp)) = f(X%) 
(ii) if f(x) ¢€ Be OK, then xp = fr(X%) = S(f(%)) = api 0): Accordingly, ||Xp|| = R 

and if we take A = He > 1, then f(X9) = AXo, which contradicts the hypothesis (D). 


We conclude that x9 € Fix(f), which completes the proof. 


Remark 7.6.2. (a) Under the assumptions of Theorem 7.6.2, if further we assume that 
X is reflexive, then, since every bounded subset is relatively weakly compact, the fact 
that f is ws-compact implies that it is completely continuous, and thus we are under the 
conditions of Petryshyn theorem (see [196] or Theorem 2.9 in [99]). 

(b) We also notice that we can derive from Theorem 7.6.2 a nonlinear alternative of 
Schaefer type for ws-compact operators (cf. Theorem 7.9.1). 


Definition 7.6.3. Let K be anonempty subset of a Banach space X and let F: XxX > X 
be a mapping. The family of mappings {F(-, y),: y € K} is said to be nonlinear contractive, 
if for each y € K, the map F(-,y) : X — X is anonlinear contraction with ®-function @. 


We note that the ®-function for each mapping of the family {F(-,y) : y € K} is @. 
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Lemma 7.6.1. Let K be a nonempty subset of a Banach space X. If F : X x X > X is 
continuous, and the family {F(-,y) : y € K} is nonlinear contractive, then there exists a 
continuous map J : K — X such that J(y) = F(Jy, y) for eachy ¢€ K. 


Proof. For an arbitrary fixed y € K, the mapping F(-.,y) defined by X 3 x + F(x,y) is 
a nonlinear contraction and maps X into itself. So, according to Theorem 7.12.2, it has a 
unique fixed point. Let us denote by J : K — X the map which assigns to each y € K the 
unique point Jy € X such that Jy = F(Jy,y). Thus the map J is well defined. 

Consider a sequence (y,,)nen in K converging to some z € K, thus we have 


Wn) —J@I| = |EUYnIn) — FZ, 2)|| 
< |FUYn Yn) — FU2,Yn)|| + |FUZ.yn) - F Uz, 2)| 
< O(n) -J@Il) + |EUZYn) - FUz.y2)| 


> 


which implies 


WVOn) —J@II - GI On) -J@Il) < ||FUZYn) — FYz;2)I]- 


Let T, = Il/(Yn) —J(Z)||. From the continuity of F, we obtain that t, — @(T,) — 0asn — oo. 
The property of ¢ shows that 7,, — 0, thatis, J(y,,) — J(z). Hence, the map / is continuous 
on K. 


Theorem 7.6.3. Let X be a Banach space, and let K be a nonempty subset of X. Suppose 
that the two continuous operators f : K > X andF :X xX — X satisfy 

(a) f is ws-compact, 

(b) the family {F(.,y) : y € f(K)} is nonlinear contractive, 

(c) there exists a nonempty, weakly compact, and convex subset P of K such that 


x=F(x,f(z)) = xeP, forallzeP. 


Then there is a point x € K such that x = F(x, f(x)). 


Proof. We denote by J : f(K) — X the map which assigns to each y € f(K) the unique 
point Jy in X such that Jy = F(Jy,y). From Lemma 7.6.1, the map J is well defined and 
continuous on f(K). 

For any z € P, by assumption (c), we conclude that there is x = (J °f)(z) € P such 
that x = F(x,f(z)). This proves that (J °f)(P) ¢ P. 

Moreover, since f is ws-compact and J is continuous, the mapping (J ° f) is ws- 
compact. The use of the inclusion (J °f)(P) ¢ P shows that (J °f)(P) is relatively weakly 
compact. So, by Theorem 7.6.1 we obtain that (Jof) has at least one fixed point x « P c K, 
that is, (J °f)(x) = x, which implies that 


FO f0)) = F(T f)00;f00) = J ef) 0) =x. 


This ends the proof. 
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We close this section with the following theorem and its corollaries. 


Theorem 7.6.4. Let X be a Banach space and let K be a nonempty, closed, convex subset 
of X. Let f :X — K and g: K — X be two continuous maps and set F = f og. Assume that 
(a) F(K) is relatively weakly compact, 

(b) f is ws-compact, 

(c) g is ww-compact. 


Then Fix(F) # 0. 


Proof. Let C = co(F(K)). Since K is a closed, convex subset of X satisfying F(K) ¢ K, 
one has C ¢ K and therefore F(C) ¢ F(K) ¢ co(F(K)) = C. This shows that F maps C 
into itself. Since F(K) is relatively weakly compact, by Krein-Smulian theorem (Theo- 
rem 1.7.4), C is weakly compact, too. 

Let (Xy)nen be a sequence in C. Using the fact that C is weakly compact and g is 
ww-compact, we infer that there exists a subsequence (Xp, )xen Of (Xn)nen Such that 
(Xn, ))kenw Converges weakly in C. Next, since f is ws-compact, we conclude that there 
exists a subsequence Ory, jen Of Xn, ken Such that the sequence (F On, ) jen Converges 
strongly in C. Hence, F is ws-compact. Because F(C) is relatively weakly compact, the 
use of Theorem 7.6.1 concludes the proof. 


Remark 7.6.3. Note that, the identity operator I of the space X belongs to £(X), so it is 
ww-compact. Hence, if we take g = J in Theorem 7.6.4, we recapture Theorem 7.6.1. 


Remark 7.6.4. According to Definition 1.9.8, linear Dunford—Pettis operators map 
weakly compact sets into norm compact sets, so they are ws-compact operators. 


Corollary 7.6.1. Let X be a Banach space and let K be a nonempty, closed, convex subset 
of X. Letf :X — K and g: K — X be two continuous maps and set F = f og. Assume that 
(a) F(K) is relatively weakly compact, 

(b) f is a linear Dunford—Pettis operator, 

(c) g is ww-compact. 


Then Fix(F) # 0. 


Proof. We note that, according to Remark 7.6.4, the operator f is ws-compact, so the 
result follows from Theorem 7.6.4. 


Corollary 7.6.2. Let X be a Banach space with Dunford-Pettis property (see Section 1.9.5) 
and let K be anonempty, closed, convex subset of X. Let f :X — K andg: K — X be two 
continuous maps and set F =f ° g. Assume that 

(a) f is a linear weakly compact operator, 

(b) gis ww-compact and g(K) is bounded. 


Then Fix(F) # 0. 
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Proof. Since X is a Banach space with Dunford—Pettis property and f is a weakly com- 
pact linear operator, according to Remark 1.9.2, f is a Dunford—Pettis operator. To com- 
plete the proof, it suffices to show that F(K) is relatively weakly compact. This follows 
from the boundedness of g(K) and hypothesis (a). Now the use of Corollary 7.6.1 ends 
the proof. 


7.7 Measure of weak noncompactness 


7.7.1 Axiomatic approach 


Let X be a Banach space. We denote by W(X) (resp. RW(X)) the subset of B(X) consisting 
of all weakly (resp. relatively weakly) compact subsets of X. 


Definition 7.7.1. A mapping u : B(X) — [0, +co[ is a measure of weak noncompactness 
on X if the following conditions are satisfied: 

(1) the family ker w := {M € B(X) : u(M) = 0} is nonempty and ker v c RW(X), 

(2) M, c My = uM) < UCM), VM,, Mp € B(X) 

(3) u(CO(M)) = u(M), VM € B(X) 

(4) uM U {x}) = uM), VM € B(X) and x € X. 


The family ker y is called the kernel of measure of weak noncompactness y(-). We note 
that u(-) satisfies 
(5) uM") = u(M). 


Indeed, property (5) results from the inclusions M ¢ M ” ¢ tO(M ) and properties (2) and 
(3) above. 

The measure of weak noncompactness p is said to be homogeneous if, for all M € 
B(X), 
(6) (AM) = |A|u(M), VA € R. 


We say that yw is subadditive if 
(7) UM +N) < uM) + uN), VM,N € BX). 


Proposition 7.7.1. Let X be a Banach space and u(-) a measure of weak noncompactness 
on X. If (Kn) nen is a decreasing sequence (in the sense of the inclusion) of weakly closed 
subsets of B(X) such that lim, _,... U(Kn) = 0, then K,, = p24 Ky is a nonempty weakly 
compact subset of X. 


Proof: Let (X,)nen be a sequence of points of X such that for alln € N, x, € K,. Let 
(Sn)nenw be a sequence of subsets where S, = {x;, : k = nj. It is clear that (S,)nen iS 
decreasing and S,, ¢ K,, for alln € N. Since singletons are weakly compact, property (4) 
above ensures that, for alln € N, u(Sp) = u(S,) < U(K,). Because lim,_,,,, U(K,) = 9, 
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we have u(S,) = 0 and therefore the set {x,,,n € IN} is relatively weakly compact. Let x 
be the weak limit of a subsequence (Xp, )xen Of (Xq)nen- It is clear that, for any n < N, 
xX ¢€ K, and therefore x € K,, which proves that K,, # 9. Moreover, for alln € N, 
U(K.o) < U(K,) and then u(K,,) = 0 because lim,_,4.,, U(Kn) = 0. Hence, K,, is relatively 
weakly compact. But K,, is weakly closed, so it is weakly compact. 


Definition 7.7.2. Let u(.) be a measure of weak noncompactness on a Banach space. We 
say that y(.) is regular if it satisfies, in addition, conditions (6), (7), and ker(u) = RW(X). 


7.7.2 De Blasi measure of weak noncompactness 


The first example of a measure of weak noncompactness was introduced by F. S. De Blasi 
in 1977 [75]. It is defined by 


wW: B(X) > [0,+00[, Ar w(A), 
where 
w(A) = inf{t > 0 : there exists K « W(X) such that A c K + tBy}. 


It satisfies the following properties. 


Proposition 7.7.2. Let X be a Banach space and A and B belong to B(X). Then 
(1) ker(w) = RW(X), 

(2) ifA c B, then w(A) < w(B), 

(3) w(A) = w(4"), 4 

(4) w(A) = 0ifand onlyifA is weakly compact, 

(5) w(A UB) = max(w(A), w(B)), 

(6) w(A) = w(co(A)), 

(7) w(A +B) < w(A) + w(B) and w(A + {a}) = w(A), 

(8) w(tA) = tw(A), t > 0. 


Proof. The proofs are similar to those for the abstract measure of weak noncompact- 
ness. We restrict ourselves to the proof of statement (3). 

It follows from the definition of w(-) that there exist C «¢ W(X) andt > 0 such 
that A ¢ C + tBy. Hence A ¢ co(C) + tBy,. By Theorem 1.7.4, co(C) is weakly compact. 
Further, using Proposition 1.7.2 shows that tB, weakly closed. Thus co(C) + tB, is the sum 
of a weakly compact set and a weakly closed set, so it is weakly closed. It is clear that 
A” ¢ @0(C) + tB,, hence w(A’) < t, which proves that w(A’) < w(A). Finally, using the 
inclusion A ¢ A’ and property (2), we obtain w(A) < w(A’ ), which ends the proof. 


We shall use the following lemma due to H. Radstrém [197]. 
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Lemma 7.7.1. Let A, B, and C be nonempty subsets of a Banach space X. If B is closed, 
convex and C is bounded such thatA+C¢B+C,thenACB. 


Proof: Let a ¢ A. We shall prove that a belongs also to B. Given an element c, in C, it is 
clear that a+c, ¢ B+C. There exist b, « Band c, € C such that a+ c, = b, + c,. For the 
same reason, there exist b, « Band c3 € C witha + c, = b, + cs. Repeating this process 
for each n € IN and summing the first n equations, we get 


or equivalently, 


Since B is convex, for all n € N, we have 1, = (1/n) )., b; € B. Using the boundedness 
of C, we conclude that a and cn converge to 0 as n tends towards infinity, and therefore 
Nn converges to a as n goes to +oo. Since B is closed, we conclude that a € B. 


Proposition 7.7.3. Let X be a Banach space. 
(a) IfX is reflexive, then w(B,) = 0. 
(b) IfX is not reflexive, then w(B,) = 1. 


Proof: (a) IfX is reflexive, then, according to Theorem 1.9.1, B, is a weakly compact, and 
SO w(B,) = 0. 

(b) We suppose that X is not reflexive. We first note that B, ¢ {0} + B, and then we 
have w(B,) < 1. For the purpose of an indirect proof, suppose that w(B,) < 1. From the 
definition of w(-), there exist C ¢ W(X) and w(B,) < t < 1such that B, ¢ C + tB,. Since 
co(C) is weakly compact (use Theorem 1.7.4), we have B, ¢ co(C) + tB,. Let t € ]0,1[. 
Taking into the convexity of B,, we have (1 — t)B, + tB, ¢ B, and then (1 - t)B, + tB, ¢ 
co(C) + tB,. Applying Lemma 7.7.1, we conclude that (1 — t)B, ¢ co(C). Further, since 
(1-t)B, is a closed convex of X, it follows from Theorem 1.7.2 that it is weakly closed. The 
inclusion (1 — t)B, ¢ co(C) implies that (1 — t)B, is also weakly compact. Finally taking 
into account the fact that the mapping x — (1 — t) ‘x is weakly continuous (because 
it is linear), we deduce that B, is weakly compact and therefore X is reflexive which 
contradicts our hypothesis. Hence w(B,) = 1. 


Remark 7.7.1. Using the equality co(oB,) = B, and Proposition 7.7.3, we obtain w(B,) = 
w(CO(OB,)) = w(OB,) = 1. Hence Proposition 7.7.3 holds true for the unit sphere. 


Proposition 7.7.4. If A is a bounded subset of a Banach space X, then 


w(A+1rB,) = w(A)+rw(B,), Vr >= 0. 
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Proof: It is clear that w(A + rB,) < w(A) + rw(B,). 

If X is reflexive, then w(B,) = 0. Moreover, because A and A+rB, are bounded, they 
are relatively weakly compact and then w(A) = w(A + rB,) = 0. 

If X is not reflexive, then, by Proposition 7.7.3, we have w(B,) = 1. First observe that 
we have w(A + rB,) = r. Otherwise, if x is any point in A, rB, ¢ A — {x} + rB, and so 


r > W(A+rB,) = w(A - {x} +rB,) = rw(B,) =r, 


which is impossible. According to the definition of w, there exist C « W(X) andt > 
w(A + rB,) such that A + rB, ¢ C + tB,. So, we get 


A+rB,¢co(C)+tB,, orequivalently, A+rbB, ¢ co(C) + (t—r)B,+rBy. 
Since Co(C)+(t—r)B, is strongly closed, invoking Lemma 7.7.1, we get A ¢ CO(C)+(t-r)B,. 


Moreover, since CO(C) is weakly compact, we have w(A) < (t—r). Letting t go to w(A+rB,), 
we get w(A) +r < w(A +rB,). This completes the proof. 


Since w(-) is a regular measure of weak noncompactness, Proposition 7.7.1 holds also 
true for w. The proof follows the same lines. 


Proposition 7.7.5. Let (K,) nen be a decreasing sequence of nonempty, weakly closed sub- 
sets of a Banach space X. If Ky is bounded and lim w(K,) = 0, then K,, = Woy Ky is 
anonempty, weakly compact subset of X. 


N—+00 


Remark 7.7.2. We note that the measure of weak noncompactness of De Blasi, w(-), is 
regular. 


Let r > 0 and let M be a subset of a Banach space. We recall that a ball centered at 
M with radius r is the set 


B,(M) := |) B00 = {y ¢ X:d(Qy,M) sr}, 
xeM 


where d(y, M) stands for the distance from y to M. It is clear that, for all r > 0, the set 
B,(M) can be written in the form 


B,(M) =M+B,=M+rB,. 
Let M and N be two elements of B(X). Set 
d(M,N) = inf{r > 0:M c B,(N)} 
and let d,, : B(X) x B(X) — R* be the function defined by 


d,;(M,N) = max{d(M,N), d(N, M)}. 
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It is well known that d, is a pseudometric on B(X) and it is a complete metric on 
BF(X). The function d,, is called the Hausdorff distance and d,,(M, N) is the Hausdorff 
distance between the sets M and N. 

Let II be a family of subsets of B(X) and M ¢€ B(X). We recall that the distance from 
M to IL is given by 


5(M, Il) := inf{d,,(M, N) : N ¢ Ih. 


Since ker w = W(X), the measure of weak noncompactness, w, is given by the for- 
mula 


w(M) = 6(M,W) VM © B(X). (7.16) 


We also notice that there exists a relationship between a regular measure of weak 
noncompactness and w. Indeed, we have the following result. 
Theorem 7.7.1. Let X be a Banach and u a regular measure of weak noncompactness 
on X. Then, for all M € B(X), we have 
u(M) < M(B,)@(M). 


Proof. This result is trivial if X is reflexive. Assume now that X is not reflexive and set 
r = w(M). Let € > 0 be an arbitrary real number. Due to (7.16), there exists N ¢ W(X) 
such that M c B,,,(N). Since B,,.(N) = N + (r + €)B,, we obtain 


H(M) < u(N + (r + €)B,) < (r + €)u(B,). 


Since € is an arbitrary real number, we conclude that u(M) < u(B,)w(M). 


It should be noticed that, following J. Appell and E. De Pascale [18], if X is a finite- 
dimensional Banach space and Q is a measurable subset of R", then the measure of weak 
noncompactness of De Blasi on the space L'(Q, X) can be explicitly written as 


w(M) = lim sup |sup| {Wl dt : |D| < e|} (7.17) 
weM D 


e0 


for all bounded subset M of L'(Q, X). Here |D| denotes the Lebesgue measure the subset 
D of Q. 
If X is anormed space and A a subset of X, then the notation ||A|| means 


|Al| := sup{|[x|| : x € A}. (7.18) 


In the context of Banach algebras, we have the following result. 
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Proposition 7.7.6. Let A and B be bounded subsets of a Banach algebra X. Then the fol- 
lowing assertions hold: 
(a) w(AB) < |[Bl]w(A) + ||Alx(B) + w(A)x(B). 
(b) IfX is a WC-Banach algebra, then 
(w(AB) < ||Bllw(A) + ||Alla(B) + w(A)w(B). 
(c) X(AB) < |IBIx(A) + ||AllyB) + x(A)xB). 


Here y(-) is the Hausdorff measure of noncompactness. 


Proof. (a) Fix arbitrary real numbers r and t such that r > w(A) and t > x(B). Then there 
exist a weakly compact set W and a finite set F such that 


AcW+B, (7.19) 
and 
BcF+B, (7.20) 


Let z ¢ AB. Then we can find x ¢ Aandy € Bsuch that z = xy. Using (7.19) and (7.20), we 
deduce that there are w « W,f € F,u € B,, andv € B, such that 


Z=xXy=(wt+u)ft+v)=wfh+wv+uf+uv 
= wf +(x-u)v+u(y—-v)+ uv 


= wf +xv+uy—-uv. 
This yields 
AB c WF + AB, + B,B + B,B, C WF + Byajesyayrart- 
It follows from Lemma 1.13.2 and the definition of w(-) that 
W(AB) < |Allt + ||Bllr + rt. 
Finally, letting r > w(A) and t — y(B), we get 
w(AB) < ||Ally(B) + ||Bl]a(A) + w(A)y(B), 
which proves (a). 
(b) Suppose that X is WC-Banach algebra and fix arbitrary real numbers r and t such 


that r > w(A) and t > w(B). Then there exist weakly compact subsets W, and W, such 
that 
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AcW,+B, and BcW,+B,. (7.21) 


Let z € AB. Then z may be written in the form z = xy with x « Aand y ¢€ B. It follows 
from (7.21) that there exist w « W, and w, € W,,u € B,, and v € B, such that x = w,+u, 
y =W, + v. Arguing in the same way as in the proof of (a), we get 


Z = Xy = (W, + U)(W2 + V) = WW, + XV + Uy - UV. 
This implies the inclusion 
ABc W,W, + AB, se B,B oe B,B, C W,W, oe BuyajesBllr+rt: 


Since X is a WC-Banach algebra (cf. Definition 1.13.2), it follows from the definition of 
(w(-) that 


W(AB) < ||Allt + ||Bllr + rt. 
Now, letting r — w(A) and t — w(B), we get 


((AB) < ||Bl@(A) + ||Al|w(B) + w(A)w(B). 


(c) It is similar to the proof of (b), hence omitted. 


7.7.3. BanaS-Knap measure of weak noncompactness 
The second example of measure of weak noncompactness was introduced by J. Banas 
and Z. Knap [27] on the space L((0, +oo[, dx), which is very useful in applications (cf. 
[42, 156]). Set 

X = L'({0, +co[, dx) 
and define the function y : B(X) — [0, +co[ by 


y(M) = y,(M)+y,(M) VM « B(x), 


where 
y,(M) = Lim sup |sup( [|p dt : |D| < e)| 
é>0 yeM D 


and 


y2(M) = jin fsup( | joa) 
ce NT 
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with |D| denoting the Lebesgue measure of the subset D of [0, +oo[. The function y(-) 
satisfies the following properties. 


Proposition 7.7.7. If M, M,, and M, belong to B(X), then 
(1) if M, ¢ M,, then y(M;) < y(My), 

(2) y(M, U M;) = max{y(M,), y(M2)}, 

(3) y(AM) = |Aly(M) for alla € R, 

(4) y(M; + M2) < y(M;) + y(M)), 

(5) yM) = Oifand only ifM € RW(X), 

(6) y(co(M)) = yt), 

(7) y(M_) = y(M). 


Proof. Assertions (1), (2), (3), and (4) are immediate. 

(5) The fact that y(M) = 0 implies that M ¢ RW(X) (use Theorem 1.7.6). Suppose 
now that M ¢ RW(X). It follows from Theorem 1.7.6(a) that y,;(M) = 0. It remains to 
show that y,(M) = 0. Set E, = [T,,+co[ where T,, is a nonnegative real number It is 
clear that, if (T,)nen is a nondecreasing sequence of nonnegative real numbers such 
that limy_.4.05 Ty = +00, then (Ep) nen is a decreasing sequence of intervals (in the sense 
of inclusion) such that (),.9 E, = 0. According to Theorem 1.7.5, we have 


+00 
lim. sup | wolde =o, 
N>4+09 yey ; 


n 


and consequently y.(M) = 0. Thus, we conclude that y(M) = 

(6) Since M c co(M), using (1), we get y(M) < y(co(M)). To show the opposite in- 
equality, we consider a measurable subset D of [0, +co[ such that |D| < ¢. For w € co(M), 
there exist (@;);<j<n With a; > 0 and (9;);<j<n with g; € M such that Yj, qa; = 1 and 
Y = YL, @;. It is clear that 


Jlwolaes ai jtolaes Ya sup Jlevola 


1si<n 


D 
sup fle (t)| dt < om {tole 
1sisn D peM 5 


and therefore supyccoca Jp WW(t)l dt < supyey J, |o(t)| dt. This shows that y,(co(M)) 


IA 


y,(M). Moreover, for all T > 0, similar calculations give supy<cocm) ie |y(t)| dt 


IA 


SUP gem (ae |o(t)| dt. Letting T tend to +00, we get y2(co(M)) < y.(M). 
Finally, we have 


y(co(M)) < y(M). 
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(7) It is clear that y(M) < y(M’) (because M < M’). Conversely, using (1) and the 
inclusion M cM’ c co(M), we infer that y(M s < y(Co(M)). So, we just have to check 
that y(M) = y(M). By (1), we already have the inequality y(M) < y(M). Further, for 
W € M, there exists a sequence (W,,) nen Of points of M such that lim, ,,,,. Y, = ¥. Hence 


J wo dt < Jvo — pp (t)| dt + Exc) dt < I — Wally + y,(M). 


D D D 


It is clear that, for n large enough, || — y,|y is arbitrarily small. Hence we deduce that 
y,(M) < y,(M). Similar reasoning shows that y,(M) < y,(M) and so y(M) = y(M). Next, 
using (6) gives y(co(M)) = y(co(M)) = y(M). Then, y(M) < y(M’) < y(M), which com- 
pletes the proof of (7). 


Remark 7.7.3. The properties above show that y(-) is a regular measure of weak non- 
compactness. So, Proposition 7.7.1 holds true for y(-). 


7.8 Darbo-Sadovskii-type fixed point theorems 


The purpose of this section is to present some results in the spirit of Darbo and Sadovskii 
fixed point theorems for the weak topology in nonreflexive Banach spaces. 


Definition 7.8.1. Let X be a Banach space, K a nonempty subset of X, u(-) a measure of 
weak noncompactness on X, and f a map from K into X such that the set f(B(X) n rie Gs 
B(X). 

(a) We say that f is u-k-contractive if there exists k € [0,1) such that 


u(f(A)) < ku(A), VA € BX) 2", 
(b) We say that f is y-nonexpansive if 

u(f(A)) < u(A), VA € BX) 2", 
(c) We say that f is u-condensing if 

u(f(A)) < m(A), VA € (B(X) 0 2*)\ ker u. 

Proposition 7.8.1. Let X be a Banach space, K anonempty, closed, convex element of B(X), 
L(-) a measure of weak noncompactness on X, and f : K — K a weakly continuous map. 
Then 


(a) iff is u-k-contractive for some k € [0,1), then Fix(f) # 9, 
(b) iff is u-condensing, then Fix(f) # 9. 
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We note that assertion (a) (resp. (b)) is nothing else but Darbo (resp. Sadovskii) fixed 
point theorem for the weak topology. The proof of (a) (resp. (b)) may be modeled in the 
same way to that of Dardo (resp. Sadovskii) fixed point theorem - it suffices to replace 
the strong continuity by the weak continuity and the measure of noncompactness by the 
measure of weak noncompactness and apply Tychonoff fixed point theorem instead of 
Schauder fixed point theorem. Obviously, we take into account that any bounded subset 
is weakly bounded (cf. Proposition 1.7.2) and any closed convex subset is weakly closed 
(cf. Theorem 1.7.2). 

Assuming that f is weakly sequentially continuous, we get the following result. 


Theorem 7.8.1. Let X be a Banach space, K a nonempty, closed, convex element of B(X), 
L(-) a measure of weak noncompactness on X, and f : K — K a weakly sequentially 
continuous map. Then 

(a) iff is u-k-contractive for some k « [0,1), then Fix(f) # 9, 

(b) iff is u-condensing, then Fix(f) # 9. 


Proof. (a) Define a sequence (K,)nen Of decreasing nonempty, closed, convex subsets 
of K by Ky = K and K,,4, = co(f(K,)), n = 1,2,... Proceeding as in the proof of Darbo 
theorem (Theorem 7.3.1), we see that, for alln € N, we have K, ¢ K,_, and u(K,) < 
ku(K,_4) < +++ < k"u(Ko). Since k € [0,1[ and Ky is bounded, we have lim,,_,., U(K,) = 0 
and, by Proposition 7.7.1, we infer that (),.9K, = K,. is a nonempty, convex, weakly 
compact subset of X. Further, for alln > 1, we have f(K,) © f(Ky_1) © CO’ (Ky_-1)) = 
K,, hence we conclude that f(K,,) ¢ Ko. Since fix, is weakly sequentially continuous, 
applying Theorem 7.5.2 to the mapping fix : Koo > Koo gives the desired result. 
(b) Fix an element k in K, define the set 


II := {C c K : Cis closed, convex, k « C, andf(C) < C} 
and set 


B=()C and D=coff(B)u {kj}. 
Cell 


Clearly, D is a closed, convex subset of K containing k. Since k « Bandf : B — B, we 
deduce that D c B, and therefore f(D) ¢ f(B) ¢ D. Now, since k € D, we conclude that 
D « ILand then B ¢ D, consequently, D = B. Further, using the properties of u(-), we see 
that u(D) = u(coff(B) u {k}}) = uf (B)) = uf (D)) < uD), which is a contradiction. Hence 
u(D) = 0 and then B = Dis weakly compact. Since B is weakly compact and f : B > Bis 
weakly sequentially continuous, the use of Theorem 7.5.2 gives Fix(f) # 0. 


For ws-compact mappings, we have the following result. 
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Theorem 7.8.2. Let X be a Banach space, K a nonempty, closed, bounded, convex subset 
of X, f : K — K aws-compact mapping, and u(-) ameasure of weak noncompactness on X. 
Then 

(a) iff is u-k-contractive for some k ¢« [0,1), then Fix(f) # 9, 

(b) iff is u-condensing, then Fix(f) # 9. 


Proof. (a) Iff is u-k-contractive, proceeding as in the proof of Theorem 7.8.1(a), we prove 
that there exists a convex, weakly compact, and f-invariant subset K,, of K. To conclude 
the proof of (a), it suffices to apply Theorem 7.6.1to f : K,, > K,.- 

(b) Let ky ¢ K and define the set 


K={AcK:f(A) CA,kp € A,A is closed and convex}. 
Reasoning as in the proof of Theorem 7.8.1(b), we show that the set 


B:= [ ) A=co(f(B)U {ky}) 


Ack 


is convex and belongs to kK. Moreover, we have 


u(B) = u(cof{f(B) U {ko}}) = u(f(B)) < u(B), 


and therefore B is a convex, weakly compact, and f-invariant subset of X. The result 
follows from Theorem 7.6.1. 


Assertion (b) of Theorem 7.8.2 was obtained for bounded, closed, convex subsets 
of X. For unbounded convex subsets of X, we get the following result. 


Theorem 7.8.3. Let K be an unbounded, closed, convex subset of a Banach space X, u(-) a 
measure of weak noncompactness on X, and f : K — K aws-compact, u-condensing map. 
If f (K) is bounded, then Fix(f) # 9. 


The proof of this result requires the following lemma established in [124, p. 636]. 


Lemma 7.8.1. Let X be a topological space and f : X — X amultimap with closed graph. 
If there exists a subset A of X such that A is compact and f(A) ¢ A, then there exists a 
nonempty compact subset K of X such that K c f(K). 


Proof of Theorem 7.8.3. Let { « KandA = {f"(¢),n = 0,1,2,...} where f°(¢) = C. It is 
clear that A = f(A) U {¢} and therefore u(f(A)) = u(A). Since f is u-condensing, we get 
(A) = 0 and thus A’ is weakly compact. Using the fact that f is ws-compact, we infer 
that f(A) is relatively compact. Since f(f(A)) ¢ f(A), according to Lemma 7.8.1, one can 
choose a compact set Ag c f(A) such that Ag ¢ CO(f(Ag)). Define the set 


K = {C such that Ay ¢ C,CO(C) = C,f(C) < Ch. 
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It is obvious that K # @ (K € XK). If Il is a chain in the ordered set (XK, c), then(|c<q_7C isa 
lower bound of II (for the inclusion). Hence, by Zorn lemma (see, for example, [89, p. 6] 
or [46, p. 2]), K has a minimal element S. Since S is a closed convex subset of X satisfying 
f(S) ¢ S, we conclude that co(f(S)) ¢ S. Accordingly, 


f(Co(f(S))) ¢ f(S) ¢ Co(f(S)). 


Using the inclusion A, ¢ co(f(S)), we conclude that co(f(S)) € K. Because S is a minimal 
element of K, we have S = co(f(S)) and therefore u(S) = p(co(f(S))) = u(f(S)). This 
implies that u(S) = u(f(S)) = 0 because f is w-condensing, and then f(S) is relatively 
weakly compact. Now using the fact that f is ws-compact and applying Theorem 7.6.1, 
we conclude that f has a fixed point belonging to S c K. 


Proposition 7.8.2. Let X be a Banach space and let f : X — X be aww-compact map. 
(a) Iff is k-Lipschitz, then w(f(M)) < kw(M),VM € B(X). 
(b) Iff is a ®-contraction with ®-function ¢, then f is w-condensing. 


For the definition of ®-contractions, we refer to Section 6.6. 


Proof. (a) Let M € B(X) andr > w(M). There exist rp € [0,r[ and a weakly compact 
subset K of X such that M c K + B,,. Let x ¢ M. Then there is ay ¢€ K such that 
|x — yll < ro. Using the fact that f is k-Lipschitz, we get |f(x) —f(y)Il < Kx -—yll < kro. 
This shows that 


f(M) ¢ f(K) + By, Sf (K)” + By,.- 


Since f is ww-compact, Theorem 1.7.3 implies thatf(K) is weakly compact and therefore 
we have w(f(M)) < kro < kr. Letting r — w(M), we obtain w(f(M)) < kw(M). 

(b) Since f is a ®-contraction mapping, it is clear that f is continuous. Thus, we only 
have to prove that if M € B(X) such that w(M) > 0, then w(f(M)) < w(M).To see this, let 
us consider M ¢ B(X) and an arbitrary real number € > 0 such that 


w(M) = inf{r >0:McW+B,,W € W(X)} > 0. 


There exist re = w(M) + € and K « W(X) such that M cK +B,.. Ify € f(K + B,,), then 
there exists x ¢ K+ B, such that y = f(x). Since x ¢ K+B,., there are w ¢ K andb € B,. 
such that x = w + b. Hence, 


ly - Fm] = [FCO - fov)| s OUI - wll) = G(IlbIl) <_sup 9(0). 


Ostsr, 


Because ¢ is continuous, there exists t, < [0,r,] such that lly — f(w)|l < supo<rer, P(t) = 
(t,), which implies y « f(K) + Bg;,). Consequently, f(K + B,.) ¢ f(K) + Bgy,). Since 
McK+B,., we have 
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Using the fact that f is ww-compact, one sees that f(K)” € W(X), and therefore 
w(f(M)) = inf{r > 0: f(M) cK +B,,K ¢ W(X) < (t,). 


If there exists ¢ > 0 such that (t,) < w(M), we have reached to the conclusion. 
Otherwise, for every € > 0 we have @(t,) = w(M). In this case, the properties of ¢ yield 
that w(M) < P(t.) < t, < w(M) + €. Consequently, ¢(t,), tp > w(M) as € — 0. Bearing in 
mind that ¢ is continuous, we get 


ca(M) = lim $(t.) = @((M)). 


Hence w(M) = 0, which is a contradiction. 


Remark 7.8.1. It is clear that Proposition 7.8.2(b) remains true if g is a nonlinear con- 
traction. 


Let X be a Banach space. According to Theorem 1.7.1, every bounded linear operator 
T on X is weakly sequentially continuous. Hence the use of Remark 7.6.1(3), along with 
Proposition 7.8.2(a), implies the following result useful in applications. 


Corollary 7.8.1. Let X be a Banach space. If T is a bounded linear operator on X, then 
wW(T(M)) <||T\|w(M), for all M € B(X), (7.22) 


where ||T|| denotes the operator norm of T. 


Theorem 7.8.4. Let X be a Banach, K a nonempty, closed, convex subset of X, u(-) a mea- 

sure of weak noncompactness on X, and f : K — K amapping. Suppose 

(a) f is ws-compact, 

(b) uf(C)) < u(C) whenever C is a bounded subset of K such that e" ¢ W(X), 

(c) there exist R > 0 and Xy € K such that f(x) - Xp # A(X — Xo) for every A > 1 and 
X € K NOBa(X). 


Then Fix(f) # 0. 


Proof. Consider the set BS (xp) := Ba(Xo) 9 K. It is clear that B% (Xo) is a nonempty, 
bounded, closed, and convex subset of K. Define the function ¢ on K by 


20) = if Ix — Xl < B, 


R R 
rex t 1 - pq Xo Ex -xoll > R 


It is clear that ¢ is a retraction of K on BR(X). Let fr : Ba(Xo) — Bg (xo) be the map 
defined by f;(x) = ¢(f(x)). Because f and ¢ are continuous, f; is continuous, too. Fur- 
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thermore, since f is ws-compact, f; is also ws-compact. On the other hand, by hypothesis, 
if C c BX (xp) is such that C” ¢ W(X), then u(f(C)) < u(C). 

The map f¢ is u-condensing. Indeed, if x « f(C) ¢ f (By (X)), then there are two 
possibilities: 
(i) if |x —Xoll < R, then ((x) = x € f(C) € co(f(C) U {X}), 
(ii) if |x - xoll > R, then [(x) = ; fad msl )Xq € co(f(C) U {Xp}). 


|X—Xo | 


Assertions (i) and (ii) imply the inclusion f,(C) ¢ co(f(C) U {xo}). Now, by using the prop- 
erties of f and wu, we obtain 


u(fe(C)) < u(F(C)) < uC), 


which proves our claim. 
Let K be the set defined by 


K:={Mc By (Xo) : Mis closed convex, Xp € M, and f¢(M) ¢ M}. 
It is clear that 


B:= (| Dek. 
Dek 


Set 


= coffe (B) U {Xo}}. 


Since X) ¢ Band f; : B — B, we have S ¢ B, and then f;(S) ¢ f;(B) ¢ S. Moreover, 
because Xp € S, we see that S « K, and then S = B. Accordingly, 


a(S) = U(COff;(B) U {xo}}) = U(Fe(B)) = HGS) < HOS), 


which is a contradiction. Hence, u(S) = 0 and therefore S is a relatively weakly compact 
subset of X. 

The above arguments show that f; : S — S satisfies the conditions of Theorem 7.6.1 
and thus there exists yy ¢ S such that fr (Yo) =Yo- 

IEf (Yo) € By (Xp), then yo = fro) = $F 0)) =F 00). 

Iff (Yo) € Ba(Xo), then yo = fro) = $F Wo) = goacepl 0) + (1 - OAamp*o- 

Accordingly ||Xj—yol| = R and, if we take A = WFO) > 1, then f(yo)-Xp = A(Vo—Xo); 
which contradicts (c). 

Hence, in any case, we have f(y) = Yo, which completes the proof. 


The next result gives conditions under which we can guarantee the existence of a 
bounded almost fixed point sequence of a mapping f defined on an unbounded set. 
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Theorem 7.8.5. Let K be a nonempty, closed, convex subset of a Banach space X and let 

f :K —K beamapping such that 

(a) f is ws-compact, 

(b) f is w-nonexpansive, 

(c) there exist R > 0 and x, € K such that, for all x € K N OBp(Xp) and A > 1, we have 
F(X) =X FAX - Xp). 


Then there exists a bounded almost fixed point sequence (Xn)nen Of f. Furthermore, if 
(I-f) : K — X ts g-expansive, then f has a unique fixed point x € K and x, — Xx as 
n> +00.. 


Proof. Let Bh(xo) = {x € K : |x —Xxoll < R} and let p : K — By (Xo) be the mapping 
defined by 


% if [Ix — Xgll < BR, 
p(x) = 


R R : 
Pox + Pex )*0 if |x — Xgl] > R. 


The set Bx (Xo) ¢ K is nonempty, closed, bounded, convex, and the mapping p is a 
continuous retraction of K on BK (Xo). For each integer n > 2, we define the mapping 
fn. K - K by 


Sr(X) = “y + (1 - = )fe. 


It is clear that f,, is a ws-compact and w-(1- +)-contractive, for any n > 2. 

Now we define the maps f,, : Bx (X) > BK (Xo) aS frp(X) = PUnO)) with n > 2. 
The mapping fn,» is ws-compact. Moreover, fy) is w-(1 - t). contractive because f;, is 
w-(1 - *)-contractive and p is w-nonexpansive. So, applying Theorem 7.8.4 we conclude 
that f,,, has a fixed point, say fy. p(X) = Xn 

We shall check that f,(x,) = X;. In order to prove this, we will prove that ||f,(x,) - 
Xoll < R. Assume for a contradiction that ||f,(x,) — Xl] > R. Hence 


= plfalXn)) = Fal) + (1- 


_ Rk oo) 
In aE Xol Wa(Xn) — Xoll 7” 


and thus 


Fue Xoll (f(x, Xn) Xo) = Xn >. Xq- 


Consequently, x, ¢ Kn oBh (Xp). We also have that 


fn) - X0 = nn) Xo) = Ann - Xo) 


n_ WnOn)=Xoll Oy) =Xoll 


where A, = fae ee which contradicts condition (b). Hence we have 
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Iin%n) — Xoll < B 
and therefore 
Xn = P(fn(%n)) = fn): 


Next we shall prove that (X,,)neyy is an almost fixed point sequence for /. First, we note 
that 


1 
xo - Fmd Is [Xo -fn@nll + inn) — FO) s B+ = [Xo — Fn) | 


> 


and thus ||xp —f(x,)Il < ak. Therefore, by the following inequality: 


1 R 
Xn -f (x,)| = xo -f (x,)| < am i 


we obtain the boundedness of the almost fixed point sequence (X,)nen Of f. Finally, if 
I -f is @-expansive, then, invoking Remark 6.6.2 (see also Corollary 6.6.2), we see that f 
has a unique fixed point x « K and x, — x. 


Remark 7.8.2. Note that, according to Lemma 6.6.3, the last assertion of Theorem 7.8.5 
remains valid if we replace the hypothesis that (I — f) is ¢-expansive by the condition 
that I - f) +: RU -T) — K exists and it is uniformly continuous. 


The next example illustrates the importance of assuming the ¢-expansiveness or 
the uniform continuity of (J - f)~* in Theorems 7.8.5. 


Example 7.8.1. Let X be the Banach space ¢, endowed with its natural norm. Consider 
the mapping f : B,; — B, given by 


fW= (: 7 > rian 


i=l. 


for each x = (X;)iens € Be. The map f is a ws-compact, w-nonexpansive, I - f : Be > 
€, is injective, yet f does not have fixed points. Indeed, notice that f = g + h where 
g : B, > @, is given by g(x) = (1- Y9 |xl)e, and hh : B, — B, is defined as h(x) = 
> Xi€in- Clearly, g is compact and h is a w-nonexpansive linear mapping, in particular 
his w-nonexpansive. Thus, f is also w-nonexpansive. Clearly, f is continuous, in fact, for 
every X = (Xien: and y = (Y;)jen> iN By, 


Cc 
+ ¥ i —yil < Ix - ylle,. 
i=1 


Swi - Xl) 


i=1 


fo - FO, = 


Since ¢, is a Schur space (or use Corollary 14 in [89, p. 296]) and f is continuous, we have 
that f is ws-compact. 
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Now we will prove that I — f is injective. Let x = (Xj)ien« and y = (),)jen« in B, be 
such that (J — f)(x) = I —f)(y). We have that 


(x 1+ Sin vil)sX2 —Y2 — 04 — Yr)» X3 -—Y3 — OX ere) = (0.0, 
i=l 


and then, for every positive integer i, we have X;,, — Yi, = X; — y;. Hence x; — y; = 0, that 
is, x = y. Finally, if f(x) = x for some x = (x;) € B,, we have 


CO 
(: - > riba aa = (Xj, Xq, X3,...), 


i=l 


and then 1- )°*, |x;| = x, and x; = X;,, for every i. Hence x; = 0 for every i and, conse- 
quently, 


which is not possible. 


We close this section with the following result concerning mappings on WC-Banach 
algebras. 


Theorem 7.8.6. Let K be a nonempty, closed, bounded, convex subset of a WC-Banach 
algebra X and let f,g : K — X be two weakly sequentially continuous mappings such that 
f(K) and g(K) are bounded. Suppose that the mapping h := fg (the product of f and g) is 
weakly sequentially continuous and maps K into itself: If for any bounded subset S of K, 
we have w(f(S)) < k,w(S) and w(g(S)) < k,w(S), then the mapping h satisfies 


Here, for C c X, by ||C|| we denote the real number sup{\|x|| : x € C}. 
Moreover, ifk := ky||f(K)|| + kllg(K) || + kyk,w(S) < 1, then h is w-k-contractive and 
has at least one fixed point in K. 


Proof. Let S be an arbitrary subset of K. According to the assumptions and Proposi- 
tion 7.7.6(b), we have 


w(h(S)) < w(f(S)g(S)) 
< |f(S)}o(g(S)) + lg(S)oF(S)) + w(f(S))w(g(S)) 
< |F(S)|[k,(S) + |]g(S)|]ky@(S) + ky kyw(SY° 
< [ky|f)| + kolg | + kykow(K) a(S) 
< kw(S), 


where k := kj |If(K)|| + k.llg(K) || + k,k,w(K). 
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If k < 1, then h is w-k-contractive. On the other hand, h transforms K into itself and 
it is weakly sequentially continuous on K. According to Theorem 7.8.1(a), the operator h 
has at least one fixed point in the set K, which completes the proof. 


7.9 A Schaefer-type fixed point theorem 


In this section we present a result of Schaefer type for the weak topology. 


Theorem 7.9.1. Let X be a Banach space and let f : X — X be aws-compact map. If f is 
w-condensing, then 

(a) either Fix(f) # 9, or 

(b) the set of all solutions of x = Af(x), for A € (0,1), is unbounded. 


Proof. Let R > 0 and denote by ¢ the radial retraction of X onto Bp. Since ¢ is contin- 
uous, one can define the function J; : Br > Br by J¢(x) = ¢(f(x)). It is clear that J; is 
continuous. Since f is ws-compact, the operator J; is also ws-compact. Further, we have 
Jc(Br) = ¢(f (Ba)). Hence, for every x ¢ Br, we have two possibilities: either |f(x)|| < R 
or |[f(x)|| > R. 

— TIF COI < R, then (f(x) = f(x) € f (Ba) ¢ co(f (Bg) U {0}). 

- If |If(x)|| > RB, then C(f(x)) = To = To ra Gees Fon) is an element of 

co(f(B) U {0}). 


This proves J;(Br) ¢ co(f(Bg) U {0}). Using the properties of w and the fact that f is 
w-condensing, we obtain w(J-(Br)) < w(f (Ba) U {0}) < w(Bg), hence Jz is w-condensing. 
By Theorem 7.8.3, there exists Xp ¢ B, such that x = J¢(Xo). Consequently, either f(x) € 
Br or f (Xo) ¢ Bp. 

— Iff(Xo) € Bg, then Xp = Jz(Xo) = Sf (Xo)) = f (Xo) and hence f has a fixed point. 


- Iff(Xo) ¢ Ba, then xy = Te(X%) = C(f(X)) = ral (X9) and therefore x, is a solution 
of the equation x = Af (x) where A = _*_ ¢€ (0,1) and Xoll = R. 


If ol 


Accordingly, either for some R > 0 we obtain a solution f(x) = x, or for each R > 0 we 
obtain an eigenvector of norm R for some eigenvalue in (0, 1). In the second case, the set 
of eigenvectors is unbounded because R may be arbitrary large. 


Corollary 7.9.1. Let X be a Banach space and f : X — X aws-compact map. If, for each 
M € B(X), f(M) is relatively weakly compact, then 

(a) either Fix(f) # 9, or 

(b) the set of all solutions of x = Af(x), for A € (0,1), is unbounded. 


Proof. This result is a consequence of Theorem 7.9.1 because operators which transform 
elements of B(X) into elements of RW(X) are w-condensing. 
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7.10 Convex-power condensing mappings 


Let X be a Banach space, K a nonempty closed convex subset of X,f : K — K amapping, 
and X) ¢ K. For any M c K, we set 


fO°(M) = f(M), 
f° (M) = f (Co(f" © (M) U {xp})), for n = 2,3,... 


Definition 7.10.1. Let X be a Banach space, K anonempty, closed, convex subset of X and 
u(-) a measure of weak noncompactness on X. Let f : K — K bea bounded mapping 
(that is, it maps bounded sets into bounded ones), x) €« K, and ng a nonnegative integer. 
We say that f is u-convex-power condensing about xX and no if, for each bounded set 
M c K with u(M) > 0, we have 


u(f (M)) < uM). 


It is obvious that any y-condensing map f : K — K is p-convex-power condensing 
about any Xp € K and 1. 


Remark 7.10.1. The concept of convex-power condensing mappings was introduced in 
[224] using the Kuratowski measure of noncompactness. 


Theorem 7.10.1. Let X be a Banach space and u(.) a regular measure of weak noncom- 
pactness on X. Let K be anonempty, closed, convex subset of X, Xj € K, and ng a nonneg- 
ative integer. Let f : K > K be a u-convex-power condensing map about X, and no. Iff is 
weakly sequentially continuous and f (K) is bounded, then Fix(f) # 0. 


Proof. Define the set 
K={ACK, CO(A) =A,X € A, and f(A) ¢ A}. 


The set K is nonempty because K € K. 
Set 


B=()A. 


Ack 


Now we shall show that, for any nonnegative integer n, we have 
(P(n)) B= co(f'"*)(B) U {xo}). 


To see this, we proceed by induction. Clearly, Bis a closed, convex subset of K and f(B) 
B. Thus, B € K. This implies that co(f(B) u {xo}) ¢ B, and therefore 


f (CO(f(B) U {X9})) ¢ f(B) ¢ TO(F(B) U {%}). 
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Accordingly, Co(f(B) U {x}) € K. Hence B c Co(f(B) U {Xxp}). So we conclude that B = 
co(f(B) U {xp}). This shows that P(1) holds. 

Let n be fixed nonnegative integer, and suppose P(n) holds. Composing by f, we 
obtain 


frPro(B) = FFE" (B) U {xo}) = FB), 
and therefore 
cof") (B) U {xo}) = CO(F(B) U {Xo}) = B, 
which means that 
co( f° (B) U {Xo}) = B. 
Using the properties of .u(-), we obtain 
u(B) = w(CO(f""”(B) U {Xo})) = HOF" (B)) < MB), 


because f is -convex-power condensing. This is a contradiction. Hence u(B) = 0, and 
therefore B is relatively weakly compact. Since f : B — B is weakly sequentially contin- 
uous, the result follows from Theorem 7.5.2. 


As an easy consequence of Theorem 7.10.1 we have 


Corollary 7.10.1. Let X be a Banach space and u(-) a regular measure of weak noncom- 
pactness on X. Let K be a nonempty, closed, convex subset of X. Assume f : K — K isa 
sequentially weakly continuous map with F(K) bounded. If f is u-condensing, then f has 
a fixed point. 


We give the following result which we shall use later. 


Proposition 7.10.1. Let X be a Banach space and let u(-) be a regular measure of weak 
noncompactness on X. Let f : X — X be a u-convex-power condensing map about xy and 
No. Let g : X — X be the map defined on X by g(x) = f(x + X9) — Xp. Then, g is u-convex- 
power condensing about 0 and ny with respect to u. Moreover, f has a fixed point if g does. 


Proof. Let S € B(X) be a bounded subset of X such that uu(S) > 0. 
We claim that, for all integers n > 1, 


gS) c fO(S + x5) — Xp. (7.23) 
To see this, we shall proceed by induction. Since g(S) = f(S + Xp) — Xp, we have 


g"(S) = g(S) =f (S + Xp) — Xp = FOP (S + Xq) - Xp. 
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Let n > 1 be an integer and assume that for all p € {1,2,...,n- 1}, we have 
gS) c FP (S$ +.x9) — Xp. 
Hence 
gir nO(S) c fOr (S + Xo) — Xo. 
and then 
gS) U {0} ¢ COL (S$ + x9), Xo} — Xp- 
This yields co{g")(S), 0} c coff” % (S + x9), Xp} — Xp. Accordingly, 


g"0)(S) = g(F0(g"™(S) U {0})) 
cg (COS )(S + Xo) U {Xo} ~X)) 
c f(co(f (Ss +Xq) U {Xg} — Xp)) 


= fir) (S + Xo) = Xo- 
This proves our claim. Consequently, 


u(g"”"(S)) = w(f"(S + Xp) — X0) 
= u(f"(S + x9) 
< US + Xq) < MS). 


This establishes the first statement. The second statement is straightforward. 


7.11 Leray-Schauder-type fixed point theorems 


The object of this section is to present some Leray—Schauder-type fixed point theorems 
involving the weak topology. 


Theorem 7.11.1. Let K be a nonempty, closed, convex subset of a Banach space X, and let 

U c K be weakly open relative to K, and p € U. Suppose U’ isa weakly compact subset 

of K andf : U’ > Kisa weakly sequentially continuous map. Then 

(a) either Fix(f) # 9, or 

(b) there are a point u € 0gU (the weak boundary of U in K) and A « (0,1) such that 
u=Af(u) + (1—-A)p. 


In this theorem we suppose that U is weakly open relative to K, which means that U 
is open for the topology induced on K by the weak topology of X. In other words, there 
exists a weakly open subset O of X such that U = ON K. 
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Proof: Suppose assertion (b) does not hold and f does not possess fixed points in 0,U 
(otherwise (a) will be satisfied). Let A be the set defined by 


A={xeU" :x=tf(x)+ (1-0) for some t € [0, 1]}. 


We note that A # @ because p ¢ A (take t = 0) andA ¢ TU”. The subset A is weakly 
compact. Indeed, let (X;,)nen be a sequence of points of A such that x, — x (it is clear 
that x « U'). By definition of A, for each n ¢€ N, there exists t, ¢€ [0,1] such that x, = 
taf (Xp) + (1 — t,)p. Since (t,)nen 1S contained in the compact set [0,1], there exists a 
subsequence (tp, )cen Such that limy_..9 tn, = ¢ € [0,1]. Using the fact that f : Ww =k 
is weakly sequentially continuous, we get x, = tn, f(%n,) + 1- th, )p = f(x) + (1- Op, 
and then x € A. Thus A is weakly sequentially closed. 

Let x € Ube adherent to A for the weak topology. By Theorem 1.7.3, A. is weakly 
compact, then there exists a sequence (X;,)nen Of A such that x, — x, hence x ¢ A. We 
infer that A is weakly closed. Since TU’ is weakly compact, we conclude that A is weakly 
compact. 

Since (X, o(X, X*)) is a Hausdorff locally convex topological vector space, it is com- 
pletely regular and assertion (b) is not satisfied, so we have An (K\U) = @. By Theo- 
rem 1.1.2, there exists a weakly continuous map ¢ : K — [0,1] with ¢(x) =1ifx ¢ Aand 
C(x) = Oif x e K\U. Now define the map 


Pw) = pe +A-Coop, xeT", 
P xeK\U . 


Since 0x U = a,U', it follows from the weak continuity of ¢ and the sequential continuity 
of f that P is weakly sequentially continuous. Further, we have P(K) ¢ co(f (U")u {p}). 

Set H := co(f (U’) U {p}). Using the sequential continuity of f and Theorems 1.7.3 
and 1.7.4, we see that H is a convex, weakly compact subset of X and P(H) ¢ H. It follows 
from Proposition 7.5.2 that the function P : H — H is weakly continuous. According to 
Corollary 7.5.2, P has a fixed point z « K. If z ¢ U, then we have ¢(z) = 0 and then z = p, 
which contradicts the fact that p €« U. This implies that z « U andz = ¢(z)f(z) + (1- 
¢(z))p, proving that z ¢ A. Thus we have ¢(z) = 1 and then f(z) = z. This completes the 
proof. 


The next result is a variant of Theorem 7.11.1 in the case where K is bounded, the 
assumption that U is relatively weakly compact will be replaced by the requirement 
that the map f is u-condensing. 


Theorem 7.11.2. Let K be anonempty, bounded, closed, convex subset of a Banach space 
X and u(-) a measure of weak noncompactness on X. Let U ¢ K be a weakly open sub- 
set relative to K, p € U and letf : U" = Kbea weakly sequentially continuous and 
L-condensing map. Then 
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(a) either Fix(f) # 9, or 
(b) there existu € 0gU anda « ]0,1[ such that u = Af (u) + (1—-A)p where 0, U is the weak 
boundary of U inK’’. 


Proof. Assume assertion (b) is false and A does not have a fixed point in 0, U (otherwise 
we have nothing to prove). Define the set 


A= {xe TU" :x= tf (x) +(1-t)p for some t « [0, 1]}. 


It is clear that A # ® is nonempty and bounded because p «€ AandA c TU”. Since 
Ac co(f(A) U {0}) and f is u-condensing, we have 


U(A) < u(CO({0} UF(A))) = U(F(A)) < HAA), 


which is a contradiction. Hence (A) = 0, and therefore A is relatively weakly compact. 
Proceeding as in the proof of Theorem 7.11.1, one sees that A is weakly closed and then 
it is weakly compact. As in the proof of Theorem 7.11.1, we may define a map P by 


a +(1-C(x))p, xeU', 
P(x) = a 
P, xeK\U , 


where ¢ : K — [0,1] is a weakly continuous function such that ¢(x) = 1ifx e¢ A and 
¢(x) = Oifx € K\U. It is checked in the proof of Theorem 7.11.1 that P is weakly sequen- 
tially continuous. Let V be a subset of K. By definition of P, we have P(V) c co(f(V)u {p}), 
and therefore 


U(P(V)) < u(co(f(V) U {p})) < HF(V)) < KV). 


Thus P is u-condensing. It follows from Theorem 7.8.1(b) that there exists z € K such that 
P(z) = z.Ifz ¢ U, we have ¢(z) = 0 and then z = p, which is a contradiction because 
p ¢ U. This yields z ¢ U and then z = ¢(z)f(z) + (1- ¢(z))p, which proves that z ¢ A. This 
implies that ¢(z) = 1 and then f(z) = z, completing the proof. 


Remark 7.11.1. Itis obvious that Theorem 7.11.2 holds true for u-k-contractive mappings 
because pl-k-contractive maps are “-condensing. 


Theorem 7.11.3. Let K be a nonempty, closed, convex subset of a Banach space X, U < K 

an open subset and p ¢ U. Let f : U — K be aws-compact map. If f (U) is relatively weakly 

compact, then 

(a) either Fix(f) # 9, or 

(b) there exist an element x € 0,U (the boundary of U in K) and A « (0,1) such that 
xX =Af(x)+(1-A)p. 
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Proof. Asin the proofs of the preceding two theorems, we suppose that (b) is not satisfied 
and f has no fixed point on oU, otherwise we have nothing to do. Hence we have 


X #Af(x) +(1-A)p for allx € oU, forsomeA «€ [0,1]. 
Since p € U, the set 
A= {x ¢U:x= tf(x)+(1-t)p for some t ¢€ [0,1]} 


is nonempty because p € A. Since AN OU = 9, the continuity of f implies that A is closed. 
By Theorem 1.1.2, there exists a continuous function ¢ : U > [0,1] with ((A) = {1} and 
¢(OU) = {0}. Proceeding as in the proof of Theorem 7.11.1, we may define the mapping P 
by 
PO) = or +(1-C@))p, xe OU, Gay 
PD, xeK\U. 


It is clear that P is continuous. The use of Theorem 7.6.1 completes the proof, so it suffices 

to check that P is ws-compact and P(K) is relatively weakly compact. To see this, let 

(Xn) new De a weakly converging sequence in K. Depending on whether or not (X,) nen 

lies in U for n large enough, we distinguish two cases: 

(a) There exists some ny € N such that for alln¢ N(n>ny = X, € U). In this case, 
the sequence (X,)nen lies in U and converges weakly in U. Since f is ws-compact, the 
sequence (f(Xp))nsn, has a strongly convergent subsequence (f(x,y, ))x9 such that 
fQ&,) > yin kK. Since [0,1] is compact, we can extract from (¢(Xp,))x20 a convergent 
subsequence (¢ Xn. ))r>o- We note that the sequence (¢ Xn, )rz0 satisfies PX, ) = 
(COXn,, MY O%n,)) + A - ¢(Xn,,.))P- Thus letting r go to +oo, we get ty+ (1-t)pe K. 

(b) If (X;)nen is such that for all n < N, there exists k ¢ IN such that x, ¢ U, then we 
may consider a subsequence (Xp, )x>9 Of K\U such that P(x;,) = p > pink. 


It follows from (a) and (b) that P is ws-compact. To check that P(K) is relatively weakly 
compact, we use the fact that f(U) is relatively weakly compact, together with an argu- 
ment similar to that used to prove that P is ws-compact. Under these conditions, Theo- 
rem 7.6.1 guarantees the existence of some z € K such that P(z) = z. Since p € U, we 
have z € U, and therefore 


z= C(z)f(z) + (1-¢(2))p. 


This proves that z ¢€ A, that is, ¢(z) = 1 and thus z = f(z). 


Theorem 7.11.4. Let X be a Banach space, and let u(-) be a regular measure of weak non- 
compactness on X. Let Q and C be closed, convex subsets of X with Q c C. In addition, let 
U be a weakly open subset relative to Q with xy « U and such that U is weakly open in C. 
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Suppose f : X — X is aweakly sequentially continuous and a [l-convex-power condensing 
map about Xy and ng (Ng is a nonnegative integer). If moreover, f\ (U") is bounded and 
f(U') cC, then 

(a) either Fix(f) # 9, or 

(b) there exist an element x € OgU and A € (0,1) such that x = Af (x). 


Proof. Let us first note that if we replace Q, C, U and f by Q — Xo, C — X9, U — Xo, and f 
(where f(x) = f(x +Xxp)), respectively, then, using Proposition 7.10.1, we may assume that 
0 € Uandf is u-convex-power condensing about 0 and np. Suppose (b) does not hold 
and f does not have a fixed point on OgU (otherwise we have nothing to do since (a) is 
true). Let 


A={xe U" : x = tf(x) forsome t € (0, 1]}. 


It is clear that A is nonempty because 0 € U. 

The set A is weakly sequentially closed. Indeed, let (X,) nen be a sequence of A which 
converges weakly to some x € U” and let (tr)nen De a sequence of [0,1] such that x, = 
t»f (X,). By passing to a subsequence, if necessary, we may assume that (t,)nen converges 
to some ¢ ¢€ [0,1]. Since f is weakly sequentially continuous, f(x,,) — f(x) and therefore 
taf (Xp) — tf (x). Hence, x = tf(x), which proves that x € A. Thus, Ais weakly sequentially 
closed. 

The set A is relatively weakly compact. Indeed, suppose (A) > 0. Clearly, 


Ac co(f(A) U {0}). (7.25) 
Arguing by induction, we see that, for each integer n > 1, we have 
Ac co(f(A) u {0}). (7.26) 
Indeed, fix an integer n > 1 and suppose that (7.26) holds true. Then 
F(A) < f (co(f® (A) u {0})) = f(a) (7.27) 
and therefore 
co(f(A) U {0}) ¢ co(f(f"*>” (A) u {0})). (7.28) 
Combining (7.25) and (7.28), we obtain 
Ac co(f*> (A) u {0}), (7.29) 
and then (7.26) is proved. In particular, we have A < co(f“"”)(A) U {0}). Thus 


u(A) < u(co(f (A) u {0})) = (F(A) < MOA), 
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which is a contradiction. Hence, u(A) = 0, and therefore A” is weakly compact. This 
proves our claim. 

Now let x ¢ A’. Since A’ is weakly compact, there is a sequence (Xp)new in A 
which converges weakly to x. Since A is weakly sequentially closed, we have x ¢€ A. 
Thus, A =A Hence, A is weakly closed and therefore weakly compact. From our 
assumptions, we have AN 0Q, = 9. Because X endowed with the weak topology is a 
locally convex Hausdorff topological space, there exists a weakly continuous mapping 
¢:U" — [0,1] with ¢(A) = {1} and ((agU) = {0}. Let 


ee eee xX€ Pe 
0, xexX\U . 


Since f is weakly sequentially continuous, P is also weakly sequentially continuous. Fur- 
ther, if S is a subset of C, then P(S) c co(P(S) U {0}), and therefore, 
P©)(§) = P(CO(P(S) U {0})) < P(CO(f(S) U {0})) 
€ CO(f (CO(f(S) U {0}) U {0})) 
= co(f®” (S) U {0}). 


Proceeding by induction, for each nonnegative integer n, we have 


PS) = P(Eo(P\ > (S) U {0})) ¢ P(co(f(” >” (S) U {0})) 
< to(f (co(f >” (S) U {0}) U {0})) 
= co(f(S) U {0}). 


Next, if u(S) > 0, then the properties of y(-) imply 
u(P(S)) < w(COCF"™(S) U {0})) = WCF (S) U {0}) < MOS). 


Thus, P : X — X is weakly sequentially continuous, P(C) c C, and P is u-convex-power 
condensing about 0 and ng. By Theorem 7.10.1, there exists x € C such that P(x) = x. Now 
x € Usince 0 € U. Consequently, x = ¢(x)f(x) and so x ¢€ A. This implies that ((x) =1 
and so f(x) = x, which completes the proof. 


7.12 Fixed point theorems for a sum of mappings 


7.12.1 Krasnosel’skii-type fixed point theorems 


The next result, due to M.A. Krasnosel’skii [146], deals with the fixed points for a sum 
of a compact operator and a strict contraction. Krasnosel’skii’s proof of this result is 
a combination of the Banach contraction principle and Schauder fixed point theorem. 
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This result is often used to discuss the solutions of perturbed nonlinear problems. M. A. 
Krasnosel’skii observed that a fixed point problem of the form 


fix)+a(x) =x (7.30) 


can be reduced to the problem (I - g)(x) = f(x). Ifthe operator (J — g) is invertible with 
continuous inverse, then solving problem (7.30) is equivalent to solving the following 
one: 


(I-g) f(x) =x. (7.31) 


It follows from the compactness of f and the continuity of (J - g)? that the operator 
(I- gy? o f is compact. Since problems (7.30) and (7.31) are equivalent - to solve (7.30), 
it suffices to solve (7.31). This may be performed by using Corollary 7.2.3. M.A. Kras- 
nosel’skii fixed point theorem is a simple prototype where the perturbation g is assumed 
to be a contraction. This result holds also true for more general perturbations. In this 
section we shall present some fixed point theorems of Krasnosel’skii type involving the 
weak topology and various kind of perturbations. 
Originally, Krasnosel’skii fixed point theorem was stated in the following form. 


Proposition 7.12.1 (Krasnosel’skii). Let X be a Banach space and let K be a nonempty, 
closed, bounded, convex subset of X. Let f and g be two mappings from K into X. Sup- 
pose that 

(a) f is compact, 

(b) gis k-contractive for some k «€ [0,1), 

(c) f(K)+g(K) cK. 


Then Fix(f + g) # 0. 


The proof of this proposition is based on the next lemma and Schauder fixed point 
theorem (Theorem 7.2.3). 


Remark 7.12.1. It should be noticed that, in Proposition 7.12.1, the hypothesis f(K) + 
&(K) C K is very strong. In [244], Proposition 7.12.1 was established where the hypothe- 
sis (c) was replaced by the weaker hypothesis (f + g)(K) ¢ K. Later, this hypothesis has 
been weakened by Burton [54] who replaced (c) by the condition 


(x=g(x) +f), yeK) = xek. 


In the rest of this chapter, depending on the case, we shall use either of these three con- 
ditions. 


Lemma 7.12.1. Let X be anormed space and let K bea nonempty subset of X. If g : K > X 
is a k-contractive mapping for some k «€ [0,1), then the mapping (I — g) is a homeomor- 
phism from K onto (I - g)(K). 
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Proof. We note that the operator (J — g) is continuous. For x, y € X, we have 


|Z -g)@) - T-g))| = Ix -yll - goo -g0)| 
= (1—k) lx - yl. 


Hence (I — g) is one-to-one and then invertible with inverse (I — g)? :7-g)(kK) > K. 
The continuity of (I - g)? follows from the previous inequality. 


Theorem 7.12.1. Let X be a Banach space and let K be a nonempty, closed, bounded, and 
convex subset of X. Let f : K > X and g : X — X be two weakly sequentially continuous 
mappings. Suppose 

(i) f(K) is relatively weakly compact, 

(ii) g is k-contractive for some k « [0, 1), 

(iii) * = g(x) +f), ye K) =x ek. 

Then Fix(f + g) #0. 


Proof. Since g is k-contractive, it follows from Lemma 7.12.1 that (I - g) is ahhomeomor- 
phism from X onto (I - g)(X). Let y be a fixed point in K. The map which assigns to each 
x € X the value g(x)+/(y) defines a contractive map from X into X. Hence, by the Banach 
contraction principle, the equation x = g(x) + f(y) has a unique solution x € X. Using 
hypothesis (iii), we infer that x « K. Hence x = (I - g) ‘f(y) € K. This implies 


(-g) Uf (K) cK. (7.32) 


The rest of the proof consists in showing that the map (I - g) }f satisfies the hypotheses 
of Theorem 7.5.2. Let 


C := c0((I- g) 'f(K)). 


(a) The operator (I — g) ‘f transforms C into itself. Indeed, since K is closed and 
convex, it follows from (7.32) that C c K and then 


(I-g) 'f(C) ¢ Ig) f(K) ¢ C(I - g) 'f(K)) =C. 


(b) The subset C is weakly compact. To see this, suppose that C is not weakly compact 
(that is w(C) > 0). Before going further, we first prove the equality 


(-g) f =f+gi-—g) f. (7.33) 


Indeed, using the equality I = I — g + g, we obtain 


(I-g) f =(-g+g)0-g) f =f+el-2) f, 


which proves (7.33). 
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Now the use of (7.33) and properties (1), (2), and (5) of Proposition 7.7.2 gives 
w(C) = w(CO((I - g)'f(K))) = w(- g) Ff) 
< w(f(K)) + w(g - g) 'f(®)). 
Since f(K) is relatively weakly compact, the preceding equation becomes 
w(C) < w(g(I - g) f(K)). (7.34) 


Next, let r > 0 and let W € W(X) be such that (J - g) ‘/f(K) <c W +B,. Since g is 
k-contractive, one may write 


g(I—g) If (K) c g(W) + By C (W) + By. 


Because g is weakly sequentially continuous, we have that g(W) is relatively weakly 
compact (use Proposition 7.5.2). Using the properties of w(-), we deduce that 


w(g(I - g) “f(K)) < kw(( - g) “f(K)). (7.35) 
Combining (7.34) and (7.35), we obtain 
w(C) < kw((I - g)f(K)) = kw(C) < w(C), 


which is a contradiction. Hence w(C) = 0, and therefore C is weakly compact. 

(c) The operator (IJ - g) ‘f : C > C is weakly sequentially continuous. Indeed, let 
(Un) new De a Sequence in C which converges weakly to u. Since C is weakly compact and 
(I - g) ‘f(C) ¢ C, we infer that (J - g)/f(C) is relatively weakly compact. Thus, there 
exists a subsequence (Un, )ken Of (Un)new Such that 


(I-g) 'f(Uuy,) =p asn— +00. 


Taking into account equation (7.33) and the weak sequential continuity of f and g, we 
get p = g(p) + f(u) and therefore p = (I — g) 1f(u). This yields 


Cs ~g) 'fUn,) (I ~ g)f(u) asin — +00. 


Now we shall show that ([-g) ‘f(u,) — (I-g) /f (u). Ifit is not the case, then there exists 
a weak neighborhood N” of (I - g) ‘f(u) and a subsequence (Un, ken Of (Un )nem Such 
that (I - g) f (Un,) ¢ N" for all k > 1. Evidently, the subsequence (Un, ken CONVerges 
weakly to u. Arguing as above, we may extract a subsequence (Up, )jcny Of (Un, ken SUCH 
J 
that (J - g)'f ie g) if (u). This is a contradiction because, for all j > 1, I - 
J 
g) 'f(Un,) ¢ N™. Finally, we conclude that the map (I - g) 'f is weakly sequentially 
J 
continuous. 
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To conclude the proof, it suffices to apply Theorem 7.5.2 to the map (I-g) +f defined 
from C into C. 


The next result is a consequence of the previous theorem. 


Corollary 7.12.1. Let X be a Banach space, K anonempty, closed, bounded, convex subset 

of X andf : K > X andg : X — X two weakly sequentially continuous mappings. 

Suppose 

(a) f(K) is relatively weakly compact, 

(b) g is nonexpansive, 

(c) if (Xn)new IS a Sequence of elements of K such that (I - g)(X,) — y, then (Xn) nen has 
a weakly convergent subsequence, 

(d) ifA € (0,1) and x = Ag(x) + f(y) where y € K, thenx € K. 


Then Fix(f + g) #9. 


Proof. For each ¢€ (0,1), the operators f and Ag satisfy the conditions of Theorem 7.12.1 
and then f + Ag has a fixed point in K, say x,. Let (A,) nen be a sequence of (0,1) such that 
An —@ 1asn — +co0 and let (X,) neq be the sequence of points of K such that 


Ff (Xn) + An& On) = Xn- (7.36) 


Using hypothesis (a) (passing eventually to a subsequence), we may assume that 
(f (Xn) nen Converges weakly to some y ¢€ K. Accordingly, 


(I -AnE)(%p) — Y- 


Since K ¢€ B(X), the set {x, : n € IN} is bounded and then {g(x,,) : n € IN} is also bounded. 
Hence 


In = 8(Xn)) ~ (Xn 7 AE Xn))I| = (1 - AWE n)| 70 asn— oo. 
This implies x, -— g(x,) — y. Next, by (c), the sequence (X;,)nen has a subsequence 


(Xn, ken Which converges weakly to some x ¢€ K. Finally, it follows from (7.36) and the 
weak sequential continuity of f and g that f(x) + g(x) = x. 


Note that Theorem 6.3.1 may be stated in the context of Banach spaces as follows. 


Theorem 7.12.2. Let X be a Banach space and let f : X — X bea mapping. If f isa 
nonlinear contraction, then Fix(f) # 0. 


The following elementary lemma is required below. 


Lemma 7.12.2. Let X beanormed space and let K be anonempty subset of X. Ifg : K > X 
is anonlinear contraction with ®-function ¢, then (I-g) is ahomeomorphism from K onto 
(I - g)(K). 
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Proof. Since g is a nonlinear contraction, there exists a continuous nondecreasing map 
@: R* — R* satisfying P(t) < t for each t > 0 such that 


g(x) -g(y)|| < o(Ix—yll) for all x,y € K. 


Letting x and y be two distinct points of K, we have 


|Z - g)x - I -g)y|| = |] -y) - (g00 - g(y))| = Ix - yl - geo - 0) 
> x -yll — o(Ix -yll) > 0. 


Thus (I - g) is one-to-one on K and then (J - rata exists and transforms (I - g)(K) into K. 
To show the continuity of (I - g)"', we suppose that there exist a point x and a sequence 
(Xn)nen Of points of K such that ([- g)(x,) ~ U-g)() and lim, _,,.,5 SUPpsy ||X;, — XI] = @. 
It follows from the inequality ||(J - g)(x,) - Td - g)Q|| = Ix, - xll - @(x, - x||) that 
0 = a- #(a). Since (a) < a, we conclude that a = 0. This proves the continuity of the 
operator (I - gy. 


Theorem 7.12.3. Let X be a Banach space and let K be anonempty, closed, convex, subset 
of X Let f :K — X andg : X — X be two weakly sequentially continuous mappings. We 
suppose 

(a) f(K) is relatively weakly compact, 

(b) gis anonlinear contraction with ®-function @, 

() (x=gsx) +f), ye K) =x ek. 


Then Fix(f + g) #9. 


Proof. Let M be a bounded subset of K with w(M) > 0. Since f(M) is relatively weakly 
compact, using the properties of w, we obtain 


w((f +g)(M)) < w(f(M)) + w(g(M)) = w(g(M)). 


It follows from Proposition 7.8.2(b) that g is w-condensing, and so w((f +g)(M)) < w(M), 
which proves that f + g is w-condensing. Since f + g is weakly sequentially continuous, 
to complete the proof, it suffices to apply Theorem 7.8.1(b). 


Theorem 7.12.4. Let X bea Banach space and let K be anonempty, closed, bounded, con- 
vex subset of X. Let f : K > X and g : X — X be two mappings. Suppose 

(a) f is ws-compact and f(K) is relatively weakly compact, 

(b) gis ww-compact and k-contractive for some k « [0,1), 

() (x=g(x) +f) ye K) = xek. 


Then Fix(f + g) # 0. 


Remark 7.12.2. Some fixed point theorems for a sum of two mappings with the lack 
of compactness were established for weakly continuous maps (see, for example, [34]). 
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In general, the weak continuity is not easy to be verified. In Theorem 7.12.4 the weak 
continuity is not required. 


Proof. Since g is k-contractive, I — g is continuous. Arguing as in the proof of Theo- 
rem 7.12.1, we see that (J — gs) f is continuous on K and 


(= g) f(K) cK. (7.37) 
Let (Kn)new be a sequence of subsets of K defined by 
Ky=K and K,,,=Ct0((l-g) (Ky): 


It is a decreasing sequence of nonempty, closed, convex subsets of K. Using (7.33), one 
sees that 


(1-8) 'f Kn) Sf Kn) + 80 ~ 8) SP (Kn) Sf (Kn) + 8 Kn): 

Since (K;,)nen 1S decreasing, we get 

(1-8) 'f Ky) ¢ f(Kn) + 8K) 
and then 

o(I- 8) ‘f(Ky)) < of Ky) + (8 (Kn)). 

Because f(K) is relatively weakly compact, we have w(f (K,,)) = 0. Thus 

o((- 8) f(Ky)) < (8 K)). 
Let r > Oand Y € W(X) be such that K,, ¢ Y + B,. Thus, we have 

B(Kn) S 8(Y) + Ber © 8) + Ber. 


Since g is ww-compact, it follows from Proposition 7.8.2(a) that w(g(K,)) < kw(K,). Hence 
W(Kni1) < kw(K,,). By a finite induction over n, we obtain w(K,41) < k"w(K) and there- 
fore lim, _,4.04 W(K,) = 0. Applying Proposition 7.7.5, we conclude that K,, := (p21 Knisa 
nonempty, weakly compact, convex subset of K and (I- g) ‘f(K,,) ¢ K,,. Consequently, 
(I — g) 1f(K,.) is relatively weakly compact. Further, the properties of f and the conti- 
nuity of (I — g)~‘ imply that (I - g)/f is ws-compact. Now the use of Theorem 7.6.1 to the 
mapping (I - g) “fix, : Koo > Ke finishes the proof. 


Theorem 7.12.5. Let X be a Banach space, K a nonempty, closed, bounded, convex subset 
of X and u(.) a regular measure of weak noncompactness on X. Letf : K > Xandg : 
K — X be two mappings satisfying 
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(a) f is ws-compact, 

(b) there exists y € [0,1) such that u(f(S) + g(S)) < yu(S) for all S ¢ K, 
(c) gis k-contractive for some k € [0,1), 

(d) (x=gx) +f), ye K) =x ek. 


Then Fix(f + g) # 9. 


Proof. Since g is contractive, using the same arguments as in the proof of Theorem 7.12.4, 
we prove that (I -— gs) f is well defined and continuous on K, and (I — gy f (K) cK. 

We define a sequence (K,,) new Of subsets of K by Ky = K andK,,,, = c0((I-g) 3f (Ky). 
It is clear that (K,,)nen is decreasing (in the sense of inclusion) and satisfies 


Cs = §) f (Kn) cf (Ky) as &(Ky). (7.38) 


Using (7.38), together with the properties u(-), we obtain 


U(Kny1) = U(CO((I - g)“f(Kp))) = (UL - 8) “fF (Ky)) < Wf (Ky) + 8(Kp)): 


Hypotheses (a) and (D) yield u(Ky41) < yu(K,). Proceeding by induction, for eachn € N, 
we get u(K,,) < y"u(K), and therefore conclude that lim,,_,,, U(K,) = 0. Applying Propo- 
sition 7.7.1, we infer that K,, := (7°) K, is a nonempty, convex, weakly compact subset 
of K. Onthe other hand, since (J-g) ‘is continuous and f is ws-compact, ([-g) if is also 
ws-compact on K, and so it is ws-compact on K,,. Now it suffices to apply Theorem 7.6.1 
to the map (I - g) Uf : K., > Ko. 


Theorem 7.12.6. Let X be a Banach space and let K be anonempty, closed, bounded, con- 
vex subset of X. Let f and g be two mappings from K into X such that 

(a) f is ws-compact and f(K) is relatively weakly compact, 

(b) g is nonexpansive and w-condensing, 

(c) I -g is ¢-expansive, 

(d) f(K)+g(K) cK. 


Then Fix(f + g) #9. 


Proof. We first prove that the mapping (J - g) /f is well defined on K and (I - 
g) 'f(K) ¢ K.Tosee this, let x and y be two distinct points of K. Since I—g is ¢-expansive, 
we have 


|Z -g)@) - F-g)()| = o(lx -yll) > 0, 


which shows that (I-g) is one-to-one, and so it is invertible. Let y ¢ K and define the map 
hy on K by hy(x) = g(x) + f(y). It is clear that h, is nonexpansive. Hypothesis (c) yields 


(I - hy)(x) - I - hy)(z)| = ||x-z+ hy(z) — hy(x)|| 
= |x -z+8(2) - g(x) 
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= |Z -g)(x) -U-g)@) 
> o(Ix - zl). 


Thus I — hy is 6-expansive. So, according to Proposition 6.6.1, hy has a unique fixed point 
x € K. Hence, 


f) =(-g)) onagain, D((I-g)') =(-g)(K) ¢ f(K). 


Consequently, the mapping (I - g) lf : K — K is well defined. 

We claim that (I - g)/f satisfies the hypotheses of Theorem 7.6.1. Indeed, let (Xn) nen 
be a sequence of points of (I - g)(K) such that x, —> Xo. Puty, = (I - g) ‘(x,) and 
yo = I - g) (x). It is clear that (I - g)y, = X, and (I - g)yy = Xp. Since I - g is 
g-expansive, one can write 


(In -Yoll) < |Z - 2) Wn) -— CZ - 8) (V0) = Xn — Xl. 
and then 
Lim (lyn -Yoll) < lim xp — Xoll = 0. (7.39) 


If the sequence ((ly, — Yoll)nex Goes not converge to 0, there exists a subsequence 


(Dn, —Yoll) sen of (Vn —Yollnen such that Yn, -Yoll >r>0. 
If ¢ is continuous, then we have 


lim (Wn, ~Yoll) = 9(7) > 0. 
Otherwise, @ must be nondecreasing and then 
0 < @(r/2) < lim (ll¥n, -Yoll)- 


In the two cases, according to (7.39), we must have lim, ,,.., 6(llYn, —Yoll) = 0, which 
proves that |ly, —yoll - 0 as n — +00. Hence 


| -g)*@) - C- 8) (x9) — 0, 


which proves that (I - g)? is continuous. 

Now using the fact that f is ws-compact, together with continuity of (I - g)1, we 
conclude that the mapping (I - g) ‘f is ws-compact as well. 

We claim that the subset (J - g) ‘f(K) is relatively weakly compact. We first note 
that (I - g) ‘f(K) is bounded and (I - g) ‘f(K) ¢ K. If I - g) }f(K) is not relatively 
weakly compact, then the use of (7.33) and the properties of w give 


w(I-g) 'f(K)) = o(f +g -g) ‘f\(K)) 
< w(f(K)) + w(g( - g) “f(K)) 
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= w(g (I -g) 'f(K)) 
< w((I-g) ‘f(K)), 
which is a contradiction. This yields w((I - g) ‘f(K)) = 0, and therefore (I - g) 1f(K) is 


relatively weakly compact, as claimed. 
To complete the proof, it suffices to apply Theorem 7.6.1 to the map (I - g) ‘f. 


Theorem 7.12.7. Let X be a Banach space and let K be anonempty, closed, bounded, con- 
vex subset of X. Let f : K — X and g : X — X be two continuous mappings such that 

(a) f is ws-compact, 

(b) gis pseudocontractive and I — g is -expansive, 

(c) f +g is w-condensing, 

(d) (x=g(x)+g(y),yeK) = xek. 


Then Fix(f + g) # 9. 


Proof. According to the proof of Theorem 7.12.6, the map h := (I-g) ‘ef :K >K 
is well defined and ws-compact (the proof uses hypothesis (a) and the fact that I - g is 
g-expansive). Let z ¢ K and define the set 


A:= {Dc K : Dis closed convex, z ¢ D,and h(D) < D}, 


and put 


B=()D. 


DeA 


Let C be the subset of K defined by C := co(h(B) u {z}). Because z € Band h(B) ¢ B, we 
infer that C c B, and therefore 


R(C) c W(B) c C. (7.40) 


Since z € C, we conclude that C € A, and therefore C = B. On the other hand, by the 
properties of w(-), condition (c), (7.40), and relation (7.33), we obtain 
w(C) = w(co(h(B) U {z})) 
= w(h(B)) = w(h(C)) = w(-g)*° f(C)) 
= w(f(C)+g°(I-g) ef) < a(f(C) +80) 
< w(C), 


which is a contradiction. This proves that w(C) = 0, and then C ¢ RW(X). Since C is 
weakly closed, it is weakly compact. 
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Now using (7.40), we see that h maps C into itself and h(C) is relatively weakly com- 
pact. Since h is ws-compact, applying Theorem 7.6.1, we conclude that there exists z in C 
(thus in K) such that z = h(z) = (I - g) ‘of (z). This ends the proof. 


Corollary 7.12.2. Let K be anonempty, bounded, closed, convex subset of a Banach space 
X and let f :K — X and g:X — X be two continuous mappings. Suppose 

(a) g is w-k-contractive for some k « [0,1), 

(b) g is pseudocontractive and I — g is o-expansive, 

(c) f is ws-compact and w-s-contractive for some s € [0,1-k), 

(d) X=g(x) +g), ye K) = xek. 


Then Fix(f + g) # 0. 


Proof. According to Theorem 7.12.7, to prove this corollary, it suffices to check that f+g is 
w-condensing. Indeed, since g is w-k-contractive and f is w-s-contractive, for any subset 
S of K with w(S) > 0, we have 


w(f(S) + g(S)) < w(g(S)) + w(f(S)) < kw(S) + sw(S). 
< kw(S) + (1 - k)w(S) 
= w(S), 


Consequently, f + g is w-condensing. 


Definition 7.12.1. Let X be a Banach space, K a nonempty subset of X, and f a mapping 
from K into X. Let x € K. We say that f is demiclosed at x if, for each sequence (Xp) nen 
of points of K such that x, — x and f(x,) — y, one has f(x) = y. The operator f is said 
to be demiclosed on K if it is demiclosed at each point of K. 


Theorem 7.12.8. Let X bea Banach space and let K be anonempty, closed, bounded, con- 
vex subset of X such that 0 « K. Letf : K > Kandg : X — X be two continuous 
mappings. Suppose 

(a) g is pseudocontractive, 

(b) f is ws-compact, 

(c) f +g is w-condensing, 

(d) X=Af(x)+8(y), ye KA€E(0,D) = xeKk, 

(e) I-(f +g): K —X is demiclosed at 0. 


Then Fix(f + g) # 9. 


Proof. Let n € IN“ and consider the following mappings f, = (1 - 1 \f : K > Kand 
8n =(1-A)g:X > X. 

We claim that g,, is pseudocontractive. 

Indeed, because g is pseudocontractive, the operator (J — g) is accretive and thus 


there exists j(x — y) € J(x — y) (see Definition 3.2.2) such that 
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((x- g(x) - (y- gy), 7 -y)) 2 0. 


Hence 


: 1 1\ 
((x 8,18) - 0 ~B0))slx-y)) = (x= 809 + 2x-(y-80) + 29) Jo-y)) 


2 


ll 


(x80) - (9 -80)).j¢-y)) + =I 


IV 


1 2 
=|Ix -yll’. 
2 ol JIl 


Consequently, g,, is pseudocontractive, which proves our claim. 
On the other hand, the same inequality yields 


IZ — 8n)CO - CE - Sn) OMNI —yll = (OX ~ S20) - Y - Sn) J -y)) 


and therefore 
1 
|Z - 8n)00 - I - gn)(Y)|| = 7x - yl. 
Thus, if we call y(t) = £, we obtain 


IZ = gn)00 - T= ny) || = YCx -yll). 


This proves that (I — g,,) is p-expansive. 
Next, consider an arbitrary subset S of K such that w(S) > 0. Using the properties of 
w(-), we obtain 


il fu(S) + 8468) = of (1- = )p(5) + (1- = )g05)) 


< w(co((f(S) + g(S)) U {0})) 
< w(f(S) + g(S)) 
< w(S). 


Hence, f, + g, is w-condensing. Thus, the mapping f,, + g, satisfies the hypotheses of 
Theorem 7.12.7. So, for any integer n > 2, f, + g, has a fixed point x, € K. 

We claim that the sequence (X,,),51 is weakly convergent. Let us suppose that (Xy) ps1 
is not weakly convergent, hence {x, : n > 1} is not relatively weakly compact. Using 
hypothesis (c), 


sincncrve i-2poae(¢-Eane 
< w(co(ff Xp) + (Xp): € IN“}) U {0}) 
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= w({f) + g%,) 12 € N*}) 
< w({x,:n € N*}). 

Hence, we reach a contradiction, and the claim is proved. 


So, without loss of generality, we may assume that x, — x ¢ K. By definition of x,, 
we have 


Xn = (1- ~ Jef) + 8(Xn)), 


and therefore 


(fq) + &%)) = aX Vn > 2. 


Because K is bounded, we infer that the set {x,, : n => 2} is bounded, and therefore the 
set {f(X,) + (Xp) : N = 2} is also bounded. Using once again the equality 


Xn = (1 ae ~ Jef) + 2(X)) =f (Xp) + & (Xn) i “(fy + 8%); 
we obtain 


IF + 8) = Pen Fn) +2) = AMF) + 80% 


and therefore 
im (7 -—(f + g))(%,) = 0. 


Since I — (f + g) is demiclosed at 0, we have (I — (f + g))(x) = 0, that is, x is a fixed point 
of f +g. 
Definition 7.12.2. Let X be a Banach space and f : Dif) ¢ X — X a mapping. We see 


that f is weakly-strongly continuous if, for every sequence (X;,) nen Of D(f), the following 
property holds true: 


(%, — xand x € D(f)) = f(x,) — f(). 


Theorem 7.12.9. Let X be a Banach space and K a nonempty, closed, bounded, convex 

subset of X. Let f : K — X and g : X — X be two mappings such that 

(a) f is weakly-strongly continuous and f(K) is relatively weakly compact, 

(b) g is nonexpansive and ww-compact, 

(c) if (Xn)nen Is a Sequence of K such that ((I - 2)Xn) nen is weakly convergent, then the 
sequence (Xp)nen has a weakly convergent subsequence, 
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(d) I - gis demiclosed, 

(e) f(x) + g(y) €K, forallx,y € K. 

Then Fix(f + g) # 9. 

Proof. Suppose first that 0 € K. By (e), for each A € (0,1) and x, y € K, we have 


Af (x) +Ag(y) € K. (7.41) 


Thus the mappings Af and Ag satisfy the conditions of Theorem 7.12.4. Hence, for all 
A € (0,1), there is an x, € K such that Af(x,) + Ag(x,) = X,. Choose a sequence (A,) nen 
such that A, — 1asn — +oo and consider the corresponding sequence (X,) nen Of 
elements of K satisfying 


Anf Xn) + AnE On) = Xn- (7.42) 


Using the fact that f(K) is weakly compact and passing eventually to a subsequence, we 
may assume that (f(X,))nen converges weakly to some y € K. Hence 


(I -Ang)(Xn) = y asn— +00. 


The boundedness of K implies that (X;,)nen is a bounded sequence, then so is (2(Xn)) nen: 
Accordingly, 


I(Xn S &(%)) a (Xn es An& (Xn))ll = (1 > Ag &n)|| > 0. 
This implies that 
Xn -2(Xn) = Y aAaSN— +00. 


By (c), the sequence (X)nen has a subsequence (Xp, )xen~ Which converges weakly to 
some x € K. Because f is weakly-strongly continuous, (f (Xp, ))xen Converges strongly 
to f(x). Hence we conclude that 


(I An, 8) %p,) 2 £0) ask > +00. 


Arguing as above, we get (I — g)(x,) — f(x). The demiclosedness of I — g yields f(x) + 
g(x) =x. 

To end the proof, it remains to consider the case 0 ¢ K. In such a case, let xy € K 
be fixed and consider the set Ky := {x —X9 : X € K}. Let fp : Ky > X and gy : Ky ~ X 
be the mappings defined by f(x — Xo) = f(x) + (1/2)xp and g(x — Xp) = g(X) + (1/2)Xp. 
Applying the result of the first case to f and g, we conclude that there exists x « K such 
that fo(x — Xo) + 8p(X — Xo) = X — Xp, that is, f(x) + g(x) =x. 
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Remark 7.12.3. 

(a) We note that in Theorem 7.12.9 no additional assumption on the Banach space X is 
required. 

(b) If we suppose that X is reflexive, then the weak-strong continuity of f implies the 
compactness of f. Hence, under this hypothesis, assumption (c) in Theorem 7.12.9 is 
always satisfied. 

(c) If X is assumed to be uniformly convex, then, according to F.E. Browder [53], the 
operator (I — g) is demiclosed. 


In the light of Remark 7.12.3, the following corollaries are consequences of Theo- 
rem 7.12.9. 


Corollary 7.12.3. Let K be a nonempty, bounded, closed, convex subset of a reflexive Ba- 
nach space X. Let f : K > X and g : K — X be two maps such that 

(a) f is weakly-strongly continuous, 

(b) g is nonexpansive and (I — g) is demiclosed, 

(c) f(x) + g(y) €K, forallx,y € K. 


Then Fix(f + g) # 0. 


Corollary 7.12.4. Let K be anonempty, bounded, closed, convex subset of a uniformly con- 
vex Banach space X. Let f : K — X and g : K — X be two maps such that 

(a) f is weakly-strongly continuous, 

(b) g is nonexpansive, 

(c) f(x) + g(y) €K, forallx,y € K. 


Then Fix(f + g) # 0. 


Theorem 7.12.10. Let X be a Banach space and K a nonempty, bounded, closed, convex 
subset of X such that 0 € K. Let f :K — K andg : X — X be two maps such that 

(a) f(K) is relatively weakly compact, 

(b) f is ws-compact, 

(c) g is nonexpansive and w-condensing, 

(d) the operator I - (f +g): K — X is demiclosed at 0, 

(e) f(K)+g(K) cK. 


Then Fix(f + g) # 9. 


Remark 7.12.4. We note that condition (a) in Theorem 7.12.10 does not necessarily 
yield that f is weakly completely continuous, that is, f is weakly continuous and maps 
bounded subsets into relatively weakly compact ones. To see this, consider the classical 
Banach space (5, || - ||.) and define the map /f : &, — & by 
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fo = {be if [xl >1, 


Xx if |x|. <1. 


It is clear that f is continuous and maps bounded sets into relatively weakly compact 
sets (f(X) ¢ B,). However, f fails to be weakly continuous. Indeed, if (e,,) ncn denotes the 
classical Schauder basis of ¢,, then e, +e, — e, asn — +oo. But, for eachn > 2, we have 
len + ill) = V2 and therefore 


Cn + Cy ey 


v2 v2 


This means that f is not weakly continuous. 


fn + e;) = 


# & = f(e,). 


Proof of Theorem 7.12.10. Let n € IN* and consider the mappings 


1 1 
fx (1-2 )p: KK and & = (1-2 esx +x, 


It is clear that f{, is ws-compact. Moreover, since g is nonexpansive and w-condensing, g, 
is w-(1 - *)-contractive and so (J — g,,) is @-expansive (see Remark 6.6.1). Furthermore, 
because 0 « K, we have f,(K) + g,(K) ¢ K. Hence, applying Theorem 7.12.6, we infer 
that, for each n € IN“, the operator f, + g, has a fixed point u, ¢€ K. 

We claim that the sequence (U,,)nen+ 1s weakly convergent. To see this, we first note 
that (Uy) cx 1S a bounded sequence. Let us suppose that (Uy, )nen« is not weakly conver- 
gent, and consequently the set {u,, :n € N*} is not relatively weakly compact. Since g is 


w-condensing, we have 
1 1 
1- ~ Jp + (1- ~ J(u) ine n}) 


( 
(spouse Sn 


< w(co({f(Up) : n € IN} U {0})) + w(co({g(up) : n € N}U {0})) 
< (ff (Up) 1 € N}) + @({g(Up) sn € N}) 

= W(g({u, :n € N})) 

< W( {Up m2 € N}), 


which is a contradiction. So, the set {u, : n € N*} is relatively weakly compact, which 
proves our claim. Thus (Uy) nen* has a subsequence (which we denote again by (Up) nen*) 
such that u, — u € K. Next, using the equation 


ty = (1-2) (f+ 8) uy) = fly) + By) — =f ley) — 2 BCU) 


we obtain the estimate 
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ll 


Jen ~ (F(a) + 8(W)) | = = IF Ut) + 8] 
1 

AF endll + gen) - BO + |g) 

* (fue | + lal + WgCOD)). 


|Z ~ (f + g))(u,)|| 


IA 


IA 


Since (Un)nen* 1S bounded, using hypothesis (a) implies that the sequence ((|f(U,) Il) nen 
is bounded and therefore lim,_,,.,(I - (f + g))(Un) = 0. Now, using the demiclosedness 
of I — (f + g) at 0, we obtain (J — (f + g))(u) = 0, which ends the proof. 


Corollary 7.12.5. Let K be anonempty, bounded, closed, convex subset of a Banach space 
X with0O € K. Letf: K > K andg : X — X be two continuous mappings. Suppose 

(a) f is weakly-strongly continuous and f(K) is relatively weakly compact, 

(b) g is nonexpansive and w-condensing, 

() f(M)+g(M) cM, 

(d) I-g:K —X is demiclosed. 


Then, Fix(f + g) # 9. 


Remark 7.12.5. It is well known that a mapping g : X — X is ww-compact if and only if 
it maps relatively weakly compact sets into relatively weakly compact sets. Accordingly, 
every W-condensing map is ww-compact. So, condition (b) of Theorem 7.12.9 is more gen- 
eral than condition (b) of Corollary 7.12.9. However, in this corollary, we do not have to 
assume condition (c) of Theorem 7.12.9. 


Proof of Corollary 7.12.5. Hypothesis (a) implies that f satisfies conditions (a) and (b) of 
Theorem 7.12.10. Thus, we have only to check that I — (f + g) is demiclosed at 0. To see 
this, consider a sequence (X,)nen in K such that x, — x and suppose that x, - (f(x,) + 
£(Xx,)) — 0. Since f is weakly-strongly continuous, we have f(x,,) — f(x) and therefore 
Xn -£(X,) — f (0. Finally, since I - g is demiclosed, we derive that x —- g(x) = f(x), which 
ends the proof. 


Theorem 7.12.11. Let X be a Banach space and let K be a nonempty, closed, bounded, 
convex subset of X. Let f : K > X andg : X — X be two weakly sequentially continuous 
maps such that 

(a) g is pseudocontractive, continuous, and w-k-contractive for some k € [0,1), 

(b) I - g is ¢-expansive, 

(c) f is w-s-contractive for some s € [0,1-—k), 

@) (x=g(x) +f), yeK) = xek. 


Then Fix(f + g) # 9. 
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Proof. We have first to check that the mapping (I — g) }f is well defined on K and (I - 
g) 'f(K) ¢ K. Because I - g is ¢-expansive, reasoning as in the proof of Theorem 7.12.6, 
we show that I - g is invertible. 

The domain of (J - g)' contains the range of f(K). Indeed, take y ¢ K and consider 
f(y). We have to check if there exists some x € K such that (I — g)(x) = f(y). Define the 
map h, : X — X by h(x) = g(x) + f(y). Because g is continuous, pseudocontractive, hy 
is also a continuous pseudocontractive map. Since I - g is @-expansive, we have 


|Z — hy) Od) — (I - hy)(2)|| = |x - 2 + hy(Z) — hy Oo)| 
= |x -z+8(2) - g(x) 
= ||C-2)&) - C-g)@)|| 
> (|x -zll). 


Hence J — hy, : X — X is accretive, continuous, and ¢-expansive. By Theorem 4.4.3, we 
see that J — hy is m-accretive and then, by Theorem 6.8.1, the map I — hy is surjective. 
Hence R(I — hy) = X and, consequently, there exists x ¢ X such that 0 = x - hy (x), that is, 
x = g(x)+f(y). Using hypothesis (d), one sees that x belongs to K. Hence, f(y) = (I-g)1(x) 
and, consequently, the map (I - g) 1° f':K — K is well defined. 

The map (J - g) {f : K — K is weakly sequentially continuous and w-condensing. 
Indeed, let (X;,) new be a sequence of K such that x, — x. The set {x, : n € IN} is relatively 
weakly compact and, since f is weakly sequentially continuous, {f(x,,) : n € IN} is also 
relatively weakly compact. Using equality (7.33) and the fact that g is w-condensing, we 
obtain 


w({I - g) f(x) n € N}) = w({f (Xm) 22 € N} + fg -—g) f(x) 20 € N}) 
< w({g - 8) F(X) 2m € N}) 
< w({I-g) {f (x,) :n € N}). 


Hence we reach a contradiction. Therefore, w({(I — gy f (x,) : n € N}) = 0 and then 
{I-g) ‘f(x,) :n € N}is relatively weakly compact. There exists a subsequence (Xn, ken 
of (Xn)new Such that 


(I-g) 'f(%p,) + Y. 


In view of equality (7.33) and the fact that f and g are weakly sequentially continuous, 
we obtain y = g(y) + f(x), and then y = (I - g) “f(x). This proves 


(I- 8) “f%,) = C=) f00. 
Proceeding as in part (c) of the proof of Theorem 7.12.1, we deduce that 


=p) 4G) = C=2y FO: 
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Hence, (I - g) if : K > K weakly sequentially continuous. 
The map (I - g) ‘f is w-condensing. Indeed, let S be a subset of K such that w(S) > 0 
and set J := (I - g) 'f. Using equality (7.33), we conclude that 


w(J(S)) = w(f(S) + 8((S))). 
The properties of w and the assumptions on f and g imply 
w(J(S)) < w(f(S)) + w(g({(S))) < sw(S) + kw(J(S)), 
and therefore 
w(J(S)) < jo). 


Since 0 < s < 1-K, the operator J is w-condensing. Now the use of Theorem 7.8.1(b) 
completes the proof. 


Remark 7.12.6. If in the previous theorem we assume that f(K) is weakly relatively 
compact, then we can replace the assumption “g is w-contractive” by “g is w-condensing.” 
Under these conditions, assumption (c) in Theorem 7.12.11 is redundant. 


Theorem 7.12.12. Let K be anonempty, bounded, closed, convex subset of a Banach space 
X and let f :K — X and g:X — X be two mappings such that 

(a) f is ws-compact and w-k-contractive for some k «€ [0, 1), 

(b) gis anonlinear contraction with ®-function @ such that, for allr > 0, @(r) < (1-k)r, 
(c) g is ww-compact, 

d) w=fX) +g), ye K) = xek. 


Then Fix(f + g) #0. 


Proof. Following the proof of Theorem 7.12.3, the map II := (I - g) ‘f is well defined, 
continuous, and satisfies II(K) ¢ K. To complete the proof, it suffices to show that II has 
a fixed point in K. Since f is ws-compact, using the continuity of (I - g)‘, we conclude 
that II is ws-compact. Moreover, for each S ¢ K with w(S) > 0, the use of (7.33) implies 
Il(S) ¢ f(S) + (gH)(S), and, by Proposition, 7.8.2(b), we have w(gII(S)) < @(w(IK(S))). 
Since f is w-k-contractive, we get 


w(II(S)) < w(f(S)) + w(gII(S)) < kw(S) + @(w(M(S))). (7.43) 


If k = 0, then (7.43) becomes w(I(S)) < @(w(II(S))) < w(II(S)), which is a contradiction. 
Hence w(II(S)) = 0. 

Ifk # 0, then, by (c), (7.43) becomes w(II(S)) < kw(S)+(1-—k)w(II(S)) oy equivalently, 
w(II(S)) < w(S). 
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Hence, in each of these two cases, I] is w-condensing. Now applying Theorem 7.8.3 
to the operator II : K — K, we conclude that II has a fixed point in K, which completes 
the proof. 


Definition 7.12.3. Let X be a Banach space. A mapping g : X — X is called ®-Lipschitz 
if there exists a continuous nondecreasing function @ : R* — R* such that 


goo - g(y)| < G(Ix-yll) for allxy €X. 


The function ¢ is called a ®-function of g. 


It is obvious that every Lipschitz mapping is ®-Lipschitz. The converse is, in general, 
not true. For example, for x € R, take g(x) = vix] and consider g(r) = vr,r > 0. Itis 
clear that ¢ is continuous and nondecreasing. Moreover, easy calculations show that g 
is subadditive, that is, for allx,y « R,g(x+y) < g(x) +g(y). Using the subadditivity of g, 
we get |g(x) - g(y)| < g(x -y) = (|x — yl) for all x,y € R. Hence f is ®-Lipschitz with 
®-function ¢. However, it is well known that the function g is not Lipschitz on R. 


Lemma 7.12.3. Let f be a ®-Lipschitz map defined on a Banach space X with ®-function 
@. If f is ww-compact, then for each bounded subset M of X we have w(f(M)) < ¢(w(M)). 


Proof. Let M be a bounded subset of X andr > w(M). Then there is a weakly compact 
subset W of X such that M c W +B... Since f is ®-Lipschitz with a ®-function ¢, 


f(M) f(W) + Bygy CF(W)” + Bog. 


Because f is ww-compact, f (Wy is weakly compact. Hence, w(f(M)) < (r). Letting 
r — w(M) and using the continuity of ¢, we obtain w(f(M)) < ¢(w(M)). 


Lemma 7.12.4. Let K be a nonempty, bounded, closed subset of a Banach algebra X and 
let f,g : X — X be ®-Lipschitz mappings with ®-functions gr and o,, respectively. If, for 
eachr > 0, we have IKllop(r) + b,(r) <r, then cy : K — X exists and is continuous. 


For the definition of ||K||, we refer to (7.18). 


Proof. Let y € K be fixed and let hy be the map defined on X by X > x + hy(x) = 
f()-y + g(). For all x,z ¢ X, we have 


I]hy(x) — hy(2)]| < FCO -F@IIyll + [go - g2)| 
< IK lor (IIx —yll) + be(Ix —yll). 


Hence, hy is a nonlinear contraction with a contraction function y(r) = |K\lb¢(r) + 
b,(r), r > 0. Now Theorem 6.3.1 guarantees that there exists a unique point ¢ such that 
hy(Z) =, Le,y = (52)(¢). Hence the map G := Ay? : K :— X is well defined. Now we 
show that G : K — X is continuous. To see this, let (X,,) nen be a Sequence in K converging 
to a point x. Since K is closed, then x ¢€ K. First notice that, for each z ¢ K, we have 
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G(z) = (g ° G)(z) + ((f ° G)(z)) -z. 


Hence 


[GOn) - GOD] < IE ° GO) -  ° DOO] + MCF e Om) Xn — F 2 GOD) || 
< N° GX) — Ge GI + [UF e QO ben — I 
+ If © GO) — (f° GCO)IIPenll 
< bg (Gn) -— GOO) + bf(]GO%n) - GOO|DIKI + If ° GOO]|len — x1 


and therefore 
lim sup|G(%,) - GO| < ¢¢(lim sup||GO%,) - G0o|]) + ¢(lim sup|GOx,) - GEd]|)IKIL. 
neN neN neN 
Let r = limsup,¢n IIG(X,) — G(x). The preceding equation can be written asr < 


IK lp(r) + Pg(r), which is a contradiction. This shows that limy_,.o5 |G(Xn) - G(x)|| = 0 
and, consequently, G is continuous on K, which ends the proof. 


Theorem 7.12.13. Let X be a Banach algebra and let u(-) be a measure of weak noncom- 
pactness on X. Let K be a nonempty, closed, convex subset of X and let f,g : X — X and 
h:K — X be weakly sequentially continuous mappings. Suppose 

(a) f and g are ®-Lipschitz maps with ®-functions o, and $,, respectively, 

(b) the set h(K) is bounded and the map (58) 7h is u-condensing on K, 

(c) Xx =fOOhY) +g), y eK) = xek. 

If, for eachr > 0, we have ||A(K)|@p(r) + g(r) < 1, then Fix(fh + g) # 0. 


We note that, in Theorem 7.12.13, K does not need to be bounded. 


Proof. According to Lemma 7.12.4, the map p := (58) 'h : K — X is well defined and is 
continuous. It follows from (c) that p(K) c K. Let z € K and set 


F={M:z¢McK,Misaclosed, convex set, andp(M) c M}. 


Clearly, F # 0 because K ¢ F. Put II := (\yer M. It is clear that z € II c K, I is closed, 
convex, and p-invariant. Since co({p(II) U z}) c II, we have 


p(co({p(II) U z})) < p(T) < co({p(I) v z}). 


This shows that co({p(II) U z}) ¢ F. Thus we deduce that co({p(I) U z}) = IL Using the 
properties of u(-), we obtain 


HT) = u(co({p(T) v z})) = u({pCD) v z}) = u(p(T)). 
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From our assumptions, we get (II) = 0, and therefore, IT is anonempty, weakly compact, 
convex subset of X. Since II is closed and convex, by Theorem 1.7.2, it is weakly closed 
and therefore it is weakly compact. 

We claim that the map p : II > II is weakly sequentially continuous. To see this, let 
(Xp) new De a sequence of II which converges weakly to some x € K. Because p(II) is rela- 
tively weakly compact, there is a subsequence (Xp, )ken Of (Xn)new Such that p(X) — y. 
Using the fact that P(Xn,,) =f (P(X, MPO%,,)) + §(P(Xn,)) and the weak sequential con- 
tinuity of f, g, and h we conclude that y = f(y)h(y) + g(y). Hence y = p(x). Consequently, 
P(Xn,) = Y = p(x), which proves our claim. 

To conclude the proof, we only have to show that p(x,,) — p(x). This part of the 
proof is similar to the last part of the proof of step (c) of Theorem 7.12.1. So, it is omitted. 

Finally, it suffices to apply Theorem 7.5.2 to the operator p : II — II. 


Evidently, if g = 0 in Theorem 7.12.13, then we get the following corollary. 


Corollary 7.12.6. Let X be a Banach algebra and let u(-) be a measure of weak noncom- 
pactness on X. Let K be a nonempty, closed, convex subset of X, and let f : X — X and 
h:K —X be weakly sequentially continuous maps. Suppose 

(a) the maps f is ®-Lipschitz with ®-functions oy, 

(b) the set h(K) is bounded and the map ( poh is u-condensing on K, 

() X=f(OhY), ye K) = xek. 


If |h(K)|lop(7) <r for r > 0, then Fix(fh) # 9. 


Corollary 7.12.7. Let X be a WC-Banach algebra and let K be a nonempty, closed, convex 
subset of X. Let f,g : X > X andh: K — X be weakly sequentially continuous maps. 
Suppose 

(a) f and g are ®-Lipschitz mappings with ®-functions , and $,, respectively, 

(b) the set h(K) is relatively weakly compact, 

(c) (x=fOOh(y) +8), y eK) = xek. 


Tf |AK)llop(r) + Og(r) <r for r > 0, then Fix(fh + g) # 0. 


Proof: According to Theorem 7.12.13, it suffices to show that p := (48) "h: K 3X maps 
bounded sets into weakly compact sets. To see this, let M be a bounded subset of K. It is 
easily seen that 


p(M) < g(p(M)) + f(p(M))h(M). 


Using Lemma 7.12.3 and Proposition 7.7.6, together with the weak compactness of h(K), 
one can write 


w(p(M)) < w(g(p(M)) + f(e(M))h(M)) 
< w(g(p(M))) + w(f(p@))h)) 
< $,(w(p(M))) + |A(K)|\bp((p@1))). 
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Since, for r > 0, IA(K)|loer) + ,(r) < r, we infer that w(p(M)) = 0. This proves that 
p(M) is relatively weakly compact. The result follows from Theorem 7.12.13. 


Theorem 7.12.14. Let X be a Banach algebra and let u(-) be a measure of weak noncom- 

pactness on X. Let K be anonempty, closed, convex subset of X and let f,g : X — X and 

h:K — X be continuous maps. Suppose 

(a) f and g are ww-compact ®-Lipschitz mappings with ®-functions $, and $,, respec- 
tively, 

(b) his ws-compact, 

(c) the set h(K) is bounded and the map (Ey "hn is u-condensing on K, 

(d) (x =fOOhY) +8), y ¢K) = xeKk, 


Tf AK )llop(r) + Og(r) <r for r > 0, then Fix(fh + g) # 0. 


Proof: It follows from Lemma 7.12.4 that the map p := (58) th : K — X is well defined 
and continuous. By assumption (c), we know that p(K) c K. Let z € K and set 


F={M:z¢McK,Misaclosed, convex set, andp(M) c M}. 


Clearly, F # @ because K ¢ F. Set II := (]y-7M. Arguing as in the proof of Theo- 
rem 7.12.13, we see that II is a nonempty, relatively weakly compact, convex subset of X. 
Since II is closed, the use of Theorem 1.7.2 shows that II is weakly closed. Consequently, 
Il is weakly compact. Moreover, it is clear that p(II) c H. Since h is ws-compact, we infer 
that p is ws-compact. 

To conclude the proof, it suffices to apply Theorem 7.6.1 to the operator p 
WI. 


Theorem 7.12.15. Let X be a WC-Banach algebra and let K be a nonempty, bounded, 
closed, convex subset of X. Let f, g, and h be three mappings such that f,g : X — X and 
h:K — X. Suppose 

(a) f and g are ww-compact and ®-Lipschitz with ®-functions 9, and $,, respectively, 
(b) his ws-compact and h(K) is relatively weakly compact, 

() ~=f(MhAY) +g), yeK) = xek, 

(d) A(K)|loe(r) + ,(r) <rforallr > 0. 


Then Fix(f -h+g) #9. 


Proof: According to Lemma 7.12.4, the map p := (58) 'n : K — X is well defined 
and continuous. Next, the use of hypothesis (c) shows that p(K) c K. The map p is ww- 
compact because (£8) is continuous (Lemma 7.12.4) and h is ws-compact. Now, using 
the expression of p, we obtain p = (f° p)-h +g, and therefore 


w(p(K)) < w((f © p)(K) - h(K)) + w((g © pK). 
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So, by Proposition 7.7.6(b), we have 


w(p(K)) < ||AK)|]w((F © p)(K)) + (fF ° p)(K)|w(h(K)) 
+ w((f ° p)(K))w(h(K)) + w((g ° p)(K)). (7.44) 


Bearing in mind that f is ®-Lipschitz, we infer that set (f © p)(K) is bounded. Next, since 
g is ®-Lipschitz and ww-compact, the use of Lemma 7.12.3 implies that 


W(g > p(K)) < bg(w(p(K)). (7.45) 


Since h(K) is relatively weakly compact, we have w(h(K)) = 0. Using assumption (a) and 
Lemma 7.12.3, we obtain 


[REO @(F ° p(K)) < |/AK)|Iop(w(P(K))). (7.46) 
Combining (7.44) together with (7.45), (7.46), and assumption (d), we get 
(pCR) < [AK |b¢(o(P))) + bg(w(0UK)) < @(P)), 


which is a contradiction. Hence w(p(K)) = 0, and therefore p(K) is relatively weakly 
compact. 

Now applying Theorem 7.6.1, we conclude that there exists x € K such that p(x) = 
Making use of the definition of p, we get x = f(x)h(x) + g(x), which ends the proof. 


We conclude this section with the following theorem and its corollaries. 


Theorem 7.12.16. Let X bea Banach space, K anonempty, closed, bounded, convex subset 
of X and (-) a measure of weak noncompactness on X. Let f : X — K,g:K — X, and 
B:K — X be continuous maps, and set F = f ° g. Suppose that 

(a) f is ws-compact, 

(b) there exists y € [0,1) such that u(F(S) + B(S)) < yu(S) for all S c K with u(S) > 0, 

(c) g is ww-compact, 

(d) Bis anonlinear contraction with ®-function @, 

(e) (x= BX) +F(y), ye K) =x ek. 


Then Fix(F + B) #9. 


Proof. Since B is a nonlinear contraction with ®-function @, by Lemma 7.12.2, I — B is 
a homeomorphism from K onto (J — B)(K). Let y be a point in K and define the map 
K > X +» B(x) + F(y). It is clear that it is a nonlinear contraction with ®-function @. 
Hence, according to Theorem 7.12.2, the equation z = B(z) + F(y) has a unique solution 
x € X. Using hypothesis (e), we infer that x ¢ K, and therefore x = (J - B)'F(y) eK. 
Hence, 


(II-B) 1E(K) cK. (7.47) 
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We define a sequence (K,,) ncn Of subsets of K by 
Ky=K and Ky, = C0((I -B) F(K,)). 


It is clear that (K,)nen is a Sequence of nonempty, closed, convex subsets of K. More- 
over, the inclusion (7.47) shows that (K,)nen is decreasing (in the sense of inclusion). 
Furthermore, elementary calculations using equation (7.33) give 


(I — B)'F (Ky) ¢ F(Kn) + B(C0((I — B)‘F(K,))) ¢ F(Ky) + B(Knat) 


Since (Kn)new is decreasing, we get (I-B) 1F(K,) ¢ F(K,)+B(K,). Thus, assumption 
(b) yields 


WU Kny1) = U(F(K,) + B(K,)) s YUCK). 


By induction, we get u(Ky41) < y"u(K), and therefore lim,_,4o5 U(K,) = 0 because 
y € [0,1). Hence, it follows from the generalized Cantor intersection theorem that K,, = 
On>o Kn is a nonempty, convex, weakly compact subset of K. Moreover, we have (I - 
B)'F(K,.) ¢ Ko, and, consequently, the set (J - B) ‘F(K,,,) is relatively weakly compact. 

Letting (X;)nen De a sequence in K,,,, it has a weakly convergent subsequence which 
we denote again by (X,)nen- Using hypothesis (c), one sees that there exists a subse- 
quence denoted by (Xp, )xen such that (g(%p,))xenw is weakly convergent. Next, using 
the fact that f is ws-compact, we conclude that there exists a subsequence Xn, jen Of 


(Xn, ken such that (f (On, jew converges strongly in K,,. Because (I — B)‘ is contin- 
id 
uous, the sequence (I — By (6%, jen converges strongly in K,,. Hence, the map 
J 


(I — B) ‘F is ws-compact. So, invoking the fact that (I - B) 1F(K,,) is relatively weakly 
compact and Theorem 7.6.1, we conclude that Fix((J - B)'F) # 0, which concludes the 
proof. 


As an immediate consequence of Theorem 7.12.16 and Remark 7.6.4, we have 


Corollary 7.12.8. Let X be a Banach space, K anonempty, closed, bounded, convex subset 
of X and (-) a measure of weak noncompactness on X. Let f : X — X,g :K — X,and 
B:K —X be continuous maps, and set F = f » g. Suppose that 

(a) f is a Dunford—Pettis operator, 

(b) there exists y € [0,1) such that u(F(S) + B(S)) < yu(S) for allS c K with u(S) > 0, 

(c) gis ww-compact and g(K) is bounded, 

(d) Bis anonlinear contraction with ®-function @, 

(e) (x =B(xX)+F(y), ye K) =x ek. 


Then Fix(F + B) #9. 
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Note that if X is Banach space with Dunford-—Pettis property, then, according to Re- 
mark 1.9.2, every weakly compact linear operator on X is a Dunford—Pettis operator. This 
yields the following result. 


Corollary 7.12.9. Let X be a Banach space with Dunford—Pettis property, K a nonempty, 
closed, bounded, convex subset of X, and u(-) a measure of weak noncompactness on X. 
Letf :X > K,g:K —X,andB: K — X be continuous maps, and set F = f © g. Suppose 
that 

(a) f is a weakly compact linear operator, 

(b) there exists y € (0,1) such that u(F(S) + B(S)) < yu(S) for all S c K with u(S) > 0, 

(c) gis ww-compact and g(K) is bounded, 

(c) Bis anonlinear contraction with ®-function @, 

(d) (x= BX) +F(y), ye K) = x eK. 


Then Fix(F + B) #9. 


Remark 7.12.7. Note that, according to Remark 6.3.1, if B is a contractive mapping, then 
Theorem 7.12.16 and Corollaries 7.12.8 and 7.12.9 hold true. 


7.12.2 Krasnosel’skii-Leray-Schauder-type fixed point theorems 


The purpose of this section is to present some results of Leray-Schauder type involving 
two operators. 


Theorem 7.12.17. Let X bea Banach space, and let Q and C be two closed, bounded, convex 
subsets of X such that Q ¢ C. Let U bea weakly open subset relative to Q with0 « U and vu" 
a weakly compact subset of Q. Let f : U’ > Xand g :X —X be two weakly sequentially 
continuous maps. Suppose 

(a) f(U') is relatively weakly compact, 

(b) gis anonlinear contraction with ®-function @, 

() (=g(x)+fQ),yeU") = xe. 


Then 

(i) either Fix(f + g) #9, or 

(ii) there is x € OgU (the weak boundary of U in Q) and A € (0,1) such that x = Af(x) + 
Ag(x/A). 


Proof. Let y be a fixed point in TU’ and define the map hy :X — X byhy(x) = g(x) +f). 
For all x,Xy € C, X, # X, we have 


[hy (4) = hy (x2) = \lg (x1) +f (y) - £(%) -f(y)| = \lg (x4) = &(Xp)| < (X41 — X2|)). 
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Hence hy is a nonlinear ¢-contraction. By Theorem 7.12.2, there exists a unique point 
x € X such that hy(x) = x or, equivalently, x = g(x) + f(y). The use of hypothesis (c) 
shows that x € C, and therefore f (U") ¢ (I - g)(C). Further, Lemma 7.12.2 ensures that 
(I - g)? exists and is continuous on (I - g)(X). Thus, the mapping (I - g)3f :U" >C 
is well defined. 

The subset (I -g) ‘f (U'’) is bounded. Indeed, since f (U") is relatively weakly com- 
pact, itis weakly bounded and then strongly bounded. Using the fact that g is anonlinear 
o-contraction, we see that (I - g) “f (U’’) is also bounded. 

The subset (I -g) ‘f (T")is relatively weakly compact. To see this, assume that it is 
not the case, then w((I- g) ¥f(U_)) > 0. Using (7.33) and the fact that f(T’ ) is relatively 
weakly compact, we may write 


wo(- g) FU") = of UO") + g- gy FU") 
< w(f(T")) + (gd -g) f(T")) 
= w(gI-g) f(T"). (7.48) 
Let T > w((UI - g) 'f’)). Then there exist 0 < tT) < tand W € W(X) such that (J - 


g) fU") c W+B,,.l£x ¢ (I-g) 'f(U), then there exists y < W such that [ly—xll < Zo. 
Since g is a nonlinear ¢-contraction, we have 


Igo - g)|| < P(x -yll) < O(a). (7.49) 


This implies that g(x) — g(y) € Bg,,) and therefore g(x) < g(W) + By,,). Hence 


g(I-g) f(T") ¢ g(W) + By). (7.50) 


Since W is weakly compact, it follows from Proposition 7.5.2 that g : W — X (the restric- 
tion of g to W) is weakly continuous and then g(W) is weakly compact. By (7.50) and the 
definition of w(-), we have w((I — gs) f (U")) < @(T)) < O(T) because ¢ in nondecreasing. 
Using the continuity of @ and letting t go to w((I - g) Uf (U")), we get 


w(I-g) 'f(U")) < ow -gy FU"). (7.51) 


Combining (7.48) and (7.51), we obtain 


w(I-g)'f(U")) < ¢(w(-g) $C") < w(t -gy fC"), 


which is a contradiction. Hence, we have w((I — g)/f (U")) = 0 and therefore (I - 
g) “f(T ) is relatively weakly compact. 

The operator (I - g)1f : wT” > Cis weakly sequentially continuous. Indeed, let 
(Un) new De a sequence inU” which converges weakly to u. Since (I-g) {f(U_) is weakly 
compact, there is a subsequence (Up, xen Of (Up)nen Such that 
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(I -g) “f(Up,) > v. 


The use of (7.33) and the weak sequential continuity of f and g yield v = (I - g) “f(w), 

and therefore (I - g) “f(Un,) = (I - g) ‘f(w). Arguing as in the proof of step (c) of 

Theorem 7.12.1, we show that (I - g) ‘f(u,) — (I- g)¥f(u), which proves our claim. 
The map (I — g) ‘f satisfies the hypotheses of Theorem 7.11.1 with p = 0. So we have 

(i) either (J - g)'f has a fixed point in U, or 

(ii) there exist x € dgU and A € ]0,1[ such that x = A(I - g) ‘f(x). 


Itis clear that if assertion (i) is satisfied, then f + g admits a fixed point in U. Conversely, 
if assertion (ii) is satisfied, then there exist x € OgU and A € (0,1) such that f(x) = 
(I - g)(x/A), and therefore x = Af (x) + Ag(x/A), which completes the proof. O 


Theorem 7.12.18. Let X be a Banach space and let U be an open subset of X with 0 « U 
and U its closure. Let f : U > X and g : X > X be two maps. Suppose 

(a) f(U) is relatively weakly compact, 

(b) f is ws-compact, 

(c) gis ww-compact and k-contractive for some k «€ [0,1). 


Then 
(i) either the equation x = g(x) + f(x) has a solution in U, or 
(ii) there exist x ¢ OU and A € (0,1) such that x = Af (x) + Ag(x/A). 


Proof. By (c), we know that II := (I - g) }f : U — X is well defined (see the proof of 
Theorem 7.12.11). Since (I — gy? is continuous, it follows from (b) that I is ws-compact. 
Further, Proposition 7.8.2(a), together with equation (7.33) and the properties of w(-), 
implies 


w(I(U)) < w(f(U)) + kw(T(U)) = kw(T1(U)) 


because f(U) is relatively weakly compact. Since k ¢€ [0,1), we have w(II(U)) < 
kw(II(U)), which is a contradiction. Hence w(II(U)) = 0 and therefore II(U) is rela- 
tively weakly compact. 

To conclude the proof, it suffices to apply Theorem 7.11.3 with p = 0 to the operator 
II and to argue as in the last part of the proof of Theorem 7.12.17. 


Theorem 7.12.19. Let X be a Banach space and let U be an open subset of X with 0 « U 

and U its closure. Let f : U > X and g : X — X be two continuous maps. Suppose 

(a) f(U) is relatively weakly compact, 

(b) f is ws-compact, 

(c) gis pseudocontractive, 

(d) I -g is g-expansive where @ is either strictly increasing or lim,_,,, @(r) = +00 and g 
is w-condensing. 
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Then 
(i) either the equation x = g(x) + f(x) has a solution in U, or 
(ii) there exist x € OU and A € (0,1) such that x = Af (x) + Ag(x/A). 


Proof. Arguing as in the proof of Theorem 7.12.6, we show that I - g invertible, (I- g)+ 
is continuous, and f(U) is contained in the domain of (I - g)1. Denote by II := I-g) 1f 
the map from U into X. Since (I - g) is continuous and f is ws-compact, we conclude 
that II is ws-compact. Using (7.33), we can write 


w(HT)) < w(fO)) + ole - gy FO) = w(g@)) < oO), 


which is a contradiction. So, we have w((I - g) ‘f(U)) = 0, and therefore (I - g) 1f(U) 
is relatively weakly compact. 

To complete the proof it suffices to apply Theorem 7.11.3 with p = 0 to and to argue 
as in the last part of the proof of Theorem 7.12.17. 


7.12.3 Krasnosel’skii-Schaefer-type fixed point theorems 


The goal of this section is to present some fixed point theorems of Schaefer type involv- 
ing two operators. 


Theorem 7.12.20. Let X be a Banach space, and let f,g : X — X be two continuous 
mappings. Suppose 

(a) f maps bounded sets into relatively weakly compact sets, 

(b) f is ws-compact, 

(c) g is nonexpansive and w-condensing, 

(d) I -g is @-expansive where @ is either strictly increasing or lim,_,,,, @(") = +00. 


Then 
(i) either Fix(f + g) #9, or 
(ii) the set {x ¢ X : x =Af(xX) +Ag(x/A)} is unbounded for A € (0,1). 


Proof. As in the proof of Theorem 7.12.6, we need to prove the existence of a fixed point 
for the operator (I-g) ‘f. Arguing as in the proof of Theorem 7.12.6, we show that Ig is 
invertible. To see that the domain of (I- gy) contains the range of f, we show that D((I- 
g)') = X. This is equivalent to (I — g)(X) = X. Since g is nonexpansive, I - g is accretive 
and continuous, and its domain is X. By Theorem 4.4.3, I - g is m-accretive. Because 
I - gis -expansive, using Theorem 6.8.1, we conclude that I — g is surjective, and hence 
(I - g)(X) = X. Consequently, (I - g) ‘f : X > X is well defined. To complete the proof, 
we only have to check that the map (I — g) +f satisfies the hypotheses of Theorem 7.9.1. 
It is clear that the operator (I - g) +f is continuous. 
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We claim that (J -— g)f is weakly compact. Let us first check that, for each S € B(X), 
we have (I - g) {f(S) € B(X). To see this, let S ¢ B(X) and x,y «€ (I - g) “f(S). There 
exist Z),Z, € S such that x = (I - g) 'f(z,), y = (I-g) f(z) and then x — g(x) = f(z,), 
y-g(y) =f(Z,). Since I - g is ¢-expansive, we can write 


(IIx -yll) < I(x - gO) -(y-g())| 
= | (21) -f (Z2)|| 
< diam(f(S)) < +00. 


If (I - g) {f(S) is not a bounded set, there exist two sequences (Xn)new and (Vp)new in 
(I - g) *f(S) such that |x, —y,l| > +co as n > +00. Hence, 


P(IXn —Ynll) < diam(f(S)). 


If @ is such that lim,_,,,, @(7) = +oo, then necessarily diam(f(S)) = +00, which is a 
contradiction. 

Otherwise, if ¢ is strictly increasing, then ¢ has an inverse @! on [0, +oo[, which is 
strictly increasing as well. Then 


IX, —Ynll < @ -(diam(f(S))) < +00, 


which gives another contradiction. Hence, in any case, the set (I - g)f (S) is a bounded. 
Suppose that (IJ — g)? o f(S) is not relatively weakly compact. Using (7.33) and the 
properties of w(-), we get 


w((I- g) “f(S)) = w(f(S) +g - 8) ‘F(S)) 
< w(f(S)) + w(g oI -g) 'f(S)) 
= w(g(I - g) 'f(S)) 
< w((I - g) 'f(S)); 


which is a contradiction. Hence w((I - g)‘f(S)) = 0 and therefore the set (I - g) “f(S) 
is relatively weakly compact. So, (I — g) {f maps bounded sets into relatively weakly 
compact ones, that is, (I — g) +f is weakly compact, which proves our claim. 

Moreover, using of the same arguments as in the proof of Theorem 7.12.6, we see 
that the operator (I - g) “f is ws-compact. 

Hence, (I - g) 'f satisfies the hypotheses of Theorem 7.9.1, so we have 
(i) either (J - g) }f hasa fixed point in X, or 
(ii) the set {x ¢ X : x =A(I-g)'f} is unbounded for A € (0,1). 


It is clear that, if assertion (i) is satisfied, then f + g has a fixed point in X. Conversely, 
if assertion (ii) is satisfied, then, since the equation x = A(I - g) 'f is equivalent to x = 
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Af (x) + Ag(x/A), we conclude that {x € X : x = Af(x) + Ag(x/A)} is unbounded for A € 
(0,1). 


Remark 7.12.8. In assumption (d) of Theorem 7.12.20, we have imposed that @ is either 
strictly increasing or that lim,_,, 6(r) = +co because otherwise we cannot guarantee 
the boundedness of the set (J — g) 1f(S) whenever S is a bounded subset of X. 


Corollary 7.12.10. Let X be a Banach space, and let f,g : X — X be two continuous 
mappings. Suppose 

(a) f maps bounded sets into relatively weakly compact sets, 

(b) f is ws-compact, 

(c) gis aww-compact separate contraction. 


Then 
(i) either Fix(f + g) #9, or 
(ii) the set {x « X : x = Af(x) + Ag(})} is unbounded for A € (0,1). 


This corollary is a consequence of Theorem 7.12.20 and Proposition 7.8.2(c) since 
separate contractions are, in particular, nonlinear contractions. Moreover, if they are 
ww-compact, then, by Proposition 7.8.2(c), they are w-condensing. 


Theorem 7.12.21. Let X be a Banach space, and let f,g : X — X be two continuous 

mappings. Suppose 

(a) f is ws-compact and w-k-contractive for some k «€ [0, 1), 

(b) gis anonlinear contraction with ®-function @ such that, for allr > 0, d(r) < (A-k)r 
and lim,_,,o.(r — (1) = +00, 

(c) g is ww-compact. 


Then 
(i) either Fix(f + g) #9, or 
(ii) the set {x « X : x = Af(x) + Ag(%)} is unbounded for A « (0,1). 


Proof. We know that, under the hypotheses of the theorem, the map (I - g)* is well 
defined and continuous from X into itself. Further, the continuity of (J - g)! and the 
fact that f is ws-compact imply that II = (I - g) ‘f is ws-compact. 

We claim that II maps B(X) into itself. Indeed, for any set S € B(X) andu,v € (I - 
g) +f (S), there exist x,y in S such that u = (I - g) }f(x) and v = (I - g) f(y), or again 
u-g(u) =f(x) and v - g(v) = f(y). Since S bounded, assumption (b) allows writing 


lu — vil — (Iu — vil) < [FCO -f(y)|| < diam(f(S)) < +00. 
If II(S) is not bounded, then there exist two sequences (U,)nen and (V_,) nen Such that 


lim |lu, —v,|| = +00. 
jum. il n nll ox 
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Using again assumption (b), we obtain |, — v,| — 9(|[U, — Vall) > +00. This contradicts 
the fact that diam(S) < +oo. This proves our claim. 

Let S € B(X) be such that w(S) > 0. Using (7.33), we obtain II(S) ¢ f(S) + g(IK(S)). 
Moreover, Proposition 7.8.2(b) implies that w(g(II(S))) < @(w(II(S))). Using the fact f is 
w-k-contractive, we obtain 


w(II(S)) < w(f(S)) + w(gIl(S)) < ke(S) + P(w(I(S))) < ka(S) + 1 — k)w(I(S)). 


Hence w(II(S)) < w(S), and therefore IT is w-condensing. 
To complete the proof, it suffices to apply Theorem 7.9.1 to the map II and to argue 
as at the end of the proof of Theorem 7.12.20. 


Theorem 7.12.22. Let X be a Banach space and let f, g : X — X be two continuous map- 

pings. Suppose 

(a) g is pseudocontractive and I - g is ¢-expansive where yp is either strictly increasing 
or liM,_, 469 P(r) = +00, 

(b) gis aw-k-contractive for some k « [0,1), 

(c) f isa w-s- contractive for some s € [0,1-k), 

(d) f is ws-compact. 


Then 
(i) either Fix(f + g) #9, or 
(ii) the set {x ¢ X : x =Af(x) + Ag(x/A)} is unbounded for some A «€ (0,1). 


Proof. Arguing as in the proof Theorem 7.12.11, we show that (I — g)~* is well defined 
and continuous from X into itself. Since f is ws-compact, the map (I - g) 'f is also ws- 
compact. Let S be bounded subset of X such that w(S) > 0. Using (7.33), we can write 


w((I - g) “f(S)) < w(f(S)) + w(g( - g) “f(S)) 
< sw(S) + kw((I - g)'f(S)), 


and therefore w((I - g) “f(S)) < 7,w(S). Since s < 1- k, we conclude that (I - g)"'f is 


w-condensing. Finally, applying Theorem 7.9.1 to the operator (J - g) ‘f and arguing as 
at the end of the proof Theorem 7.12.20, we derive the desired result. 


Theorem 7.12.23. Let X be a Banach space, and let f and g be two mappings from X into 
itself: Suppose 

(a) f maps bounded sets into relatively weakly compact sets, 

(b) f is ws-compact, 

(c) gis pseudocontractive and w-condensing, 

(d) I -g is @-expansive where @ is either strictly increasing or lim,_,,,, @(") = +00. 


Then 
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(i) either Fix(f + g) #9, or 
(ii) the set {x ¢ X : x =Af(x) + Ag(x/A)} is unbounded for some A «€ (0,1). 


Proof. Following the proof of Theorem 7.12.22, the map II := (I - g) if : X > X is well 
defined and ws-compact. Let S be a bounded subset of X such that w(S) > 0. As in the 
proof of the preceding theorem, the use of (7.33) implies 


w(II(S)) < w(f(S)) + w(gII(S)) = w(gI(S)) < w(II(S)), 


which is a contradiction. Hence w(II(S)) = 0, and therefore the set II(S) is relatively 
weakly compact. To conclude the proof, it suffices to apply Theorem 7.9.1 to the map II 
and argue as at the end of the proof of Theorem 7.12.20 to derive the desired result. 


7.13 Bibliographical notes 
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noncompactness [148] and the Hausdorff measure of noncompactness [118]. We present 
further the notion of a Lipschitz mapping with respect to a measure of noncompactness 
and give some results of Darbo—Sadovskii type. Theorem 7.3.1 is due to G. Darbo [73]. 
Proposition 7.3.8 is due to D. Ariza-Ruiz, J. Garcia-Falset [22], and it generalizes Propo- 
sition 7.3.7 [183]. Proposition 7.3.8 was used by D. Ariza-Ruiz and J. Garcia-Falset to es- 
tablish Theorems 7.3.2, 7.3.3, and 7.3.4, which provide extensions of Darbo fixed point 
theorem [22]. Theorem 7.3.5, due to V.N. Sadovskii [210], is a generalization of Darbo 
fixed point theorem. The concept of u-quasicondensing maps is introduced in [22], and 
it is used to establish Theorems 7.3.6 and 7.3.7 [22] which generalize Sadovskii fixed point 
theorem. 

In Section 7.4 we give some fixed point results for mappings f such that I — f is 
@-expansive. Most of these results come from the paper [108]. 

The results of Section 7.5 are classical and deal with Tychonoff fixed point theorem 
(generalization of Schauder fixed point theorem to Hausdorff locally convex topological 
vector spaces). Proposition 7.5.1 may be found in [68]. Based on this result, S. Cobzas [68] 
established Corollary 6.3.2, which is a more general form of the Brouwer fixed point the- 
orem. Theorem 7.5.1 is due to Tychonoff [230]. To prove Tychonoff theorem, we followed 
the exposition of S. Cobzas [68]. Excellent proofs and a lot of information concerning this 
result may be found in the book by N. Dunford and J. T. Schwartz [89, Section V.10] and 
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in Chapter 3 of the book by R. E. Edwards [92]. Proposition 7.5.2 is due to D. O’Regan [193]. 
It shows that in metrizable, locally convex topological vector spaces there is an equiva- 
lence between weakly sequentially continuous mappings and weakly continuous maps. 
Based on Proposition 7.5.2 and Eberlein-Smulian theorem, O. Arino, S. Gautier, and J.P. 
Penot [21] established Theorem 7.5.2, which is the formulation of Tychonoff fixed point 
theorem for weakly sequentially continuous mappings. Theorem 7.6.1 is the Tychonof- 
type theorem for ws-compact mappings, which was obtained in [159], and Theorem 7.6.2 
is due to J. Garcia-Falset [99]. For the axiomatic definition of the measure of weak non- 
compactness, the reader is referred, for example, to [26, 28, 29]. 

In Section 7.6 we discuss fixed points results involving ws-compact an ww-compact 
mappings. These two classes of operators were introduced in [159]. Theorem 7.6.1, es- 
tablished in [159], is a generalization of Schauder fixed point theorem to ws-compact 
operators. Theorem 7.6.2, established in [99], is a sharpening of Theorem 7.6.1. Theo- 
rem 7.6.3 may be found in [236]. Theorem 7.6.4 and its corollaries using ws-compact an 
ww-compact operators were established in [1]. 

Section 7.8 deals with the axiomatic definition of the measure of weak noncompact- 
ness on Banach spaces and mappings which are contractive with respect to a measure 
of weak noncompactness. The measures of weak noncompactness of F.S. De Blasi [75] 
(see also [93]) and that of J. Banas and Z. Knap [27] were introduced as examples of mea- 
sures of weak noncompactness. Proposition 7.8.1 is a rewriting of Darbo and Sadovskii 
theorems in a Banach space equipped with its weak topology. Theorem 7.8.1 is the ana- 
logue of Proposition 7.8.1 for weakly sequentially continuous mappings. Assertion (a) is 
from D. O’Regan [189] and assertion (b) was obtained by J. Garcia-Falset and K. Latrach 
in [101]. Theorem 7.8.2 is the analogue of Theorem 7.8.1 for ws-compact operators. Asser- 
tion (a) was obtained in [159] and assertion (b) was taken from [103]. Theorem 7.8.4 was 
taken from J. Garcia-Falset [98]. Theorem 7.12.16 and its corollaries were taken from [1]. 
Theorems 7.8.4 and 7.8.5 were obtained respectively in [98] and [108]. Theorem 7.8.6 is 
a fixed point theorem on WC-Banach algebras, and is taken from [30]. 

In Section 7.9, we present two results of Schaefer type for ws-compact mappings. 
Our results are from [5]. 

In Section 7.10 we give a fixed point result for weak power condensing mappings 
with respect to a measure of weak noncompactness. Our results are from [5]. 

In Section 7.11, we give some nonlinear alternatives of Leray-Schauder type involv- 
ing the weak topology. Theorem 7.11.2 is due to J. Garcia-Falset and K. Latrach [101], and 
Theorem 7.11.3 may be found in [83], while Theorem 7.11.4 is from [5]. 

In Section 7.12, we present numerous fixed point theorems of Krasnosel’skii type 
using the weak topology for various kinds of perturbation in bounded and unbounded 
subsets of Banach spaces. To write this section, we used, among others, the following 
works [1, 30, 35, 55, 101, 103, 158, 159, 228, 235]. 


8 Solvability of nonlinear boundary value problems 


This chapter aims to present some examples of nonlinear operational equations to illus- 
trate the field of applications of the results presented in Chapters 6 and 7. It seems useful 
to propose a complete study of some nonlinear integral or integro-differential equations 
such as Hammerstein’s equations, equations arising in neutron transport equations, or 
other types of equations which motivated a lot of abstract results on fixed point theory 
(see, for example, [4, 12, 13, 41, 55, 83, 98, 101-103, 109, 156, 158, 159, 235]). Although an 
abundant literature concerning these equations exists (dispersed in various sources), 
the examples constituting this chapter are recent. 


8.1 A Dirichlet problem 


Let us assume that Q is an open bounded domain in R” with smooth boundary 0. We 
will further assume that 


p< C(R)NC'(R\ {0}), p(0) = 0, 
and there exist C > 0 and y < R* with y > 1 such that 
p'(r)>C\r|’* for eachr € R \ {0}. 


On the other hand, consider a Carathéodory function f : 2 x R — R such that 
If (s,x)| < a(s) + b|x|, where a € LQ) and b > 0. Then, according to Theorem 1.15.1, 
its superposition operator NV; : L(Q) — L\(Q) is continuous. We study the existence of 
solutions in L1(Q) for the Dirichlet problem 
Ap(u(x)) - Au(x) = f(x, uy), x €Q, (8.1) 
p(u(x)) = 0, xX € AQ. ; 


Remark 8.1.1. The above ® denotes an open bounded domain in IR”. We consider the 
differential operator 


0 ou re) 
Lu= 2 2y (a) =) + » ax, (aju) + au, 


where aj, a; € c1(Q), a € L®(Q), 


0a; 
a>0, a+) —'>0 ae, 
as 


and for some positive constant a, 
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Y aySi§ >alg’ aeé= (Bice) eR 
ij 


If we take 
D(A) = {u € Wy" (Q) : Lue L'(Q)} 


where Lu is understood in the sense of distributions and define Au = Lu for u € D(A), 
then A is an m-accretive operator in L'(Q) and ¢-expansive, since there exists D > 0 such 
that 


Dilullys < Aull (8.2) 


for each u € D(A) (cf. [49, Theorem 8]). Hence one can take ¢(t) = Dt. Now, by using 
Remark 6.8.1, we can conclude that the operator A! :1'(Q) > D(A) exists and is con- 
tinuous. Thus, by Proposition 6.8.2, we can guarantee that A‘ is m-accretive. 


Theorem 8.1.1. For each A > 0, Problem (8.1) has a solution in L'(Q). 


Proof. Following [32, p. 117] (see also [49]), the operator 


D(P) = {ue L'(Q) : pu) € Wy"(Q), Ap(u) € L'(Q)}, 
P(u) = Ap(u), ue D(P), 


is m-dissipative. Now, let us consider the following operator: 


D(Q) = {ue Wy"(Q) : Au € L'(Q)}, 
Q(u) = Au, ue D(Q). 


From Example 8.1.1 we know that Q is m-dissipative, d-expansive, and therefore its in- 
verse operator 


Q': L'(Q) > D(Q) 


exists and is continuous. 
We claim that the superposition operator defined by 


§:L(Q) > LQ), ur S(u)(x) = p (ua), 


is well defined and continuous. Let us observe that p? € C(R), and there exist ky > 0 
and k, € R such that 


al: 
lo *()| < kolvl? + ky, 
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for each v € R. This, along with the facts that y > 1 and Q is bounded, allows us to 
obtain, by Holder inequality, that if u ¢ L1(Q), then S(u) € L*(Q). This shows that S is 
well defined. 

In order to obtain the continuity of S, we argue as follows. Let (U;,) nen be a sequence 
in L1(Q) which converges to a vector u in L'(Q). We have to prove that lim, _,,, S(Up) = 
S(u). We know that, given a subsequence (Un, cen Of (Un)nen, there exists a subsequence 
(Un, jew Of (Un, ker SUCH that 
(a) Ux, (X) — u(x) a.e. on Q, 

(b) [uj 0)| < hOd) for all s  N anda.e. on Q with h € L'(Q). 


Because p ‘ € C(R), it is clear that 
p'(uy,(x)) -p(u(x)) 90 aeonQ. 
On the other hand, 
[0 "(uy,0)] < Koltty, 20]? + hy < ke|AOO|? +k, ae. ono. 


By Holder inequality, the right-hand side of the above inequality is an integrable func- 
tion, hence, applying the Lebesgue dominated convergence theorem, we conclude the 
continuity of S. As a consequence of the above facts, we may introduce an operator T 
defined by 


T:1L'(Q) > LQ), uv T(u) = S(Q"(w). 


Now, we will see that T(u) € D(P) for every u € L'(Q). Indeed, we know that T(u) € L(Q) 
and have p(T(u)) = Q-1(u) € D(Q). Hence 


p(T(u)) € Wy(Q) and Ap(T(w) € L'Q), 


ie., T(u) € D(P). 

The above argument says that T is the inverse operator, in L'(Q), of P. By Proposi- 
tion 6.8.2, we may assert that T is m-dissipative on L'(Q). 

The operator T is ws-compact. Indeed, if (x,,)nen is a bounded sequence of L'(Q), 
from (8.2), we deduce that (Q-1(x,))new is a bounded sequence of W*!(Q). Because the 
embedding W?1(Q) — L1(Q) is compact, the set {Q-1(x,) : n € NN} is relatively com- 
pact in L1(Q). Thus the sequence (Q71(X,)) new has a strongly convergent subsequence 
(Q(X),)) xen: Using the continuity of S, we conclude that (T(Xp,)) ken 1S a strongly con- 
vergent sequence in L'(Q). This shows that T is ws-compact. 

To find a solution to problem (8.1), it suffices to show that the operator defined by 


K: LQ) > LQ), we K(u) = AT(u) + N;(T(u)) 
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has a fixed point since if u is a fixed point of K, then v := T(u) is a solution of prob- 
lem (8.1). We may argue as follows. Since A is a continuous mapping, we infer that 
Ny eT is a ws-compact operator. It transforms bounded sets into relatively compact sets. 
Accordingly, the operator K : L1(Q) — L}(Q) is continuous and ws-compact, and so 
transforms bounded sets into relatively compact sets. 

In order to conclude, via Theorem 7.6.2, it is enough to check that there exists R > 0 


1 
such that K(Sp) © Bp. Indeed, since ip *(v)| < Kolv|’ + k,, for each v € R, we get 


[T(uCx))| < ky] Q*(uoo) |” + ky, 


for every u € L'(Q). Therefore, by using Holder and (8.2) inequalieties, it is not difficult 
to see that there exist M,s > 0 such that, for every u € L'(Q), the inequality 


1, 
|ATull, < Mijullt!” +s 


holds. Next, using the fact that |f(s,x)| < a(s) + b|x|, we get that, for every u € L'(Q), 
there exist L,, L, > 0 satisfying 


[N-(Tw)f, < lay + |Z < Wa, + Label!” + Lo 
If we assume that lull = R, since 


_ flay + (L, + MR’ +L, +5 ot ae 
jinn, OR tat =1,+M and lim R''” = +00, 
Roo Ruy R>oo 


we may find Ry > 0 such that 


lal, + (Ly + MR’ 4,45 4. 
1 1 0 2 1-1/y 
iy < Ry 
R 
0 


1 
and, consequently, ||a||; + (L1+M)Rj +L) +s < Ro. The preceding calculations with R = Ro 


show that K(Sp,) ¢ Br,, which ends the proof. 


8.2 Existence results for a nonlinear functional integral equation 


In the present section, we are concerned with the solvability of the following quite gen- 
eral nonlinear functional integral equation: 


C(t) = A(s C(t), | k(t, s)u(s, [(s)) as), t € Q, (8.3) 
Q 


in L(Q,X), the space of Lebesgue integrable functions on a measurable subset Q of R” 
with values in X. Here, f : QxXxX — X andu: 2xX — Y are given nonlinear functions, 
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while X and Y are two finite-dimensional Banach spaces. The kernel x is measurable 
on Q x Q and such that, for each t € Q, the functions — x(t,s) belongs to L™, and 
the Hammerstein integral operator K generated by the kernel x(., -) is continuous from 
L'(Q, Y) into L'(Q,X) 


We will assume that the functions involved in equation (8.3) satisfy the following 


conditions: 


(H1) 


(H2) 


(H3) 


u:Qx xX — Y isa Carathéodory function, and there exist a function a(-) € L1(Q) 
and a constant b > 0 such that ||u(t, x)|ly < a(t) + Dlxlly. 

The function k : Q x Q > L(Y,X) is strongly measurable, where L(Y, X) refers to 
the space of linear bounded operators from Y to X. 

For each t € , the function 


p(t): 2— L(Y,X), sh p(t)(s) := k(t, s) 
belongs to L™(Q, £(Y, X)), and the function 
p:Q2>L(Y,X), tr p(t), 


belongs to L1(Q, L(Q, £(Y,X))), which we denote (for short) simply by L1(Q, L®). 


(H4) f :QxXxxX — X isa Carathéodory function, and there exist a function g(-) € L}(Q) 


(HS) 


(H6) 


and two positive real numbers a, f such that 


F(ExO. VO) < 8O + axOlly + BlyO| 


Xx? 


for any x,y € L(Q,X). 

a+bDB\K\||+\lg|| < 1ifg # 0; otherwise a+ bB||K|| < 1, where ||K|| denotes the norm 
of the linear operator K generated by the function x(., -). 

There exists a continuous and nondecreasing function @ : R* > R* with g(r) <r 
for r > 0 such that 


fire X1(t), yi(t)) — f(t, X2(0),y2(t)) |] y dt < (Ixy - Xgl), 


Q 


for any X;,X_ € EG X) where y(t) = lo k(t, s)u(s, 2(s)) ds with z(-) € By» and rp 
satisfies 


yr > WL BK 
1— a — DBIKI 


We note that equation (8.3) may be written in the abstract form 


X = F(x, Ax), 


where F is the superposition operator associated to f (F = Nj): 
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F: 1(Q,X) x L(Q,X) > L‘(Q,X), 
(Gy) FOGY):2>X, FOy)(t) =f(6x,yO); 
and A := K e Ni, appears as the composition of the superposition operator associated to 
u with the linear operator defined by 
K:L(Q,Y) > L(Q,X), 
pokp:25X; Ky(t)= | K(t,s)B(s) ds. 
Q 


Our next task is to prove that the nonautonomous superposition operator Vy ° A 
has a fixed point in L1(Q, X). Before starting to prove the solvability of equation (8.3), we 
give some remarks. 


Remark 8.2.1. 
(1) We note that assumptions (H2) and (H3) lead to the estimate 


|[x0e.91818) 5] < LoOla.co.2n Whar 
Q 


and so 


IKOlex = {lI K(t, 8)(s) ds 
Q 


Q 


dt < Ilpll@2°) “IPlixoy> 
X 


for any ¢ € L\(Q, Y). This shows that the linear operator K is continuous. Next, using 
Theorem 1.7.1, we conclude that K is weakly continuous from L1(Q, Y) into L1(Q,X) 
and that |IK|l < Ilplli,r~)- 

(2) Considering the space X x X with the norm a||x|ly + Bllylly for the product topology 
and using Theorem 1.15.2, we can see that assumption (H4) implies that the superpo- 
sition operator Vy is continuous and maps bounded sets of L'(Q,X) x L'(Q,X) into 
bounded sets of L'(Q,X). 


Lemma 8.2.1. Let X, Y be two finite-dimensional Banach spaces and let 2 be a bounded 
domain in IR. Ifu: Qx X > Y satisfies (H1), then N,, is a ww-compact operator. 
Proof. According to (H1), for any measurable subset D of 2, we have 

Jee BO)Iy = [IMO < [ace de sb [Jp] ae 

D D D D 


This, together with (7.17), leads to 


w(N,,(S)) < bw(S) (8.4) 
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for any bounded subset S of L1(Q;X). Next, let (,,) nen be a weakly convergent sequence 
of L'(Q;X). Using (8.4), together with Proposition 7.7.2(4), we infer that w({V,,(W,) :n € 
N}) = 0. This shows that the set {V,(W,) : n € N} is relatively weakly compact in 
LQ; Y), which ends the proof. 


Theorem 8.2.1. Let X and Y be two finite-dimensional Banach spaces, and let 2 be a 
bounded domain of IR". If the hypotheses (H1)—(H6) are satisfied, then problem (8.3) has at 
least one solution x(-) € L'(Q,X). 


Proof. Define the operators A and F as follows: 


(Az)(t) := | xe syu(s,2(9) ds, F(x,y)(t) := f(t, x(t), y(t). 


Q 


It is clear that any solution of problem (8.3) is a solution to the fixed point problem 
X = F(x, Ax), and conversely. So, to solve problem (8.3), we only have to check that the 
assumptions of Theorem 7.6.3 are all fulfilled. 

The proof is divided into several steps: 

(i) By Remark 8.2.1, the operators 


A:L(Q,X) 3 L(Q,X) and F:L(@,X)xL'(Q,X) > L(Q,X) 


are well defined and continuous. 
Let S be a subset of L(Q,X ) and let M > 0 be areal number such that S c By. For 
all w € S, we have 


|Ay(c)|| < PO.» eary Willney 
< oO, cecx,yy (llall + bIPlIz¢0,x)) 
< [POl|o-@cx,yy (llall + DM). Bs) 


We claim that the operator A is ws-compact. To see this, let (W,) cy, be a weakly con- 
vergent sequence in L'(Q,X). According to Lerma 8.2.1, \V,, is ww-compact, hence the 
sequence (N;,),)nen has a weakly convergent subsequence in L(Q, X), say Nutr, ken 
Let 1 be the weak limit of (VY, )xen- Bearing in mind the boundedness of the function 
K(t,-) = p(t), we get 


(Ay, )(t) = kc s)U(S, Wp, (S)) ds > kc s)n(s) ds. (8.6) 


Q Q 


Hence, (8.5) and (8.6) allow us to apply the dominated convergence theorem to con- 
clude that the sequence (Ap, )xen Converges in L'(Q,X). This proves our claim. Hence 
assumption (a) of Theorem 7.6.3 is satisfied. 

(ii) For any y ¢€ A(B,,), there exists a sequence (Z,)nen C B,, such that 
A(Z,) = y. By the continuity of F and (H6), we obtain that 


lim 


N—+00 
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|FOq.y) - FOq,y)| = lim I/F Cq AG@n)) - F(X, AZ) 


= lim, [irexco. (Az,)(t)) ~ f(tX2(t), (AZn)())||x at 


Q 


< P(IIx, — Xall), 


for all x1, X» € L(Q,X). 

Hence assumption (b) of Theorem 7.6.3 is satisfied. 

(iii) If there exists x € L(Q,X ) such that x(t) = f(t, x(0), (Az)(0) for z € B,,» then by 
(H4) we have 


(t,x(t), (Az)(O))Ily < 8 + alx(Oly + BI AZO 
< g(t) + ax(O)|y + BIKIMZO]ly 
< g(t) + a|x(t)||y + BIKI(a(t) + bl|z(o)||y). 


f| 


It follows that 


IIxl| = firex, (Az)(t))|]y < gil + allxl| + BIKI(Ilall + Dilzil), 
Q 


which implies 


Ix < Q- a) “(gil + BIKIllall + BIKIIZI) 
< (1- a) “(gil + BIKIlall + BIK Io) 


ees 


since, by (H6), we have |lg|| + BIIK|lllall < ro(1 — a — bB||K|]). Thus, we obtain that x ¢€ B,.. 
(iv) Let Py := B,,> and let 


Py i= eof € L'(Q,X): x(t) = fax, | k(t, s)u(s, z(s)) as), Ze Pratl. 
Q 


It is clear that P, (n = 0,1,2,...) are all nonempty, closed, convex sets, and therefore 
they are weakly closed. Moreover, we have P; c B,, = Po from step (iii). Hence, by 
induction, we may infer that P, ¢ P,_; for alln « N. 

On the other hand, for each ¢ > 0 and a nonempty measurable subset D c Q such 
that meas(D) < €, we know that for any z € P,,_, and x € P,, if 


x(t) =f(ex, | K(t, s)u(s, Z(s)) as), t € Q, 


Q 
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then 


dt 
xX 


| boo dt = Mic x(t), | k(t, s)u(s, 2(s)) as ds 


D Q 


< [lgcolae+a [colac+ piKi( | a(t) at +b {200 at), 
D D D 


D 
hs le(o)|| at + BIKICS, a(t) dt +b i \|z(0)|| dt) 
l-a . 


[bola < 


D 


Since sets consisting of one element are weakly compact, the use of formula (7.17) leads 
to 


Lim sup( [gly dt : meas(D) < e) =0 
€-0 
D 


and 


lim sup( [lay dt : meas(D) < e) =0. 
€0 D 
Consequently, we have 
lim sup( | |x(t)||y dt : meas(D) < e) 
€0 
D 


< (1— a) ‘bB||K||| lim sup( sup lel dt : meas(D) < e). 
€>0 ZEPr1 D 
So, plugging into formula (7.17), we conclude that 


W(Pp) < AW(Py1) WwithA = (1- a) bBIIK\. 


Thus, from (H6) we have that A < 1. 
Next, using the latter inequality we obtain 


W(Pp) < AW(Pp1) < +++ <A"wW(Po) forne N, 


and therefore lim, _,,..o @(Pn) = 0 Setting P = (17°25 Pp, Proposition 7.7.5 guarantees 
that P is a nonempty, weakly compact subset of L'(,X). Moreover, we infer that, for 
any z € P,if x = F(x,Az) holds, then x ¢ P. Now assumption (c) of Theorem 7.6.3 is 
satisfied, which ends the proof. 
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8.3 Anonlinear transport equation with delayed neutrons 


8.3.1 Introduction 


This section deals with the existence of solutions to the following nonlinear boundary 
value problem which involves a multidimensional transport equation with delayed neu- 
trons in a bounded spatial domain. More precisely, we shall discuss the existence of so- 
lutions to the nonlinear boundary value problem 


V- Vyfo(X V) + 0(X, Vv, fo(% V)) + Afo(X% Vv) 
= [ee Ko (XV, V')O9(x, Vv’, fox v’)) du(v’) + ye Aix v) f(x, v), (8.7) 
Aif;(x, v) = foe K(X V, VO (x, fox v’)) du(v’), 1<i<d, 


where (x,v) € D x V. Here D is a smooth open bounded subset of RY and uC) isa 
positive Radon measure on R™ with support V. The function f) represents the neutron 
density, f;(x, v) represents the density of the ith group of delayed neutron emitters and 
{A;,1 < i < d} are radioactive decay constants [168]. The functions o(.,-,-) and K;(-,-,-) 
are called, respectively, the collision frequency and the scattering kernel, which are, in 
general, nonlinear functions of fp, while 8;(x,v), i = 1,2,...,d, are essentially bounded 
functions which denote physical parameters related to the ith group of delayed neu- 
trons. The maps @,, i = 0,1,...,d are nonlinear functions of the density of neutrons, fp. 
The boundary conditions are modeled by 


for. = 9; (8.8) 


where for_ is the restriction of fy to T_, with T_ being the incoming part of the phase 
space boundary. 

For the physical meaning of the problem, we refer to the introduction of Section 5.3 
and the reference therein. 


8.3.2 Notations and preliminaries 


Let D be asmooth, open, bounded subset of IR and let y be a positive Radon measure 
on R™ supported by V (we recall that D denotes the set of particle positions and V is the 
set of admissible velocities). For the reader convenience, we recall the functional setting 
of the problem which was already introduced in Section 5.3.1. 

The boundary of the phase space is written as 0D x RN := T_UTI,, where 


T_ = {(x,v)€aDx RY: v-v, <0} and TI, = {(x,v) €dDx RY: v-v, > Of, 


where v, stands for the outer unit normal vector at x € oD. 
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In the remainder of this section, for 1 < p < +00, we use the notation 
L?(D x V) := L?(D x V;dxdu(v)), L(V) := L?(V;du(v)). 
We now introduce the following functional space: 
W,(D) = { € LP(D x V) such that v- V,p € LP(D x V)}. 


It is well known (cf. [56, 57, 74] or [121]) that any function in W,(D) possesses a trace 


Pr, onT, belonging to Trine ss |v.v,|dy, du(v)), where dy, denotes the Lebesgue mea- 


sure on oD. In applications, suitable L’-spaces for traces on’, are 


L* = LP(T,3|v- vyldy, duv)). 


+ 
“e 
So, we define the set 

W,(D) = {Pe Wp: yr € Lp}. 


It is well known that if p ¢€ W,(D) and Wir. € Ly» then Wr, € Lp and vice versa 
[56, 57, 121]. More precisely, we have the identity 


W,(D) = {Pe Wp: yr. € Lp} = {he Wy: Wr, € L5- 
Define the free streaming operator T 


i :D(T) ¢ L?(D x V) > LP(D x V), 
T(x, v) = -v- V, W(x, Vv) 


with domain 
D(T) = {f € W,(D) such that yyp_ = Of. 


In the rest of this section, we will use the following notation. For any real number T, we 
set 


C, = {Ae Csuch that Red > 7}. 


Let X be a Banach space and let X* be its topological dual. We recall that the normalized 
duality map of X (see Section 1.10) is the mapping J : X > 2* ” defined by 


JX) = {x* €X* s(x", x) = |x? with |x" |] = [lh 


A linear operator A with domain and range both in X is called dissipative if, for 
every x € D(A), there exists x* € J(x) such that Re(Ax, x") < 0. In other words, the 
operator A is dissipative if and only if —A is accretive. 
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Let (Q, Yu) be a measure space and consider the Lebesgue space L1(Q, ¥, du). It is 
well known that, for w € L'(Q, ¥, du), we have 


IPlisgn(p) € Jy). 


So, to prove the dissipativity of the operator A (defined on L1(Q, ¥,, du)), it suffices to 
show that Re(Ay, sgn()) < 0 for all p € D(A) where 


1 when (x) > 0, 
sen(w)(x)= 40 wheny(x) = 0, 
-1 when (Xx) < 0. 


The following observation is required below. For any ) € D(A), we have 


(Ilisgn(p), p) = | tlisen~eopen dx = Ih: | senvycoven dx 


Q Q 


= Wh, [poo] a = Hw 


Q 


Hence, for any w € D(A), we have 


Iwllt = (blisen(h), p). 
Lemma 8.3.1. Let 1 < p < +oo. Then, for any A € Co, we have 


1 


12-1) hson $e 


Proof. We shall first show that T is dissipative on X, with 1 < p < +oo. To do so, consider 
w € D(T), and then 


(Tp, lyP2p) = | WP WV - Vep)(x, v) de du(v). 


DxV 


Taking into account the fact that v- V,(\Wl?) = piv? wv - V,b, we may write 


(Tp, WP) =) | v- Vy (WI?) dx du(v) 


DxV 


1 
fe | [plPv- vy dy, du(v) 
oDxV 


= [br Nyy ~ Wr bay] =e, ban 0. 
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Consider now the case p = 1. We note that 


(Ty, sgn(p)) = = | v¥WEe vsgn(B)GKv) ae dutv) 


DxV 

ae | vV,(|W(x, v)|) dx du(v) 
DxV 

== | Ilr, ayo daw) 
oDxV 

= [br ll - Yr, la 

= -Pr, lla = 0. 


Hence, T is dissipative on L?(D x V) for1 < p < +o. 
Let  € D(T;;) and set 9 = Ap - Ty\. Using the equality Re Al|pl|? = Re[A(w, w*)], we 
see that 


Re Allllzocpxvy < Re[ (AY, W")] < Re[ (AY, ¥*)] - (Tu. ¥*) 
= Re(Ap — Ty") 
< IOllzecox) |W llecoxw- 


‘ : lll? cox 
This shows that, if A € Co, then |[fllzo~0.v) < —~2™ and therefore 


y 1 
|A-T) learoxw) = Tar 


Before going further, let us define the dual operator of T. By standard duality argu- 
ments, we see that T* is given by 


T* : D(T*) ¢L4(Dx V) > LUD x V), 
T* W(x, Vv) = v- VyW% v) 


with domain 
D(T") = {f € W,(D) such that pyr, = O}, 


where gq is the conjugate exponent of p. 


8.3.3 Regular collision operators 


The physical collision operators, used in nuclear reactor theory for all types of modera- 
tors (gas, liquid, or solid), are in general integral operators with respect to velocities of 
the form 
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LP(D x V) 3 @ & (KO)(x% Vv) = ce v,v')o(x, v') du(v’) « L?(D x V), (8.9) 
v 


where k(.,-,-) is a nonnegative measurable function. 
Note that K is local with respect to the space variable x € D. So, it may be regarded 
as an operator valued mapping from D into £(L?(V)), that is, 


Dex K(x) € L(L?(V)), 
where 


K(x): LV) 39 K(x)9 = [x(x v, v')o(v') du(v’) € LP(V). 
v 


We assume that K is strongly measurable, i.e., for every g € L?(V), 
Dax K(x)o € L(V) 
is measurable, and that D > x + ||K(X)||cqzecyy is essentially bounded. We note that 


D3Xr KOO cam) = sup LC ¢lL 


lollyp () < 


is measurable because of the separability of L?(V) (1 < p < +00). Now we define a colli- 
sion operator by 


K:L?(DxV) 3 9+ K(x)Q(x), 
where we make the identification L?(D x V) = L?(D;L?(V)). Clearly, K « £(L?(D x V)) and 
IK caroxv) $ €88 SUP yep [KO] cure): (8.10) 
To see this, we choose arbitrary separable functions 
P(X,V) = O1(X)P2(v) with 194llLo(o,axy = Walle = 1. 


Hence, for all g, € L?(D, dx) with ||@ylp(o,a) = 1, we have 


p p Ss Dp 
IK cx(oxy) 2 KOU pcony = | [KCC Lf ap 
D 


2 
= [lercoP IK ealiy & 
D 


and therefore 
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p 
IK Wecceoxvy 2 &S8 SUP xen /KOOPallrey, V2 € LP), WIPallneqy = 1 


which implies the reversed inequality 


p p 
IK ecrexv 2 88 SUP xen KO caw: 


Definition 8.3.1. Let X and Y be two normed spaces. A set C of £(X,Y) is said to be 
collectively compact if and only if the set C(B,) = {U(x) : U € C,x € Bj} is relatively 
compact in Y. 


Definition 8.3.2. Let p € (1, +00). Acollision operator K is said to be regular on L?(DxV) 
if: 
(a) {K(x): x € D} isa set of collectively compact operators on L?(V),i.e., 


{K(x)9 : x € D, |l@llp <1} is relatively compact in L?(V). 
(b) For every 9’ € L4(V), 
{K*(x)o' :x €D} is relatively compact in L(V), 


where K * (x) denotes the dual operator of K(x) and q = a (the conjugate exponent 
of p). 


The class of regular collision operators is closed in £(L?(Dx V)) and enjoys the useful 
approximation property. 


Proposition 8.3.1. The class of regular collision operators is the closure in the operator 
norm of the class of collision operator with kernels of the form 


K(x,v, Vv’) = Y aMfg(v’), (8.11) 


ieI 
with 


fel?) gel), q= ral a; € L°(D;dx) (I finite). 

Proof. It is easy to see that a collision operator with kernel of the form (8.11) is regular, 
so the closure in £(L?(D x V)) of this class of collision operators is contained in the 
class of regular collision operators. Conversely, let K be a regular collision operator. Let 
(Pa)new € L(L?(V)) be a sequence of finite-dimensional projections converging strongly 
to the identity, P,@ — 9, Vo ¢ L(V). We can construct such a sequence from a Schauder 
basis of L?(V) (1 < p < oo), for instance. Note that P,g — uniformly on compact 
subsets of L?(V), and P,K(x)g — K(x)q in L?(V) uniformly in  € B, (B, is the unit ball 
of L?(V)) and x «€ D, that is, 
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sup|K(x) — P,KO) [cary > 9- 
xeD 


In view of (8.11), the collision operator K is approximated in £(L?(D x V)) as close as we 
want by a finite-dimensional (with respect to velocities) collision operator of the form 


LPDxV) 39% Y(Kwoewete 


ieI 


where {e;,i € I} is a basis of the finite-dimensional range of P, and {e/,i € I} is the dual 
basis in L"(V), 


1 ifi=j, 
(ei, e;) = : 
0 otherwise. 


Note that the finite-dimensional collision operator is of the form 


LPDxV) 39% )(9W),K' (wee = > | e,(v)e;(x, v’ (x, v’) du(v’), 
ieI iel y 


where 
@(x,v') = K'(x)e; € L°(D; L?(V)). 
In view of (8.3.2), 
{K'(x)e}: x €D} is relatively compact in L4(V) 


and, consequently, @;(x, v’) can be approximated in L°(D; L?(V)) by degenerate func- 
tions of the form 


2, 9/0080) a; €L™(D), Bj LV) (J finite). 
JE 


This ends the proof. 


We point out that, for p = 1, there is a more appropriate definition of regular colli- 
sion operators. 


Definition 8.3.3. Let K be an operator defined by (8.9) on L\(D x V). We say that K is a 
regular collision operator if 


{k(x,-,v’) : (x,v’) € Dx V} 


is a relatively weakly compact subset of L'(V). 
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Remark 8.3.1. Obviously Dunford—Pettis criterion of weak compactness [79, Theorem 
15, p. 76] shows that if K is a regular collision operator, then |K| is also a regular collision 
operator where |K| is defined on L\(D x V) by 


b + (IK|@)(x, v) = J pecx v,v')|o(x% Vv’) du(v’). 


V 


The class of regular collision operators on L'(D x V) enjoys the following nice ap- 
proximation property. 


Proposition 8.3.2. Let K < L(L‘(D x V)) be a regular and nonnegative operator. Then, 
there exists a sequence (Ky )nen Of operators of L(L(D x V)) such that 

(a) 0< K,, <K foranymeN; 

(b) for any m € N, K,, is dominated by rank-one operator in L(L'(V)); 

(c) limp +460 IK — Kmll = 0. 


Remark 8.3.2. We note that item (b) of Proposition 8.3.2 asserts that, for any m € N, 
there exists a nonnegative function f,, € L'(V) such that, for any g € L'(D x V), 9 = 0, 


KmO(X% V) < fin(v) | (x, v') du(v). (8.12) 
RN 
Proof. According to Definition 8.3.3, 
K:L\(DxV) > LD xV), 


9 + K@(x% Vv) = ice v,v' g(x, v') du(v’), 
v 


with 


(dx @ dul) — eSs SUP yyepxv | K(x, v, v’) du(v)oo. 
v 


and {k(x,-,v') : (x,v’) € D x V} being a relatively weakly compact subset of L(V). Ac- 
cording to Takac’s version of Dunford—Pettis criterion [227, Section 6, Remark 2], 


lim sup K(x, v, v’) du(v) = 0, (8.13) 


dante (x,v')eDxV 


Sin XV!) 


where 
Sm(X%v') = {v eV; |v] > mpu {ve RY: k(x,v,v') =m}, (x,v’) €DxV. 


For any m € NN, let us define 
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Kn iL (DxV) 2 Qe | Km(X,V,V')o(x,v') du(v') € L'(D x V), 
v 


with 
K(X VV!) = inf{k(x vv!) : mp, Op OGv.v') € Dx L(V) x L(V), 


where yj, (-) denotes the characteristic function of the set B,, = {v € V: |v| < m}. It is 
obvious that 


Moreover, one can easily check that 


IK ~ Kyl < (dx @ du(v)) ~ e88SUpyey<osy | Pex. ¥.0') ~ K(X, V")| duo. 
Vv 


On the other hand, for any (x, v') € D x V, the construction of x,,,(x, -, v’) yields 


J bec, V,V') — Km(x,v, v’)| du(v) = | k(x, V5!) — Km(x, v, v’)| du(v) 
Vv {KOGV,V!)>MYp,,,(v)} 
< | K(x, v, v’) du(v). 


{KOGV,V!)>MYp,,,,()} 


So, by (8.13), we have 
rly, IK Kyl = 0 
Moreover, it is not difficult to prove that 


Km9(XV) < Mp, (V) | p(x,v') du(v’) 
Vv 


for any g € L\(D x V)*. This proves the second assertion, and completes the proof. 


8.3.4 Compactness 


We recall that /(-) is a positive Radon measure on R% and suppose that the hyperplanes 
have zero du measure, i.e., 
(H7) For each e ¢ SY, we have u{v ¢ RY : v-e = 0} = 0. 
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To deal with boundary value problems, we proceed as in [120] by appealing to an ex- 
tension operator. First of all, we recall the relevant functional spaces and some of their 
properties. Let 2 be a smooth open bounded subset of IR" and let 


L?(Qx RY) := LP(Qx RN, dx du(v)), 
w?(Qx RY) = {9 € P(Qx RY): v- VY, € LP(Qx RY)} 


As seen above, elements of W?(Qx IR) have traces on 0Qx RN lying in suitable weighted 
space. Let 


T_ = {(%v) €0Q2x RY: v-v, <0}, T, = {(x,v) €0Qx RY : v-v, > 0} 
and 
W?(Qx RY) = |o « W?(Qx RY): | |o(x,v) [lv vd dy) du(v) < soo}. 
dQxIRY 
As seen above, we have 


W?(Qx RY) = |e e W?(Qx RY): | love v)[? Iv: vyl dy(x) du(v) < +co} 
r, 


= |o « W(Qx RY’) : | love v)[P v= vyl dy(x) du(v) < soo}. 
r 


Finally, we define the closed subspaces of W?(Q x RY )as 
Wi {p « W(Qx RY) : gr, =O}, Wi= {9 « WP(Qx RY): gp =O}. 
Now we can define the averaging operator 
Wee 39H | @(x,v) du(v) € L?(Q, dx). 
RY 


With these notations, we can recall the following result due to M. Mokhtar-Kharroubi 
(see [180, Theorem 3.2, p. 37]). 


Proposition 8.3.3. Let 2 be a smooth open bounded subset of IX” and let M be the aver- 
aging operator 
LPRY x RY) 3 9H G(X) = | g(x, v) du(v) € LP(IRN, dx) 
RY 


where 1 < p < +co. If the hypothesis (H7) is satisfied, then the following assertions hold 
true: 
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(a) M: wh _ — LP(Q) is compact, 
(b) M: Wee — L?(Q) is compact 


Now we are ready to state 


Theorem 8.3.1. Let p € (1, +00) and let (H7) be satisfied. If K is a regular collision opera- 
tor on L?(D x V) with nonnegative kernel, then, for any A € Co, the operators K(A — T)1 
and (A - T) ‘K are compact in L?(D x V). 


Proof. Since K is a regular collision operator on L?(D x V), according to Proposition 8.3.1 
and by linearity, it suffices to establish the theorem for a collision operator with a kernel 
of the form 


K(x, v,v') = a(x)f(v)g(v’), 


where 
a) €L(D), fel, and gi) e LV) (1- *,). 


Approximating f and g by continuous functions with compact support, we may sup- 
pose, without loss of generality, that f and g are continuous with compact supports. In 
such a case, K(A — Ty and (A - TK map L"(D x Q) into itself for all n ¢ [1, co]. Using 
interpolation arguments (cf. Theorem 3.10 in [147, p. 57]), we can restrict ourselves to the 
case p = 2. We first consider the operator K(A- T)~1. 

Let A, be the averaging operator 


Ag: 9 €L(DxV) > | o v')g(v') du(v’) € L7(D). 


It suffices to show that A,(A — T)' is a compact operator from L*(D x V) into L*(D). 
This amounts to 


Ag : D(T) = {9 € W2(D) : Gp. = 0}  L’(D) is compact. 


Note that, since g = g*-g” where g* and g™ are the positive and negative parts of g, 
we may assume that g is nonnegative. Hence the result follows from Proposition 8.3.3(a). 
Similarly, by Proposition 8.3.3(b), the operator 


Ay : D(T*) = {9 € W2(D) : gir, = 0}  L*(D) is compact, 
and consequently, 


K*(a- rye is compact. 
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Moreover, due to the duality property [K*((A - T)+)*]* = (A-T)iK, it follows from 
Schauder theorem (see, for example, [89, Theorem 2, p. 485] or [173, Theorem 3.4.15, 
p. 323]) that (A - TOK is compact. 


Note that the operator K(A-T) ‘is not weakly compact on L!(DxV) even for regular 
collision operators (see [120, p. 123]). The weak compactness of (A - T) 1K on LD xV) is 
an open problem (cf. [180, Chapter 4]). 

Let us recall the following comparison result for positive operators owing to D. 
Aliprantis and O. Burkinshaw [11] (see also P. Dood and D. H. Fremlin [84]) required in 
the proof of Lemma 8.3.3. 


Lemma 8.3.2. Let (Q, 2, 0) be a positive measure space and E := L,(Q, x, do). Let S and T 
be two bounded linear operators on E such that 0 < S < T. If1< p < co andT is compact, 
then S is compact. 


Lemma 8.3.3. Assume that u(V) < oo and (H7) holds true. Let K be a regular collision 
operator in L'(D x V). Then, for any A in Co, (A - T)1K is a Dunford—Pettis operator, i. e., 
(A- T) 1K maps weakly compact sets of L'(D x V) into norm compact sets of L'(D x V). 


Proof. Leta € C besuch that Re(A) > 0. According to Remark 8.3.2, it suffices to establish 
the result for an operator K dominated by a collision operator B of the form (8.12). Let 
O be a weakly compact subset of L'(D x V). For any @ € O andc > 0, we set 


b,=(A- T) "K(X q¢120))» 


where y denotes the characteristic function, and denote by @ the zero extension of ¢ 
outside D x V, that is, 


“ @(x,v) iffx,v)eDxV, 
O(% V) = 
0 if(x,v)€Dx V. 


It is clear that, for any h,, h, ¢ R%, we have 


~ ~ 2\|K 
le(x + Ay, V + hy) — be(x, v)| dx du(v) < at | |PX14I2e}(X, €)| dx du(v). 
RYxRY DxV 
Since O is weakly compact and the measure of the subset {(x,v) € Dx V: |@|(x, v) = c} 
tends to 0 asc — ov, it follows from [79, Theorem 15, p. 76] that, for any € > 0, there 


exists a positive number c > 0 such that 


Ibe(x + My, v + hy) - be (x, v)| dx du(v) < €, 


RYxRY 


uniformly in ¢ € O and (hy, hy) € R2%. 
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Let c > 0 be chosen as above. According to [2, Theorem 2.21], it suffices to prove 
that 


O, = {A-T) "KX g1<c}) 2 9 € O} 


is relatively compact in L'(D x V). Indeed, since O is bounded in L\(D x V), the set ©, is 
bounded in L?(D x V). By hypotheses, it is enough to prove that (A — T) ‘K is compact in 
L7(D x V). It is clear that |(A- T)'K| < (ReA-T)IK|, so, according to Lemma 8.3.2, it 
suffices to proves that (ReA— T)||K| is compact on L7(D x V). Since |K| is a nonnegative 
regular collision operator (see Remark 8.3.1), by Proposition 8.3.2, it is enough to prove 
the result for a rank-one operator B defined by (8.12). It is clear that B is a regular col- 
lision operator on L7(D x V). Hence the use of Theorem 8.3.1 proves the compactness of 
(ReA - TB. which ends the proof. 


Theorem 8.3.2. Let K be aregular collision operator in L'(D x V) with nonnegative kernel 
and let A be a complex number in Co. If V is unbounded and the hypothesis (H7) is satisfied, 
then (A- T) ‘K is a Dunford-Pettis operator on L'(D x V). 


Proof. Let us show that (A-T)'K is a Dunford-Pettis operator. Let O be a weakly com- 
pact subset of L'(D x V). For m > 0 and y € O, we set vi, = WX (\vicm) and v, = WX(viem): 
Clearly, 


pitt [A - TYR - A -TY*KY ll = Timm (A - TY "Km 
Since 


Ja-TytKY? | < |a-7)"'R| | dx | w(x, v")| ax du(v'), 


D |v'|=m 


we get 
; -1 -1 
lim (A - T) "KW - (A-T)*KEm'p|| = 0 
uniformly in ~ € O, where E,, denotes the operator from L'(D x V) into itself defined by 


Em(P) = UXjer*4viem) for all € L'(D xV). 


Since the class of weakly compact operators is closed, it suffices to show that (A-T) KE», 
is a Dunford—Pettis operator on L'(D x V,,, ). Now, since E,, maps continuously L'(D x V) 
into L'(DxV,,,) Where V,, = {v € V such that |v| < m}, it suffices to show that (A-T) 1K is 
a Dunford—Pettis operator on L(DxV,,), where V,, is a subset of V such that L1(V,,) < +00. 
This was already established in Lemma 8.3.3. 
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8.3.5 A measure of weak noncompactness 


Let B(L'(D x V)) denote the set of all nonempty bounded subsets of L1(D x V) and let 
W(L1(D x V)) be the subset of B(L'(D x V)) consisting of all weakly compact subsets of 
L\(D x V). Inspired by the work [27], we define a function y : B(L(D x V)) — [0, co) by 


y(M) = y,(M) + y2(M), 


where 


y,(M) = lim sup | sup] {p(x v)| dx du(v), |E| < e|} (8.14) 
é>0 yeM ‘a 


with |E| denotes the measure of E c D x V with respect to dx du(v) and 


y,(M) = lim {up| | | wor, »| dx ducwy| (8.15) 
© LheM 


D |vij=zm 


Remark 8.3.3. We notice that, in the definition of y(-), the velocity space V is assumed 
to be unbounded. In the case where V is bounded, we define yp(-) as y,(-). 


We will prove now that the mapping y(-) isa measure of weak noncompactness on 
L\(D x V). 


Proposition 8.3.4. Let M, M,, and M, be three elements of B(L'(DxV)). Then the following 

properties are satisfied: 

(D ifM, © Mp, then y(M,) < y(Mp); 

(2) y(M, U M2) = max{y(M;), y(M2)}; 

(3) y(aM) = |aly(M) for any a <€ R; 

(4) y(M, + M2) < y(M)) + y(M); 

(5) y(M) = Oifand only ifM € WwhereM’ is the weak closure of M; 

(6) y(co(M)) = y(M); 

(7) y(t") = y(M); 

(8) if (M,)ns1 is a decreasing sequence of nonempty, weakly closed subsets of B(L'(D x V)) 
where limy 4.0 Y(Mp) = 0, then (51 Mn is nonempty and weakly relatively compact. 


Proof. Statements (1), (2), (3), and (4) are clear and immediate. 

(5) The fact that y(M) = 0 implies M' ¢ W(L'(D x V)) is a consequence of Theo- 
rem 1.7.6. Now suppose that M me W(L'(D x V)). It follows from Theorem 1.7.6(a) that 
y,(M) = 0. It remains to show that y,(M) = 0. Let E, = Dx{|v| = T,,} where (T,,),, is a non- 
decreasing sequence such that lim,_,,, T, = +oo. It is clear that (E,,), is a decreasing 
sequence of subsets and (),.9 E, = 9. It follows from Theorem 1.7.5 that 
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lim sup | | [W(x, v)| dx du(v) = 


n>+0o 
D {|vl2T,,} 


and consequently y,(M) = 

(6) Since M ¢ Lue using (1), we get y(M) < y(co(M)). To prove the converse 
inequality, let A be a measurable subset of D x V such that u(A) < ¢. For w € co(M) 
there exists (d;),<j<n With a; > 0 and (Q,)y<jcn With 9; € M such that Yi, qa; = 1 and 


p= an a;o;. Clearly, 


[leery] ax duc) < ¥ a gee») dx duc 
A 1 4 
< Ya; sup |lo,(x,)| ax duo) 
ist Isisny 
= sup [les v)| dx du(v) < ou p flee v)| dx du(v). 
1sisn 


Therefore 


sup es v)| dx du(v) < sup [loc v)| dx du(v), 
weco(M) 4 oem 


which proves that y,(co(M)) < y,(M). 
Note also that, for any T > 0, similar computations as above give 


sup | | [vo v) dx dur) < sup | | \W(x, v)| dx du(v). 


€co(M 
veto )b |v|>T D |v|>T 


Now passing to the limit as T goes to +00, we get y2(co(M)) < y2(M). 
Accordingly, 


y(co(M)) < y(M). 


(7) We first observe that the inclusion M c M", together with (1), implies y(M) < 
y(M"). oF ene 

Conversely, using (1), the inclusionM c M_ c co(M)wegety(M_ ) < y(co(M)). Thus 
we only have to prove that y(M) = y(M) (here M denotes the strong closure of M). By (1), 
we already have the inequality y(M) < y(M). Next, for W ¢ M there exists a sequence 
(Wn)nen in M such that lim,_,,., Wy, = W. Hence, for any € > 0 and any subset A of Dx V 
such that (A) < €, we have 


Jive vy] dx duce) < fev) — dylan) be ducv) + [ WuGx.v)] a duc) 
A A A 
SIIB - Yalan + YM). 
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Since, for n large enough, || — Wylly1;pxv) is Very small, we infer that y, (M) < y,(M). 
In the same way, we also prove that y.(M ) < y2(M) and therefore y(M) = y(M). Next, 
the use of (6) gives y(co(M)) = y(co(M)) = y(M) and, consequently, 


y(M) < y(M") < y(M), 


which ends the proof of (7). 

(8) Let (M,)n>1 be a decreasing sequence of nonempty, weakly closed subsets of 
B(L'(D xV)). Since lim,_,.,., W(M,,) = 0, let (W,,), be a sequence such that, for eachn € N, 
Wn € M, and put M, := {Wy : k > n}. It is clear that (M,), is a decreasing sequence of 
nonempty subsets. Since, for alln ¢ N, M, c M, and M,\M, is a finite set, we have 


y(M,) = y(M,) < y(M,)- 


Hence, y(M,) < lim, ,,.,¥(M,) = 0 and therefore M, is relatively weakly compact. 
Consequently, (W,,), converges weakly to a function w. Hence w € (),,5;. M, because, for 
each n € N, M,, is weakly closed. This completes the proof. 


The same arguments as in Corollary 7.8.1 show that, for every bounded linear oper- 
ator L on L'(D x V), we have 


Y(L(M)) < Illeasoxvy YM) for all M € B(L'(D x V)). (8.16) 


8.3.6 Existence results 


For i € {1,2,...,d}, let A; denote the bounded multiplication operators from L?(D x V) 
into itself defined by Ajf; = A;6;(x, v)f;. Since the functions f;(.,-), i = 1...,d, belong to 
L™(D x), the operators A,, i = 1,...,d are bounded. We also denote by K;, 0 < i< d, the 
operator defined from L?(D x V) into L?(D x V) by 


feoKf(%v) = | K(x, vv’ f(x v') du(v'), O<i<d, (8.17) 


RY 


where x; : D x V x V. Moreover, V, stands for the Nemytskii operator generated by the 
function g (for g = —o, 09,..., Og). 
Now problem (8.7)-(8.8) may be written abstractly as 


— T)fy = N_g + KoNo,fo + vei (8.18) 


Afi =KiNofo. 1sisd. 


Since, for i = 1,...,d, the operator A; is bounded, we can replace A,f;(x, ¢) of the first 
equation of (8.18) by K;N,fo. Moreover, each A € Cp belongs to p(T) and therefore, for 
such A, problem (8.7)-(8.8) reduces to the following fixed point problem: 
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fo =FAYfo+BASfo, for. = 9 (8.19) 


where 


_ _ pi 
ae T) “KjNo, and (8.20) 


B(A) = A-T) Ng + FE,A-T)AAKNG,. 
Because, for each i € {1,...,d}, f; = eee to solve problem (8.7)-(8.8), it suffices to 
search for the solutions of the fixed point problem (8.19). 

Let r > 0, p € [0, +00), and denote by B? the ball defined by 


Be = {f € LP(D x V) such that If llzo~oxw) S ri. 


We now introduce the following assumptions: 

(H8) For eachi «€ {0,1,...,d}, the map 0,(-,-,-) is a Carathéodory function and No, acts 
from L?(D x V) into itself. 

(H9) For eachr > 0, the function o(.,-, -) satisfies 


|o(x, v, W(% v)) — 0(X, V5 Po V))| < G(X, V)IPy - Wal, 


VW1W> € BE, o(-,-,-) is a Carathéodory function, and V_, acts from L?(D x V) into 
itself, where o,(-,-) € L°(D x V). 
(H10) For eachr > 0 and eachi € {1,2,...,d}, the function 0,(-,-, -) satisfies 


|O:(x v, W(x V)) - O;(x, v, Po(x, V))| < pix VIP, - Wal 
Vib1, > € Br, where p;(-,-) € L°(D x V). 


Theorem 8.3.3. Let K, be a regular collision operator on L?(D x V) and assume that 

(H7)—(H10) hold true. 

(a) If1 < p < +0, then, for eachr > 0, there exists a real @(r) > 0 such that, for all 
A ¢ Cary, problem (8.7)—(8.8) has at least one solution with fy ¢ B. 

(b) If p = 1, then for eachr > 0, there exists a real @(r) > 0 such that, for alld ¢€ Cars 
problem (8.7)—-(8.8) has at least one solution with fy € Bp. 


Proof. Let A € Co, p € [1,+00), andr > 0. It is clear that the operators B(A) and F(A) are 
well defined and continuous. 

Now let 9, € BP. Since the Nemytskii operators generated by —o, @p,..., 4 map 
B» into bounded sets, easy calculations using Lemma 8.3.1 yield 


1 d 
[FAG + BAY ox < Rea ( IKollMro + Mro + D lila KLM,, 
i=1 
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where M,,.;,0 <i < d (resp. M,.,) denotes the upper bound of Vo, (resp. N_,) on BP. 
Let M, = max(M,9,...,M;@M,,q) and let 7, be a nonnegative real number such 
that 


1 g r 
s 1+ [Koll + > illBilloollKill Vi 


i=l r 


Hence, for all A « C,,, we have 

[FAQ + BAY po. <7 
and therefore 

F(A)(BP) + B(A)(BP) c BP. 


Next, we show that, for appropriate value of A € Co, the operator B(A) is a con- 
traction on L?(D x V). Indeed, let ,, ~, € X, and A € Co. Using Lemma 8.3.1 and the 
hypotheses (H9)—(H10), we obtain 


1 d 
BAY, - BAYPa| cox < way (Wot # 3 da IN Ls 1 — Wallreoxvy: 
i=1 


Let 7, be a nonnegative real number such that 


1 d 
k= (toi +>. lilt <1 
2 


i 


Hence, for all A € C,,, B(A) is k-contractive. 

From now, we treat separately the cases p € (1, +00) and p = 1. 

(a) Let p € (1, +00). We show that the operator F(A) is compact. Since Ky is a regu- 
lar collision operator, according to Theorem 8.3.1, the operator (A — T) ‘Ky, is compact. 
Therefore, by Theorem 1.15.2 and assumption (H8), we infer that Vg, is continuous and, 
consequently, F(A) is compact on L?(D x V). 

Set A(r) = max(T, T,). Then, for any A ¢ Cy), the operators B(A) and F(A) satisfy the 
conditions of the classical Krasnosel’skii fixed point theorem (cf. Proposition 7.12.1). So, 
the fixed point problem (8.19) has a solution fy ¢ BP and therefore the boundary value 
problem (8.7)-(8.8) has at least one solution (fp,...,f4) with fo € Be. 

(b) Let p = 1. We shall show that the operators F(A) and B(A) satisfy the hypotheses of 
Corollary 7.12.8. To do so, we first observe that, according to Theorem 8.3.2, (A- T) Ky is 
a Dunford—Pettis operator on L'(DxV). Hence condition (a) of Corollary 7.12.8 is satisfied. 

Let S c B}. Since the maps @;, i = 0,...,d, satisfy condition (H8), by Theorem 1.15.2, 
there exist n; > 0 and h;(-) € L1(D x V)* (the positive cone of L'(D x V)*) such that 


|O:(x vf v))| < hilx, v) + nlf v)), 
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for all f €¢ S and for almost all (x, v) € D x V. Accordingly, 
[levo,f) v)| dx du(v) < | h,(x, v) dx du(v) + n; [irc v)| dx du(v) (8.21) 
E E E 


and 


| | Woe v|deauv) < | | hy(xv) ae dv) + | | If (x, v)| dx du(v), (8.22) 


D |vi=m D |vi=m D |vi=m 


for all measurable subsets E of D x V, m > 0, and 0 <i < d. This, together with the 
estimate (8.16), implies that 


yi(F(A)(S) + BA)(S)) < y(FA)(S)) + y4(BA)(S)) 
<||A- Ty ee 


d 
x (Gaace + Yi(N_gS) + >, INKL) 


i=1 


: d 
< sea ml +No + > nil). 


i=1 


Now, let t, be a nonnegative real number such that 


1 d 
Vis 2 (nll +No +>, nll) <1. 
3 


i=l 
Hence, for all A € C;, and for all measurable subsets S of By, we have 
yi(F(A)(S) + B(A)(S)) < vy,(S). 
Similarly, by using (8.22), we obtain 
Y2(F(A)(S) + B(A)(S)) < vy,(S). 
Hence, the latter two estimates yield 
y(F(A)(S) + B(A)(S)) < vy(S), 


for all subsets S c By. 

Next, since ©, satisfies (H8), it satisfies the hypotheses of Lemma 8.2.1 and therefore 
No, is ww-compact. 

Set n(r) = max(6(r), 73). The steps above show that, for all A ¢€ Crys the assump- 
tions of Corollary 7.12.8 are satisfied, and so the fixed point problem (8.19) has a solu- 
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tion fp € Bh. Therefore, the boundary value problem (8.7)-(8.8) has at least one solution 
(fo....>f4) with fy € BH. 


8.4 Anonlinear singular neutron transport equation 


8.4.1 Introduction 


This section deals with existence of solutions to the following boundary value problem 
_ V, W(X, v) + a(v)W(X, v) + AW(X, v) = Ine K(v, vf (x, v', Wx, Vv’) av’, (8.23) 
=0 
TL ? 


where (x,v) € D x RY and D denotes a smooth open bounded subset of IR. This equa- 
tion describes transport of particles (neutrons, photons, molecules of gas, etc.) in the 
domain D. The function w(x, v) represents the density (or probability) of gas particles 
having position x and velocity v; o(-) and x(-, -) are measurable functions called, respec- 
tively, the collision frequency and scattering kernel. The map f(.,-,-) isa nonlinear func- 
tion of the density of gas particles ~, and A is a complex number. By r_ we denote the 
restriction of w to T_, where [_ is the incoming part of the phase space. 

We shall study the existence of the solutions to a multidimensional neutron trans- 
port equation involving unbounded collision frequencies o(-) and unbounded collision 
operators. 

It is worth noticing that the pioneering works in this direction, for multidimensional 
bounded geometry and slab geometry in L'-spaces, motivated by free gas models, were 
done by B. Montagnini, M. L. Demuru [82] and A. Suhadolc [223] (in the linear case). The 
spectral theory of linear singular transport operators and the well-posedness of Cauchy 
problems governed by linear singular transport operators were discussed by many au- 
thors. We refer, for example, to the works [58-60, 165] or [180, Chapter 9]. In [155], a 
boundary value problem involving a nonlinear singular transport operator in slab ge- 
ometry was discussed in L'-space. 


8.4.2 Notations and preliminaries 
Let 


X 


y = L?(D x RY; dx dv), 1<p<+00 


where D is a smooth bounded open convex subset of R We recall (cf. Section 8.3.2) that 


T_ = {(x,v) € Dx RY :v-v, < 0}, 
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where v, stands for the outer unit normal vector at x € OD. For (x, v) € Dx RY, set 
t (x,v) =sup{t>0:x-sveD,0<s< th. 


The number t’ (x, v) is the time required for a particle having position x ¢ Dand velocity 
v € RY to go out of D. 
We introduce the following spaces: 


xX, = LP(D x R”;0(v)dxdv), L?:=1P(R";dv), and L?? := LP(RY; a(v) dv). 


Now, we are in position to define the streaming operator T with nonentry boundary 
conditions, i.e., Wjr_ = 0, as follows: 


T:D(T)¢ Xx > Xp 
Y > THX, v) = —v- VxPOx Vv) — o(V) PO v), 
D(T) = { € X such that v- V,p € Xp and yr = 0}. 


The collision frequency o(-) satisfies the following assumption: 
(H11) There exist a closed subset 0 c IR” with zero Lebesgue measure and a constant 


Oy > O such that a(-) € LORY \ O), and a(v) > dp for a.e.veé RY’. 


Let 9 € Xx and consider the problem 
(A-T)p = 9, (8.24) 


where A is a complex number and the unknown function J must be sought in D(T). 
As in the previous section, for any real number a, we denote by C, the complex 
half-plane 


Cy, :={AeC_ suchthat Red > a}. 


It is clear that the resolvent set of T contains C_,, and, for A ¢ C_,,, the resolvent 
of T is given by 


t (xv) 
(A-T) (x, v) = | e Ato) ay — tv,v) dt. 
0 


Lemma 8.4.1. Let 1 < p < +oo anda «€ C,,. If the hypothesis (H11) holds true, then 
(A- T)* belongs to L(Xp, Xp) and satisfies 


1 
1 o(v)? 
|A-T) leo) < sup 


ee 8.25 
ver REA + a(v) oo) 
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Proof. For p = 1, the result is immediate. We give the proof for p > 1. Letting 9 < X,, we 
have 


t (x%v) Dp 
(A - T) ‘olf. = | e (4+0)) (x — ty,v) dt] o(v) dx dv 
P 
DxRN” 0 
+00 Dp 
__ t(ReA+a(v)) ens (v)) 
< | ( | e @ xe |O(x - tv, wat) a(v) dx dv, 

RYxR” * 0 


where @ denotes the zero extension of g outside D and q = ra is the conjugate of p. 
According to Holder inequality and Fubini theorem, we obtain 


+00 
(aT) “olf. < | ii | grReatew)) ay | loo tv, v)|? dx 
P 


J, (Red + a(v))3 Ef 


Now, the change of variables y = x — tv leads to 


+00 
Ja—Ty 9). Z | o(v) : | et(ReALoW)) ay | loo. dy dv 
Pty (REA+a(V))4 9 


RN 
= | joy, dy dv 
cit (ReA + a(v)) a 
a(v) pe 
< SUP Red + atv) Hl, 
This yields 
(v)? 
aon Cae ee 
IK ) I cog 5 wee ReA + a(v) 
Remark 8.4.1. 
(a) For p = 1, one can derive from the estimate (8.25) that 
JA - 7)" Leogxe <b (8.26) 
because, for any A € C,,, we have sup, cr ee < 1regardless of A. 
(b) For p > 1, we have 
=: -i 
|A-T) leo, x8) < Oy", (8.27) 


where q = =" is the conjugate of p. 
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(c) Note that, for any real A such that A > —o) and 1 < p < +oo, the operator (A- T)? 
is positive (in the lattice sense) on X,, that is, it maps the positive cone of X, into the 
positive cone of X;. 


8.4.3 Preparatory results 


Let B(X{) denote the collection of all nonempty bounded subsets of X? and let W(X?) be 
the subset of B(X/) consisting of all weakly compact subsets of x7. As in Section 8.3.5, we 
define the map p : B(X7) — [0, too) by 


p(M) = p,(M) + p2(M), 


where 


p,(M) = lim sup {sup [Jive v)|a(v) dx dv, |E| < e|} (8.28) 


é>0 M 
= we E 


with |E| denotes the measure of E c D x R™ with respect to o(v) dx dv and 


p2(M) = lim, [sw [ | |W(x, v)|o(v) ax av| }. (8.29) 


D |\vi=m 


Arguing as in the proof of Proposition 8.3.4, we show that p(-.) is a measure of weak 
noncompactness satisfying properties (1)—-(8) of Proposition 8.3.4. In fact, p(-) isa regular 
measure of weak noncompactness on X{. 

As for y(-) (cf. (8.16)), for every bounded linear operator L on X7, we have 


p(L(M)) < |ILIl coxllP(M), for all M « B(X7). (8.30) 
Now, let K be the linear operator defined by 
K:X > X» Pr | K(v,v' W(x, v’) dv’, 
Rn 


where the kernel x(-,-) is a measurable, nonnegative, real-valued function on RY xR. 
Now we introduce the following hypothesis: 
(H12) K is a compact operator from L?’° into L?. 


Lemma 8.4.2. The operator T is dissipative on Xo. 


This result is well known in neutron transport theory. It is valid on X, with 1 < p < 
+oo even if a(-) satisfies the hypothesis (H11). 
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Proof. Let p € D(T). Since X, is a Hilbert space, the duality mapping J : X, > 2” is 
single-valued and J(w) = {v} (cf. Section 1.10). So, using the boundary conditions, we can 
write 


(Tew) = | wevvpardv=> | vivipPardv= > | WPy-vedyav 
DxIRY DxIRN oDxIRY 
1 2 2 1 2 
= ll Wee — Wr, ie] = 50 es 


< 0, 


where ||, ea = [: \W(x, v)|7|v - v,| dy, dv. Hence, for every w ¢ D(T), we have (Ty, 
W) < 0, which ends the proof. 


Lemma 8.4.3. Let K be an operator from X> into X, with kernel k(v, v') = k,(v)ky(v') with 
k() «2 and &©. ¢ 2. For all g € X, and € X2, we have 
o(-)2 


KK, Ox, = WK" 9)xg, 
where ¢-, -) xg (respectively, (-,-)y,) denotes the inner product on X3 (respectively, on X,) and 


ko(v)k,(v’) F 


av) (x,v’) dv’. (8.31) 


(K* @)(X, Vv) := | 
RN 


Proof. Let 9 € X, and  € X;. By Fubini theorem, we have 


(Ki, P)x, = | Kw(x, v)9(x, v) dx dv 


DxRY 
= J [J qpborelv')00.» a] Devo) dea’ 
DxRY RY 
It suffices to prove that f < XJ, where flx.v!) == pw SOG 0(% v) dv. By HOlder in- 


equality, we have 


2 

1 / / / 

Ug < | | Soy Fallot hot. ] av] a(v’) dx dv 
DxRY RY 


ky 
vo() 


< 


2: 

2 
[tt J loa wPdrav < oo, 
: DxIRY 


Lemma 8.4.4. Let A ¢ C,, and assume that the hypotheses (H11) and (H12) are satisfied. 
Denote by K* the dual operator of K (it is defined by (8.31). Then K* (A-T) ‘K is acompact 
operator on X3. 
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Proof. Let A € C,,. Since K is assumed to be a compact operator from X} into Xp, ap- 
proximating K by a sequence of finite-rank operators and by linearity, we may restrict 
ourselves to collision operators K with kernels of the form 


K(v,v') = k(v)k,(v’), 


where k, € L’ and as e L’. Thus, using (H11), one has h, = & e L”. By density, we can 


o2 
assume that k,,h, € C.(IRY \ ©). According to Lemma 8.4.3, 


tr. X_ > X9 
WH K*W%,v) = fav ho(v)ky(v YO v’) dv’. 


For @ € Xs, we have 


(K* (A-T)'Ko)(x,v) 
= | hy(v)k,(v')((A - T)'Kg)(x, v') dv’ 


RN 
t(x,v’) 
7 | hy (v)k,(v') | e +o) Rox — tv’,v!) dt dv! 
RY 0 
t (xv) 
. | h,(v)k,(v') dv’ | e tArow) gy | k,(v')k(v")o(x - tv',v"’) dv". 
RY 0 RY 


The change of variables y = x — tv' leads to 


+00 
(K*(A-T)'Kg)(x, v) = | h,(v) | Ki Jone" o(y, ng dy dy". 
0 


DxRY 
Thus the operator K* (A - T) 1K can be factorized as K*(A—T) 1K = AE a, where 
fee =&5(D); ae — XY, 
AQ(X,V) == fan ko(v) g(x, v) dv, F(x) = hy(v) g(x), 


and 


- : 17(D) > 17(D), 
2,9(x) = Jymaxsy)o(y) dy, 


where 
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x = xy) dt 
rea) | (ED ewmortnde 
0 


Because the operators A and ¥ are bounded, it suffices to establish that 5, is a compact 
operator. Indeed, let @ € L?(D). According to Hélder inequality, we have 


wae 2 
RY 0 
ea 2 
LIM ie e 


where @ denotes the zero extension of 9 outside D. 
Using the change of variables, we get 


+00 2 
| | k(~) gone a [hk (2 | p-tReata(?)) Ue 
t t” 
RY 0 


- | { lk; (v)’e —t(ReA+oV)) ae dy 


RY 


o 2: 
IE,0li = | 


RY 


—t(Red. SD) dt 
(ReA+o(= ea) 


= ~Y) 2dt 
e t(Rea+o(> io (y)| mee tay dx, 


i 2 
< ——— _]k ||. 
~ ReA+ do ele 


Therefore, 
1 +00 
a ss 2 
IExlt2(0) $ Rex op MMi i | | J xo e (REAM) Gy — yy]? dt dv dx 
. RY RY 0 
1 +00 
pes : 2 
= sep rabilte F | vara 0 [5G - ef ae avat 
. RY 0 RY 
1 +00 
ie 2 
Pe ear ky p | | xo o-t(Rea+o(v)) atav {90 diy 
: RY 0 a 
Plo) ‘ 
= Renta! alle 


Accordingly, 
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k 2 
lEZ,lcazoy) $ ces 
ReA+ 00 


Hence, &, depends continuously on k, € L”. Now, since &, is an integral operator, and 
the set of bounded functions which vanish in a neighborhood of v = 0 is dense in L’, 
it follows that ©, is a limit, in the uniform topology, of integral operators with bounded 
kernels. Hence £, is a compact operator, which completes the proof. 


Theorem 8.4.1. Assume that the hypotheses (H11)-(H12) are satisfied. Then, for any A € 
G,,, the following two assertions hold true: 

(a) (A-T) 1K is compact on X°, for all p € (1, +00), 

(b) (A-T) 1K is a Dunford-Pettis operator (cf. Definition 1.9.8) from X? into itself. 


It was shown in [155] that, in slab geometry, (A — T)‘K is weakly compact on xX}. 
However, for multidimensional bounded geometry, the weak compactness of (A— T) 1K 
in X7 is an open problem. 


Proof. (a) We know from Lemma 8.4.4 that the operator K*(A - T) ‘K is compact in 

Xj. We shall now prove the compactness of (A - T) K in X}. To this end, let (Yn) nen 

be a sequence of X; which converges weakly to 0, then it suffices to establish that the 

sequence ((A — T) *KW,)new converges strongly in X; to 0. Arguing as in the proof of 

Lemma 8.4.4, we may restrict ourselves to collision operators K with kernels of the form 
K(v, v') = ky(v)k,(v’) 


where k,,h, = © € C,(IRY \ 0). 


oO 


For eachn € N, put 9, = (A- T) 1K)». 
We claim that (9,))nen~ converges strongly in X5 to 0. Indeed, using the fact that XJ c 
X, and the dissipativity of T, for each n € N, we get 


(A= T) Pm Pn)y,| 2 REA T)Pn Yn)y, = REAMPnlly,. 
Applying Lemma 8.4.3, one can write 


Re AllPnlly, < (A -T)On Pn), | 
= | (Ky, A-T) "Kn, | 
= |(DpK* (A - TY "Kn eI: 


According to Lemma 8.4.4, the operator K* (A — T) 1K is compact in X7, so we have 
; P -1 ss 
dim |K*(A-T) Kp nllys = 0 


and therefore, 9, — 0 asn — +oo in X,. On the other hand, we have 
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lonlig = | lente vif'orv) dx av 


DxIRY 
t (%v) 2 
7 | | (KQ,)(x — tv, v) dt} o(v) dx dv 
DxRY 0 
t (xv) 2 
= | | [ FOrF(v one - tov!) a dt| G(v) dx dv 
DxRY' 0 R" 
= llOnlhe 


2 2 
< loll 7-0(suppic,))|!Pnllx,» 


where 


a(v) = te if v € supp(k,), 
0 ifv ¢ supp(k,). 


Consequently, (9,)nen Converges strongly to 0 in X7. This proves that (A - T) 1K is com- 
pact in xX}. By an interpolation argument (see [147, Theorem 3.10]), we conclude that 
(A-T) 1K is compact in Xp with 1 < p < +00. 

(b) Now we will prove that (A - T) 1K is a Dunford—Pettis operator on X?. Let O be 
a weakly compact subset of X7. Our goal is to establish that (A — T) 1K(©) is a compact 
subset of x7 for the norm topology. To do this, let p € O, c > 0 and write 


Po =A-T) "KY gq) aNd Oe = A-T) "KON pi<cy) 
where y(-) denotes the characteristic function. For any (y, w) € IR2’, we have 

| |O-(x +y, V + W) - (x, v)|o(v) dx dv 

RY xR 
< | |O-(x +y, v + w)|o(v) dx dv + | |.(x, v)|a(v) dx dv, 
RY xRY RY RN 
where @, denotes the zero extension of @, outside D x R%. It follows from the esti- 
mate (8.26) that 
J ecb. W]o0) de dv < [KX tose he 
RYxRY 


$< IIKllcoex,) | IPX 1c} % V)|O(v) ax dv. 


DxR” 


On the other hand, considering (8.26), one can write 
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| |O.(x +y,v + w)|a(v) dx dv 


RYxRY 


= | |.(x, v)|a(v — w) dx dv 


RY xR 

= | |p-(x, v)|a(v — w) dx dv 
DxIRN 

< sup ov) 


y Rel+ atv) | IK (PX alse) v)|o(v — w) dx dv 
vER DxRY 


< | ikimlow-wydv | [ka(v')lloxjoise %v")| ex av! 
RY DxIRY 
< | |k,(v + w)|a(v) dv|[Agl|,.0q") | |X tee (x V’)\o(v') dx dv’. 


(supp(k,)—{w}) DxR 


There exists 7 > 0 such that (supp(k,) — B,) ¢ RN \ S. Then, we get 


| |O.(x + y,v + w)|G(v) dx dv 


RYxRY 


< IIOllz(suppce,)—B,) alle Re llzs> aR) | IX ory (% v')|a(v') dx dv’. 
DxRY 


Consequently, 
|O-(x + y,V + W) — O(x, v)|G(v) dx dv < C | |X {oie % V')|ov) dx dv, 
RYxRY DxIRY 


where 


C = (IKllcoe.x,) + loll-suppce)—p,) Kalli Mallzs> ax): (8.32) 


Since O is weakly compact and the measure of the set {(x,v) « Dx RY: |p(x, v)| = c} 
tends to 0 as c — +oo, it follows from [79, Theorem 15, p. 76] that, for any € > 0, there 
exist real numbers c > 0 and 7 > 0 such that, for all w € B,, we have 


|O-(x +y,V + W) - (x, v)|o(v) dx dv < €, 
RYxRY 


uniformly in 9 € O. 
For c > 0 chosen as above, according to [2, Theorem 2.21], it suffices to prove that 


O, = {A=T) KX o1<c}) 2 9 € O} 
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is relatively compact in X7. To do this, we first observe that O, is bounded in X7 because 
O is bounded in Xf and @Yy9)<c} € Xz. Hence, it suffices to prove that (A - T) 'K isa 
compact operator from X> into itself. This was established in part (a) of the proof. 


8.4.4 Existence results 


To derive existence results for the boundary value problem (8.23), we introduce the fol- 
lowing assumptions: 
(H13) f(-,-,-) is a Carathéodory function satisfying the growth condition 


If v, w)| < ax, vay)? + Blul, (8.33) 


for a.e. (x,v) €Dx RY, every u € C with a fixed nonnegative function a € Xp» and 
a fixed nonnegative constant f. 


Remark 8.4.2. As it was seen in Proposition 1.15.1, under assumption (H13), the super- 
position operator Vy is continuous. Moreover, the fact that it maps bounded sets of XX 
into bounded sets of Xx follows immediately from the estimate (8.33) (cf. Section 1.15). 


a1 
(H14) Bo, “||Kl LXGX,) < 1, where f is the constant appearing in the growth condition 


(8.33) and q denotes the conjugate exponent of p. 


For r > 0, we denote by B;” the set 
Br? = {WX}: IWllke <r}. 


Now, we are in a position to state the following existence result. 


Theorem 8.4.2. Let 1 < p < +00, K ¢€ L(Xp>Xp)s and assume that the hypotheses 
(H11)—(H14) are satisfied. Then, for each A € Cy, andr € R satisfying 


1 


05 ‘WK lle x, lal 
Fog nal cA cea) (8.34) 


1 
1- Ba,‘ IK leos,x,) 


problem (8.23) has at least one solution in B??. 


Remark 8.4.3. Itis clear thatifr € IR satisfies equation (8.34) and hypothesis (H14) holds, 
thenr > 0. 


Proof. LetA be acomplex number such that ReA > —o9. Then, according to Lemma 8.4.1, 
the operator A — T is invertible, and therefore problem (8.23) my be written in the 
form 
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Y=HA)Y, Hp =9, 


where II(A) = (A- T) "Kj. 

It is clear that LI(A) is continuous. We shall now check that L(A) leaves By”? invari- 
ant. According to the estimate (8.33), there exist a constant 6 > 0 anda function a € Xp 
such that 


f(x, v, W(x, v))| < = + BlW(x,v)| a.e.in (x, v) for all p € xX): (8.35) 


o(v)? 
For any w € By’?, we have 
[LAD kg = IA - TD) KNG Hye 
<JA-1) "loc, xe)! Ucog.xy ple 


(llally, + pr) 


1 


-= a(v) 
<o, * sup ———— |K | eyo 
0 ue Recew) I Ieos.x,) 


St 
<9,‘ IK ll cow,x,) (llatlx, + Br). 


Hence, in order to show that LI(A) maps By” into itself, it suffices to choose r sat- 
isfying condition (8.34). Therefore, for such an r and for all p «€ [1,+00), we have 
L(A)(Be?) c By’?. 

To complete the proof, we must treat separately the cases p € (1,+00) and p = 1. 

- Let p € (1,+00). It follows from Theorem 8.4.1(a) that (A - T) 1K is a compact oper- 
ator of L(Xp» x) and therefore LI(A) is compact too (because /\V is continuous). This 
shows that L(A) satisfies the hypotheses of Corollary 7.2.3. So, problem (8.23) has at 
least one solution in By”. 

- Let p = 1. In this case, we shall show that L(A) satisfies the conditions of Theo- 
rem 7.8.2(a). 


We claim that the operator L(A) is ws-compact on X/. To see this, let (W,)nen be a 
weakly convergent sequence in X/. Hence, the set ¥ = {p, : n € N} isa rela- 
tively weakly compact set of X7. Let A be a measurable subset of D x IR. It follows 
that 


< [lace v)| dx dv + B es v)| dxa(v) dv 
A A 


[ojo v) dxo(v) dv 
A 


for all ~ € ¥, and therefore, 


pPi(Np(P)) < Bor), 


uniformly in w € W. Now, let m > 0. We have 
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| | (Np) (x, v) dxa(v) dv <| | lacx,v)| dx av +B | \W(x, v)| dxo(v) dv 


D |vij=zm D |vi=m D |vi=m 


for all w € W, and therefore, 
Pa(NG(P)) < Bpa(¥). 
Accordingly, 
P(A (P)) < BoC). (8.36) 


Since ¥ is relatively weakly compact, we conclude that p(W) = 0 and therefore, 
PIN (P)) = 0, so that Wen new has a weakly convergent subsequence (Np pn, )xen- Let 
® be its weak limit. Since the set 


Z:= INF Vn, :k € N}u {9} 


is weakly compact on X? and X? has Dunford—Pettis property, it follows from Theo- 
rem 8.4.1 that the set (A — TV (Z) is a compact subset of Xe: Thus, (A) Wn, ken has a 
strongly convergent subsequence in X7. Hence LI(A) is ws-compact on X/. 

We claim that LI(A) is a p-6||K||-contractive. Let us notice that if S is a bounded subset 
of X? and f satisfies (H18), then 


P(N;(S)) < Bp(S). (8.37) 
It follows from Eqs. (8.26), (8.30), and (8.37) that 


p(L(A)(S)) = p((A- T)'KNj(S)) 
<|A-T)*K| ce)0(Nj(S)) 
< BIK|l cye,x,P(S)- 


Next, making use of the hypothesis (H14) for p = 1, we conclude that the operator 
L(A) is p-6||K||-contractive. 

Hence, for any A ¢ C,, and for each r satisfying condition (8.34), L(A) satisfies 
the conditions of Theorem 7.8.2(a). Hence, problem (8.23) has at least one solution in 
Bo, 


The remainder of this section is devoted to the existence of positive solutions to the 
boundary value problem (8.23). Note that XS is a Banach lattice space; its positive cone 
will be denoted by xX". 

Let r > 0. We define the set Br” by 

O,, O,;, O,+ 
Br = Br? oxy”. 


T+ 
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According to Remark 8.4.1(c), for any real A > do, (A— T) + is a positive operator (in 
the lattice sense). If further the hypotheses of Theorem 8.4.2 are satisfied, Ne (Xp”*) € x 
and K is positive, then (A — T) KN; leaves the positive cone x invariant. Now, we 
replace By” by B,” and, by the same reasoning as in the proof of Theorem 8.4.2, we 
obtain the following result. 


Corollary 8.4.1. Let 1 < p < co and assume that the hypotheses of Theorem 8.4.2 are 
satisfied. Further, if K is positive and Nj (X,") ¢ X°*, then problem (8.23) has at least one 
solution in By. 


Next, we shall pay attention on the existence of nontrivial positive solutions. 


Corollary 8.4.2. Let 1 < p < w,K ¢€ L(Xp>Xp)s A « C,,1r > 0, and assume that 
the hypotheses (H11)-(H14) are satisfied. Furthermore, suppose that K is positive and 
Ny (Xy") Xp" If there is ¢ > 0 and 0 # Yo € Br? such that 

(a) Wo ¢ N(K) where N(K) denotes the null space of K, 

(b) (Np) (x, v) = Cox, v) for all p ¢ By”, 


then there exists n > 0 such that the problem 


{: -V, Wx v) + a(v) Wx, v) + AW v) = fee K(v, vf (xv, WY v’)) av’, ea 


Pir = 9, 


has at least one solution in By’? satisfying ||p* Ine = r- 


Proof. Arguing as in the proofs of Theorems 8.4.2 and Corollary 8.4.1, we infer that, for 
any real number A such that A > —oo and for all r satisfying (8.34), the operator LI(A) is 
continuous and maps B;.” into itself. On the other hand, using the positivity of (A- T)* 
and K, together with assumptions (a) and (b), we see that 


HAW) > C(A-T)'K(Wo) > 0 and (A-T)'K(p) #0 for ally ¢ Br”. 
Accordingly, for all y < Br’, we have 
[HAW e = SIA - TY "ole > 
and consequently, 
inf{|LA) Ig: € BEE} > 0 
Hence, for A > —dp, one can define the operator H, on B;”? by 


L(A)(Y) 


H.() = pa 
"TTD 


Vip € Br. 
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Using the same arguments as in the proof of Theorem 8.4.2 for p € (1,+00), we 
see that H, is continuous, compact on X?, and maps Bre into itself. So, applying Corol- 
lary 7.2.3, we infer that H, has a fixed point y* in By” satisfying ||p* Ike = 7. Putting 


n= TON Tg" we get LI(A)(*) = n'y”. Consequently, p* « D(T) NB; and 


v.V,W" (x, v) + o(v)W" (x, v) +AW* (xv) = | K(v, v’)f (x, v’, W* (x, v’)) dv’. 


R 


This completes the proof. 


Remark 8.4.4. We note that the result of Corollary 8.4.2 holds true without any restric- 
tion on the size of the ball B,.. However, the problem is open for p = 1. In fact, the operator 
H, in the proof above is ws-compact in Xf but we did not succeed in showing that it is 
p-k-contractive for some k € [0,1). 


8.5 Bibliographical remarks 


The first example (cf. Section 8.1) is from [99] and it was rewritten in terms of ws-compact 
operators. The second example is dedicated to the existence results for a nonlinear func- 
tional integral equation. This example is from [236]. In Section 8.3 we discussed the 
existence of solutions of nonlinear boundary value problem which involves a multi- 
dimensional transport equation with delayed neutrons in a bounded spatial domain. 
To simplify the presentation, we considered the case of vacuum boundary conditions 
(the incoming flux is zero). For general boundary conditions, we refer to the work [1]. 
The concept of regular collision operators is due to M. Mokhtar-Kharroubi [179] (see also 
[180, 181]). Proposition 8.3.1, established in [181], provides an approximation property for 
this class of operators in L?-spaces1 < p < co. The same proposition for L'-spaces, Propo- 
sition 8.3.2, is due to B. Lods [165]. Compactness properties of the operators K(A - T)? 
and (A - T) 1K were established in [179, 180]. Similar compactness results for general 
boundary condition, in slab geometry as well as bounded geometry, may be found in 
[149, 150]. Theorem 8.3.2 is due to K. Latrach and A. Zeghal [160] (see also [42]) while 
Theorem 8.4.2 was established in [1]. In Section 8.4, the existence of solutions to a sta- 
tionary multidimensional transport equation involving unbounded collision frequen- 
cies and unbounded collision operators was discussed. Here again, and for simplicity, 
we considered the case of vacuum boundary conditions (the incoming flux is zero). The 
results of this section may be found in [156], and we followed the presentation given in 
this paper. 
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